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Abstract

We present a generative modeling framework for global sensitivity analysis (GSA) in
complex systems characterized by strong and potentially high-dimensional param-
eter correlations. Traditional variance-based GSA methods rely on the assumption

of independent inputs, which rarely holds for Bayesian-calibrated models. While
recent extensions using Rosenblatt transformations and Shapley effects theoretically
address this limitation, their implementation requires accurate conditional sampling
from correlated joint distributions, a task that remains challenging. Existing solutions
suffer from restrictive assumptions on input dependence, which limit their applica-
bility to complex data-driven problems. Our method addresses these challenges by
reframing sensitivity analysis as a post calibration task on Bayesian posterior distribu-
tions, where parameter correlations are learned from data using generative models,
eliminating restrictive dependence assumptions and ensuring data relevant sensitivity
estimates. We employ autoregressive architectures to implement Rosenblatt transfor-
mations and leverage diffusion models to estimate Shapley effects. These methods
impose no predefined distributional assumptions and scale efficiently with both data
volume and model complexity. We demonstrate the effectiveness of our approach

on two representative applications: a COVID-19 transmission model and a cancer
immunotherapy model. Results show that our methods effectively captures parame-
ter sensitivities in the presence of parameter correlations, and achieve notable gains
in scalability and flexibility over existing methods.

Author summary

In this research, we introduce a novel approach for conducting global sensitivity
analysis in biological models using generative Al. Our method is fully compatible
with Bayesian inference, which is widely used for parameter calibration of bio-

logical systems. Unlike traditional sensitivity analyses that assume independent
parameters or impose simplified dependence structures, our approach performs
sensitivity analysis directly on Bayesian-calibrated posterior distributions, where
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parameter correlations are learned from observational data. As a result, the
resulting sensitivity analysis reflects realistic, data relevant parameter sensitivi-
ties rather than purely structural sensitivities of an abstract model. The proposed
framework is flexible, scalable, and broadly applicable to a wide range of deter-
ministic models calibrated through Bayesian methods. Furthermore, the genera-
tive nature of the approach paves the way for future extensions to distributional
sensitivity analysis in stochastic or agent-based models, enhancing its potential
for modern biological applications.

Introduction

Mathematical modeling, Bayesian inference, and sensitivity analysis are important
tools for conducting complex, data-driven research projects across diverse scien-
tific fields. Real-world problems in disciplines such as health science are frequently
analyzed using mathematical models because of their ability to abstract complex
system behaviors and describe them through parameterized equations. These
models enable researchers to simulate and predict how systems respond to varying
conditions, providing valuable insights into their underlying dynamics. Central to the
reliability of these predictions is the accurate estimation of model parameters, a task
effectively addressed by Bayesian inference [1]. This statistical approach updates
prior beliefs about parameter values using observed data, producing a posterior
distribution that captures both parameter uncertainty and interdependencies. Based
on the parameter estimates, we can then conduct sensitivity analysis to identify which
parameters have the greatest influence on model outcomes.

There are various approaches within the broad scope of sensitivity analysis. For
example, local sensitivity analysis focuses on assessing the effects of small pertur-
bations applied to individual model parameters, whereas global sensitivity analysis
(GSA) examines the impact of varying multiple parameters simultaneously across a
specified range. In this paper, we focus on a GSA method, specifically the
variance-based approach known as Sobol’'s method [2]. This method quantifies
parameter sensitivity by estimating the portion of the output variance that can be
attributed to variations in each individual input parameter, as well as their interac-
tions. The resulting first order (individual) and higher order (interaction) indices pro-
vide a comprehensive measure of parameter influence. Sobol’'s method has gained
widespread adoption across various domains due to its robustness and interpretabil-
ity, as demonstrated in the following studies [3-5].

Despite their widespread utility, estimating Sobol’s sensitivity indices on real world
mathematical models presents significant challenges, primarily due to the intricate
correlations embedded in the Bayesian posterior distribution of model parameters
conditioned on observed data. Traditional Sobol’s method typically assume that
input parameters are independent, whereas real world systems often exhibit com-
plex, high-dimensional dependencies arising from the interaction between model
structure and data. These dependencies limit the applicability of the method, as the
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corresponding Monte Carlo estimators become biased when the independence assumption is violated, potentially leading
to misleading conclusions about parameter sensitivities. To address this issue, several approaches have been proposed.
For example, Rosenblatt transformations can be used to map any complex joint distribution into independent uniform
variables over the unit hypercube, thereby enabling the use of traditional Sobol’s method [6]. While theoretically sound for
arbitrarily complex distributions, their practical implementation requires approximating a sequence of conditional density
functions, which is highly non-trivial. An alternative approach employs Shapley effects from cooperative game theory

to quantify input sensitivities under correlation [7]. Shapley effects naturally accommodate dependencies by averaging
each input’s marginal contribution across all possible subsets of parameters. However, estimating Shapley effects also
relies on conditional sampling from arbitrary subsets of the joint distribution, presenting similar computational challenges.
From these examples, it becomes clear that accurate sampling from conditional distributions of model inputs is central to
performing GSA. Existing copula based methods have attracted attention due to their practical simplicity [8]. By separating
the marginal distributions from the dependence structure, copulas allow very efficient conditional sampling as long as the
correlation structure is accurately represented by the copula function. In practice, Gaussian copulas are widely used but
impose restrictive assumptions, such as symmetric and linear dependence, which may fail to model complex dependen-
cies among inputs. Additionally, they can lose accuracy in high-dimensional settings due to the curse of dimensionality [9].

Recent advances in generative artificial intelligence offer a promising solution for accurately sampling from complex
conditional parameter distributions in global sensitivity analysis. Methods such as autoregressive models, which sequen-
tially model variable dependencies, and diffusion based methods, which learn the joint distribution and generate flexible
conditional samples, have demonstrated remarkable capabilities in capturing high-dimensional, non-Gaussian distribu-
tions [10]. Inspired by the flexibility and scalability of generative models, we propose reframing GSA as a post calibra-
tion task performed directly on Bayesian posterior distributions, in which parameter correlations arise naturally from the
interaction between model structure and observational data. By learning joint and conditional parameter distributions from
posterior samples using generative models, the proposed framework eliminates restrictive independence or dependence
assumptions. Moreover, by incorporating model outputs as additional features of the target joint distribution alongside the
inputs, the approach has the potential to decouple sensitivity analysis from repeated forward model evaluations, thereby
reducing the computational burden when model evaluations are expensive. As a result, the resulting sensitivity indices
reflect realistic, Bayesian-calibrated parameter sensitivities, rather than purely structural sensitivities of an abstract, uncal-
ibrated model.

In this paper, we explore how generative models can be leveraged to conduct GSA for Bayesian-calibrated mathemat-
ical models. The Materials section provides background on the mathematical modeling framework, Bayesian data cali-
bration, and Sobol’s sensitivity analysis. The Methods section introduces the proposed generative modeling approach for
GSA. The Case Studies Results section validates the methodology through numerical experiments, including both syn-
thetic benchmarks and real world applications in the health sciences.

Materials
Mathematical Models

Mathematical models are important tools for representing and analyzing complex systems across a wide range of disci-
plines. These models can be broadly categorized by their mathematical structure and application domains. Deterministic
models, such as Ordinary Differential Equations (ODEs) and Partial Differential Equations (PDEs), are widely used in the
physical sciences [11] and health sciences [12] to describe systems with spatial and temporal dynamics. Their determin-
istic nature facilitates data calibration, as they typically yield tractable likelihood functions that are easier to compute and
optimize. While this manuscript focuses on ODE based models due to their prevalent use in health science research, the
proposed methodology is designed to be applicable to the class of deterministic mathematical models.
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A dynamical system model represents a system using a set of ODEs to describe the relationships among variables,
defined as

dx _
i F(x,t,0), 1)

where x(f) € R" is an n-dimensional vector representing the state variables, t is time, and 8 € R™ is an m-dimensional vec-
tor of model parameters (inputs). The function F: R" x R* x R™ — R" is a continuously differentiable mapping that defines
the system dynamics.

Once the model is properly defined, the model output can be defined based on the state variables and model parame-
ters as

y=9(x,0), (2)

where y € R is the output, and g is a known real-valued function. In the sensitivity analysis literature, the model output is
also referred to as the quantity of interest (Qol). When observational data are available, we assume that these data corre-
spond directly to the model output. This assumption is made for notational simplicity in the calibration process. In practice,
the function g can be defined with considerable flexibility, and multiple outputs can be specified, not all of which need to
correspond directly to the observed data.

Bayesian Inference

The mathematical model defined in Equation (1) remains theoretical unless its parameters, 8, are calibrated to reflect real-
world phenomena. To achieve this, the model must be fitted to available data, denoted as

D ={(t1, y1), (2, y2), - - - » (tic, Yi)}-

Bayesian inference combined with Markov Chain Monte Carlo (MCMC) algorithms is commonly used for parameter cali-
bration. We begin by assuming a prior distribution over the model parameters, 8 ~ po(6), which encodes our prior knowl-
edge. According to Bayes’ theorem, the posterior distribution of the parameters given the data D satisfies

L(D|6) po(0)
B SR L(D|6) po(6), (3)

p(6|D) =
where p(0|D) is the posterior distribution, L(D|6) is the likelihood function, and p(D) is the marginal likelihood, which serves
as a normalization constant.

The choice of likelihood function L is critical, as it measures the discrepancy between the observed data and the simu-
lated model outputs. In practice, it is often assumed that the dataset D consists of independent realizations of a data-
generating random variable, whose mean is modeled by the output y. Depending on the characteristics of the data,
common choices for the distribution of this random variable include the normal, Poisson, or negative binomial distribu-
tions. For a detailed discussion on likelihood selection, we refer the reader to [13].

Since analytical solutions to the posterior distribution are typically intractable, MCMC algorithms are employed to draw
samples from the posterior. Given sufficient convergence and a large enough sample size, the resulting posterior sample
setS= {9,-}}!1 provides a good approximation of the true posterior distribution, along with the corresponding posterior pre-
dictive outputs simulated for each sample, denoted as S, = {g(x;, 8,)}Y,. The sample sets S and S, encapsulate the infor-
mation that the data D provides about the statistical properties of the model parameters and their associated outputs. We
quantify model uncertainty for both 8 and y using these sample sets by evaluating Bayesian credible intervals. Overall,

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1013312 March 16, 2026 4/28




A Computational
PLOS }. Biology

Bayesian inference in mathematical modeling quantifies uncertainty in parameters and outputs given the data, providing a
foundation for sensitivity analysis.

Global Sensitivity Analysis

After the model calibration process, we are interested in quantifying the influence of input parameters on model outputs
within a plausible range of parameter values. This is the primary objective of GSA. Several methods have been proposed
in the literature, including the Derivative based Global Sensitivity Measure (DGSM) [14], Partial Rank Correlation Coeffi-
cient (PRCC) [15], and variance based approaches [16]. Among these, variance based methods, particularly those based
on Sobol’ indices, are widely adopted due to their rigorous statistical foundation and intuitive interpretation. Sobol’ indices
are derived from the variance decomposition of a square-integrable model output y = g(x, 8) with respect to the input

parameters 8 = (61, ...,0m) € R™. Assume 8 ~ U[0, 1]7, the total variance of the output can be decomposed as
m
Var(y) =Y Vit Y Vi+ > Vgt e+ Vip o m,
=1 i<j i<j<k

where V; = Vary,(Eq_,[y | 0]), Vjj = Varg, o(Eq_,ly | 0, 0j]) — Vi— V;, and higher-order terms capture interactions among
parameters. Two commonly used indices derived from this decomposition are the first order Sobol’ index (S;) and the total
order Sobol’ index (S7). The first order index measures the effect of parameter 6; alone, while the total order index cap-
tures the contribution of 6; including all its interactions with other parameters. These indices are defined as

_ Vary, (Eo_ly | 61]) Sr=1- Varg_, (Eqly | 0-1])

N e Vary) @

where Ey,[y | 6] denotes the conditional expectation of y given all parameters except 6;, and i € {1,2,--- ,m}.

Estimating these indices (4) requires accurate computation of inner conditional expectations and outer conditional vari-
ances, which can be computationally expensive. Several Monte Carlo based methods have been proposed to address this
challenge. For example, .M. Sobol’ et al. [17] introduced the well-known two-matrix estimator, which divides the posterior
sample set into two independent subsets

Ni2

= { o)) sa= {0

=1

To estimate the Sobol’ indices for parameter 6;, the method constructs a hybrid sample by replacing the 6; values in S, with
those from Sg, resulting in the model output Y. The estimators for the first order and total order indices are then given by

2
1N (4B _ A
S = 1NZ:L .VEB)(Y,('AB) —Y,(-A)) 3. - N it <Yf —Yi >
: % T 2V ! 5)

for j=1,2,...,m, where V is the unbiased variance estimator of the model output y computed from the full posterior sam-
ple set S. Despite its numerical efficiency, this approach has limitations. The swapping process assumes that the input
distribution is independent and uniform, an assumption that is rarely satisfied in real-world applications.

Another widely used estimator is the extended Fourier Amplitude Sensitivity Test (eFAST), which estimates Sobol’ indi-
ces through spectral decomposition [18]. While eFAST can accommodate some non-uniform distributions, it still assumes
input independence. Additionally, the sinusoidal search curves must be carefully selected to reflect the true posterior
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distribution, which becomes impractical when parameter interdependencies are complex. As a result, the proper treatment
of highly correlated model parameters is by no means trivial and needs further investigation.

Handling Correlated Parameters

While the complex correlation structure in @ poses challenges to GSA, several promising approaches have been proposed
to address this issue. Thierry A. Mara et al. [6] introduced the use of the Rosenblatt transformation to map the correlated
input parameters 8 onto independent uniform variables over [0, 1]™. Specifically, the Rosenblatt transformation associated
with the i-th natural permutation RT; : R — [0, 1]" maps correlated parameters 8 = (61, 6, ..., 0m) to independent vari-
ables Z=(Z4,2Z5,...,2Zny) as follows

Zi = Fi(0)),
Ziv1 = Fixq (01 1 0)),
Zivg = Fiuo(0i42 | 05, 0i1),

Ziq=Fi4(0q | 0;, ..., 012), (6)

where F; denotes the conditional cumulative distribution function (CDF) for each i € {1,2, - -- , m}. This transformation
enables the application of traditional two-matrix estimator to problems involving correlated inputs. Among the components
in RT; (6), we are particularly interested in Z; and Z;_4, as they represent the full and independent contributions of §; and
0:_1, respectively. Based on this, two types of sensitivity indices are defined: one that captures the effect of a parameter in
isolation (i.e., uncorrelated) and one that includes its correlations with others.

Varz, (Ez_ly | Z]]) _ Varz, (Ezly | Z.1])

full = full —
K Var(y) - ST e Var(y)
Sind = Varz, (Ez_.,ly | Z]) S =4 Varz_,, (Ez, [y | Zi4])
. Var(y) e Var(y) ' @)

We refer to the indices that account for the full correlated effects of the parameters, namely Sﬁ”” and Sf‘j”, as the full Sobol’
indices. In contrast, the indices S"d and Si}‘i, which are based on the independent components derived from the Rosen-
blatt transformation, are referred to as the independent Sobol’ indices.

The Rosenblatt transformation provides a theoretically sound method to handle correlated model inputs by transform-
ing them into an independent space, allowing direct interpretation in sensitivity analysis. Another approach, proposed by
E. Song et al. [7], combines the Shapley effect from game theory with Sobol’ indices to directly account for conditional
dependencies in the input parameters 8 = (64, ...,0,) € R™. The Shapley effect estimates the average marginal contribu-
tion of a parameter 6; to the output variance, conditioned on all possible subsets of the remaining parameters. The Shap-
ley effect for parameter 6; is defined as

o= > w [c(JU D) —c()],
JCH, - mND ' (8)

forie{1,2,...,m}, where jranges over all subsets of parameter indices excluding i, and c¢(J) denotes a cost function. For
sensitivity analysis, we define the cost function as c(J) := E[Var(y | 6..,)], which quantifies the expected remaining variance
of the model output when the parameters not in j are known. The term ¢(J U {i}) — ¢(J) captures the incremental reduction

in unexplained variance attributable to parameter 6;, given that the parameters in j are already known. This specific choice
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of the cost function is motivated by the fact that its Monte Carlo estimator remains unbiased regardless of the sample size,
making it numerically efficient for estimating ¢; [7]. The Shapley effect allocates the output variance among input parame-
ters by considering all possible subsets of model inputs. It guarantees that the sensitivity indices for each parameter sum
to one.

Both Rosenblatt transformations and Shapley effects offer theoretically rigorous methods for handling correlations
within 8. However, the numerical estimation of these indices remains challenging. From the definitions of the sensitivity
indices in (7) and (8), it is clear that both approaches involve conditional expectations of the model output y given certain
parameter values. Consequently, Monte Carlo estimators for these indices require accurate sampling from conditional
distributions. The Rosenblatt transformation method requires the numerical approximation of m transformations, each
corresponding to a specific permutation order, to generate conditional samples for sensitivity analysis. This is typically
implemented by transforming independent uniform samples into parameter space using the inverse conditional CDFs. On
the other hand, evaluating Shapley effects requires conditional sampling over all 2™ subsets of input parameters, which is
computationally intensive and highly non-trivial, especially for high-dimensional models.

Existing conditional sampling methods, such as copula based approaches, are widely used for estimating global sensi-
tivity indices when parameters are correlated. Techniques like ARTA [19] and NORTA [20] transform correlated Gaussian
variables into arbitrary marginal distributions while preserving a specified correlation structure. Although computationally
efficient and flexible in low-dimensional settings, these methods assume linear correlations and symmetry in the depen-
dence structure, which limits their ability to capture non-Gaussian or non-linear dependencies often present in complex
models [21]. To avoid biased conditional samples and inaccurate sensitivity estimates, more flexible methods are required
to effectively capture complex dependencies among 6.

Methods

The process begins with calibrating the mathematical model (1) through Bayesian inference using observed data. As dis-
cussed in Bayesian Inference section, we obtain a posterior sample set S via standard MCMC algorithms, which includes
all the information available given the data D and the model structure. Based on the discussion in Handling Correlated
Parameters section, both the Rosenblatt transformation and Shapley effects provide theoretically sound approaches for
conducting GSA using posterior samples. The key challenge lies in accurately modeling the potentially high-dimensional
and complex dependencies within the posterior distribution and generating high quality conditional samples to facilitate
Monte Carlo estimation of the sensitivity indices.

It is important to note that Posterior samples generated by MCMC are inherently dependent [22], which can affect the train-
ing efficiency of generative models. Strong autocorrelation reduces the effective sample size and introduces redundancy in
the training data, potentially slowing convergence. This dependence impacts statistical efficiency rather than the validity of the
learning objective. When generative models are trained via maximum likelihood (or its evidence lower bound variant), consis-
tency is preserved provided the MCMC chain is ergodic and has reached stationarity [23,24]. To mitigate dependence effects,
we apply standard preprocessing steps, including discarding burn-in samples and thinning the chain by retaining every 20th
draw to reduce short range autocorrelation. In practice, generative models trained on moderately thinned posterior samples
converge reliably and accurately recover both joint and conditional posterior distributions, as demonstrated in our numerical
experiments and in the relevant study [25]. These results indicate that, with appropriate diagnostics and preprocessing, MCMC
dependence does not compromise the reliability of the learned distributions and the resulting sensitivity index estimates.

Autoregressive Model

Autoregressive models constitute a powerful class of generative models for high-dimensional probability distributions. This
line of research originated with the proposal of Non-linear Independent Components Estimation (NICE), and was subse-
quently enhanced by developments in Neural Autoregressive Distribution Estimation (NADE) and Masked Autoencoder
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for Distribution Estimation (MADE) [26]. These methods represent the posterior distribution of the parameter vector
6 = (01,02, ...,0n) as a product of one-dimensional conditional distributions

p(@ 1 D) =[] p¢1 64, D),
1

where 6<j denotes the preceding parameters (01, ..., 8j—1). Each conditional distribution is modeled as a Gaussian distri-
bution, with neural networks predicting the mean and log-standard deviation

p(6 | 6, D) = N'(6; | m(6<;, D), 57 (84}, D). )

To preserve the autoregressive structure, the MADE framework is commonly employed, which utilizes masked neural
networks to ensure that each output depends only on preceding input variables. This approach has been demonstrated
to be equivalent to implementing a single layer normalizing flow that transforms a simple standard normal distribution into
the target complex density, as formalized in Masked Autoregressive Flow (MAF) [27].

To design a MAF where the base distribution is an independent uniform distribution /[0, 1]™ corresponding to a Rosen-
blatt transformation (6), we must develop an invertible transformation between an m-dimensional uniform random vector
z and the target model parameter 6. This transformation is based on the masked neural network structure in equation
(9) that generates the autoregressive structure corresponding to the exact permutation order in the Rosenblatt transfor-
mation. The implementation involves designing both a forward transformation that converts uniform samples to posterior
samples for the training process, and the corresponding inverse transformation for generating samples from the posterior
distribution.

The forward transformation z = f,(@) maps each posterior sample 8 € R™ to a latent variable z ~ ¢/[0, 1]™ using the
standard Gaussian CDF

o Gj—mj(0<j, D) .
zj—tI>( 502, D) , J=1,...,m,

where @(-) is the standard normal CDF, and mj, o; are outputs of an neural network conditioned on the preceding components
0<;. To train the model, we maximize the likelihood of observing the posterior samples. Since the latent distribution is uniform
and has zero log-density, the log-likelihood is determined solely by the Jacobian of the transformation. Due to the autoregres-
sive structure, the Jacobian is lower triangular, and its log-determinant simplifies to a sum over the diagonal elements

s\ | _ & 0;— m; 4(8<;, D) ‘ ‘
det (60)‘ = ,:Z1 {Iog © (Jj,¢(0<j, ) —log g 4(6<;, D)| ,

log

where ¢(-) denotes the standard normal probability density function (PDF). In practice, the total log-likelihood over a pos-
terior sample set S is maximized during training using this expression. After training process, new samples can be gener-
ated by sampling from latent distribution ¢/[0, 1]™ and applying the inverse transformation autoregressively

0 = m;(0<, D) + 0, 4(0, D) - ®7(z), j=1,...,m,
where ®'(:) is the inverse standard normal CDF.

Although autoregressive models provide a simple and effective framework for learning transformations between ran-
dom variables, their performance is highly sensitive to the ordering of input variables, particularly when some marginal
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distributions are non-Gaussian [27]. In the case of the Rosenblatt transformation (6), the variable ordering must be fixed
to a specific natural cyclic permutation, which limits its applicability to more complex models. Additionally, modeling each
conditional distribution with a single Gaussian may constrain the model’s ability to capture complex dependencies. A more
expressive alternative is to use a mixture of Gaussians for each conditional distribution

P61 64,D) Zw,k<e<,, N (61 1404, D), 0 (64,D) )

where the mixture weights ;,, means y;,, and standard deviations ¢; are all predicted by a neural network. However,
a key limitation of this approach is that Gaussian mixtures are not analytically invertible. Consequently, the model can
no longer be considered a well defined normalizing flow, and generating 8 from a latent variable z becomes a stochastic
process. This introduces randomness into the sampling procedure, which is undesirable for estimating sensitivity indices
using the two-matrix estimator (5), where deterministic transformations are preferred.

Despite these limitations, the Autoregressive model still provides a simple and efficient framework for estimating Sobol’
sensitivity indices (7), as we will demonstrate in the numerical experiments. When estimating all four Sobol’ indices for
a correlated parameter vector 8, it is necessary to approximate m Rosenblatt transformations, each corresponding to a
different permutation of the input parameters. To accomplish this, we train m separate Autoregressive models, one for
each permutation. The data pipeline for training each autoregressive model begins with N posterior samples obtained from
Bayesian calibration. For each Rosenblatt permutation, a separate training dataset is constructed by reordering the param-
eter components accordingly. Each conditional density is parameterized using a MADE-style masked multilayer perceptron
(MLP) with a specified number of hidden layers and neurons per layer, employing ReLU activation functions to enforce the
autoregressive dependency structure. The output layer predicts the conditional mean and log-standard deviation for each
parameter component. Masking is implemented following the standard MADE construction to ensure the prescribed vari-
able ordering. Model training is performed by maximizing the log-likelihood of the posterior samples. All models are imple-
mented in PyTorch, building upon the open source MADE architecture provided in [28] for masked autoregressive flows,
with custom modifications to accommodate a uniform base distribution corresponding to the Rosenblatt transformation. The
full implementation is publicly available at [29]. The following algorithm 1 summarizes the full procedure.

Algorithm 1 GSA with Autoregressive model

1. Input: Posterior samples S € R, model output g:R™ - R, Monte Carlo sample size Ng
2. Output: Sobol’ indices {Sﬁull, S%ﬂl, S%“d, 5%1?(1}3“:1
3. Compute the sample mean and variance based on posterior predictive outputs

N

N
N; 90). V= 1> (al6)-

=1

. for j=1 to m do

Define cyclic permutation m; with index j as the first coordinate
Train a MADE model with autoregressive ordering m; on S

Generate Sa, Sg~U[0, 1]" of size Ng

Create hybrid Sap, by replacing the first column of S, with that of Sg
9. Create hybrid Sap,, by replacing the last column of S, with that of Sg
10. Apply the inverse MADE transformation to obtain:

O J o U1 W

11. 0%, 09, 9% ang 9
12. Evaluate the model output
13, ¥ =g(07), ¥ =g(6), y#)=g(8?)), yaE) =g
14. Estimate full first order and total order Sobol’ indices
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i v ’ T T 27V
15. Estimate independent first order and total order Sobol’ indices

(aBj_1) , (3Bj_1) (ABj-1)
vi ’ ! (vi ! ’YEA)) gind _ N%.Zilszl(yl ot ’YEA))Z

1 Ns
’S\vi‘nd _ Ns il _ _
-1 v ’ Tj-1 2V

16. end for
17. Return {55, G5t Gind, Girdyn

Diffusion Model

Diffusion models provide a powerful alternative for modeling the posterior distribution from a given sample set. In the
context of GSA with Shapley effects, diffusion models are more flexible and capable than Autoregressive models due to
their ability to generate arbitrarily conditioned samples. We begin by considering classical Denoising Diffusion Probabilistic
Models (DDPMs) [21]. These models learn to approximate the posterior by reversing a diffusion process that gradually
transform the calibrated model parameters into pure Gaussian noise over T steps. The forward process at each time step
tis defined as

q0t | O1) = N (O /1= 5101, Bel), t=1,...,T,

where f3; is a small, fixed variance that controls the noise added at each step. Using the Markov property, we can directly
write the distribution of 8; given the initial posterior sample 8y ~ p(@ | D) as

q(0: | 00) = N(8t; v 0o, (1 —a)l),

where oy =1-; and a; = Hts=1 as. The DDPM is trained to reverse the diffusion process. Given a noisy sample 6;, a neu-
ral network is used to predict the denoised 6;_4 through

P01 | O1) = N(Or1; 116(01, 1), (01, 1)),

where p4 and £, denote the mean and covariance functions parameterized by a neural network. A common choice for
parameterizing the mean and covariance is

_ 1 Bt
Lep(0, 1) = ﬁ (91— T—a,

€504, t)) . (011 = o?l,

where €4(0;, f) predicts the noise that was added to 8, and atz is typically a fixed or scheduled variance. The training
objective is to maximize the likelihood of the original posterior sample 8y ~ p(0 | D). Since the true reverse transitions
q(6+1 | 8:) are intractable, training instead maximizes a variational lower bound on the log-likelihood, known as the evi-
dence lower bound (ELBO), to approximate the true posterior. In practice, this is often simplified to a denoising score
matching loss, which is equivalent to a weighted form of the ELBO [30]. The idea is to recover the noise € ~ A(0, /) from a
noisy sample generated via

0; = \/57100 +v1—-aze.
Then the noise prediction network e4(8;, t) is trained by minimizing the expected squared error

£ =Eoyet |lle-es(60. 0]
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DDPMs have proven effective at modeling high-dimensional and complex distributions, as evidenced by recent
advances in large scale machine learning. For very high-dimensional settings, U-Net architectures are commonly
employed to enhance performance [30]. In contrast, for moderately sized parameter spaces, a standard MLP often
suffices.

With a trained DDPM that accurately captures the posterior p(6 | D), we turn to the task of generating conditional
samples given an arbitrary subset of parameters 8, C 6. This task is commonly referred to as the inpainting problem in
computer vision. There are two main approaches for conditional generation. The first trains the diffusion model jointly with
the conditional information and performs denoising with conditioning. A well known example is classifier-free guidance
[31]. The second approach uses a DDPM trained on the joint distribution and designs a procedure to generate conditional
samples without additional training. An example of this is the RePaint algorithm [32].

In our case, sensitivity index estimation requires conditional samples for arbitrary parameter subvector 8. Training a
diffusion model for each possible conditioning is computationally infeasible. We therefore adopt the RePaint method to
generate conditional samples without requiring retraining. To sample from the conditional distribution p(8 | 8,), the denois-
ing process proceeds as follows. At each reverse step, we first sample the unconditional part from the learned reverse
process

007 ~ po(Ber | 6)).

The conditional part is then resampled by noising the fixed parameters 8, to the same level of diffusion at step t—1
0y ~ N(\ar10,,(1=Gea)).

Both parts are combined using element-wise multiplication with a binary mask m that indicates the positions of the fixed
parameters

01 =me oY +(1-m)e o).

To further improve consistency between the conditioned and unconditioned components, RePaint reintroduce noise after
merging by sampling from the forward process

0 ~ N(\/ 1= BiO1, Bl).

Allowing multiple resampling rounds helps gradually align the samples with the desired conditional distribution. The
DDPM, combined with the RePaint method, provides a powerful approach for generating conditional samples given arbi-
trary values on any parameter subset. This makes it particularly suitable for estimating Shapley effects sensitivity indices
(8). Since the Shapley effect quantifies the average contribution of a parameter across all possible subsets, conditional
samples must be generated for 2™ subsets, where m is the number of parameters. With each subset, a number of outer
samples Np and inner samples N, are required to estimate the cost function ¢(J) = E(Varly | 8..,]), which quickly becomes
computationally infeasible.

Fortunately, a computationally efficient alternative known as the random permutation method has been proposed to
approximate the Shapley effects [7]. This method estimates the effect as

1

¢i=M

M
3 [e(Pim) U i) — c(Pi(ma)]
= (10)
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fori=1,2,---,m, where Pi(mx) denotes the set of parameters that precede parameter j in a random permutation 7 € I1(m). For
simplicity of notation, we use Pi1 (k) = Pi(m) U {i}, and —Pi1(7x) as the set of parameters that follow parameter i (excluding i) in
the permutation 7. It should be noted that during the estimation of the Shapley effect, the independent total order index S‘T”f| and
the full first order Sobol index S are estimated simultaneously when Pj(mx) =  and —Pj+1(mx) = 0, respectively. E. Song et al. [7]
have shown that the optimal configuration for this algorithm is No = 1, N; = 3, and M as large as possible. Algorithm 2, adapted
from Algorithm 1 in E. Song [7], outlines the detailed procedure for applying diffusion models to estimate sensitivity indices.

Algorithm 2 GSA with a Diffusion Model

1.

0 J o U

11.
12.
13.
14.
15.
16.
17.
18.

19.
20.
21.
22.
23.
24.
25.
26.
27.

Input: Posterior samples S € R, model output g:R®™ — R, Initial sample size Ny, number of per-
mutations M, outer sample size Ny, inner sample size Nr

. Output: Sensitivity indices {¢;}5_

Initialize ¢;=0 for j=1,2,...,m and k=0

. Compute posterior sample mean and variance of model outputs from S

1 K N s 2
y= NT,._ZQ(H')’ V=72 (96)-Y)

=1 =1

. Train a diffusion model on S to learn the augmented posterior p(@ | D)
. while k<M do

Draw a random permutation my € II(m)
Set C=0
for 7j=1,2,..., m do
if j=m then
&(Pr(j41y(m)) =V > Comment: Pr(s41)(m) = Pr(s)(m) U ()
else
Draw N, samples {0
for 1=1 to Ny do
Generate N; samples {0(1’}1)}1}:"’:1 from p(@ | 0
Evaluate y{I/h) = g(O(l’h))
end for

(1)

P 1 f S
1 O
(J+1)( )}

(1)

v (‘+1)(7")) via RePaint
(5

Estimate means and conditional variances

0= L iyu,n) s 1 EN: (yu,h) ,5,<1))2
Nr i ’ Np-1i—
Estimate cost C(Pr(j41)(m)) = Nio o VD
end if
ComputeAAW(j)(zr\) = 6(1317@-_;,_1)(71')) -C
Update ¢n(s) = bn() + Bn(s)(7)
Set C=C(Pr(j41)(m))
end for
k=k+1
end while R
Return: Final sensitivity indices ¢; =

)

for 7=1,2,..., m

Case Study Results

We present three case studies to demonstrate the effectiveness and applicability of our method across mathematical
models of varying complexity, with the latter two inspired by health science research problems. In the Benchmark Study
section, we evaluate the efficiency and accuracy of the proposed methods relative to traditional GSA methods across
varying input correlations and dimensions. In the Epidemiology Model section, we apply the autoregressive model to a
practical problem in infectious disease modeling based on the classical Susceptible-Infectious-Recovered (SIR) frame-
work. Finally, in the Cellular Dynamic Model section, we consider a more complex model describing the dynamics of
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chimeric antigen receptor (CAR)-T cell therapy for blood cancer treatment, proving the effectiveness and efficiency of our
GSA approach using diffusion models.

Benchmark Study

In this section, we present a benchmark study to compare the performance of different GSA methods for estimating
the full total order sensitivity index SfT“I_". Among traditional approaches, we consider the classical Sobol two-matrix
estimator (5), which is designed for models with independent inputs, as well as two widely used improved methods.
The first is a copula based method [20], which models input dependencies by combining marginal distribution estima-
tion with a Gaussian copula to capture linear correlations among inputs. The second is the Polynomial Chaos Expan-
sion (PCE) method [33], which approximates the input—output relationship using a PCE surrogate and computes
sensitivity indices analytically from the estimated expansion coefficients to improve the computational efficiency. We
compare these traditional methods with the proposed generative model based approaches in terms of both accuracy
and computational efficiency. To enable reliable quantitative comparisons, we employ standard benchmark functions
with known analytical solutions for the total order sensitivity indices, including a linear function, the Ishigami func-
tion, and a high-dimensional Sobol g-function. These benchmarks allow for systematic and reproducible evaluation.
Furthermore, we consider a range of input distributions to investigate the effects of increasing input correlation com-
plexity and dimensionality on the performance of both traditional GSA methods and the proposed generative model
based approaches. The implementations of the copula and PCE methods are carried out using the UQLab software
package [34].

Linear Function. Variance based sensitivity indices for simple linear functions such as y = X1 + X2 + X3 have been
extensively studied and are commonly used as benchmarks for evaluating the accuracy of sensitivity index estimators. In
particular, the analytical total order sensitivity index SfT‘j" for the case where X = (X4, X5, X3) follows a correlated Gaussian
distribution, X ~ A (i, X), have been derived in [35]. In this example, we compare the theoretical values of the sensitivity
indices with those estimated using traditional and proposed GSA methods. To set up the linear function, we assume the
true distribution of the input vector follows a multivariate Gaussian distribution A (u, 3), where

0.04 0.06 0.10
p=0 ¥X=1006 036 0.30|.
0.10 0.30 1.00

The covariance matrix ¥ can be arbitrarily chosen, and we select this particular form to simplify the analytical computation
of the sensitivity indices.

The GSA methods considered in this benchmark study include the classical Sobol two-matrix estimator, the Gaussian
copula method, the PCE method, and the two proposed generative model based approaches described in Algorithms 1
and 2. All methods rely on sampling from the input distribution to estimate sensitivity indices. In general, sampling serves
two purposes. First, samples drawn from the joint input distribution are used to train a surrogate model that captures the
underlying dependence structure among the inputs. Second, samples generated from the trained surrogate are used to
produce conditional samples for estimating sensitivity indices. We denote by N4 the sample size used for surrogate model
training, and by N, the number of samples used for sensitivity index estimation. Two methods constitute notable excep-
tions. For the classical Sobol two-matrix estimator, no surrogate model is constructed, and therefore N4 = 0. In contrast,
for the PCE method, sensitivity indices are evaluated analytically from the estimated PCE coefficients, and thus no addi-
tional sampling is required for sensitivity estimation, i.e., N, = 0.

To set up the benchmark study, we first specify the surrogate model structure for each method. For the Gaussian copula
method, commonly used distribution families such as Gaussian, Uniform, or Beta distributions are employed to approxi-
mate the marginal distributions, while the dependence structure is captured by a correlation matrix. For the PCE method,
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a polynomial chaos surrogate of maximum degree p = 2 is trained to approximate the true model. For the proposed gen-
erative model based approaches, the surrogate input distributions are learned using neural networks with standard MLP
architectures consisting of two hidden layers with 32 neurons per layer. These architectures are used for both the masked
network in the autoregressive model and the noise prediction network in the diffusion model. For a linear function with
three-dimensional inputs, we empirically choose the sample sizes Ny = 6,000 and N, = 2,000, where N, corresponds to
Ns in Algorithm 1 and to M x N, x Mo in Algorithm 2. This choice is empirical but sufficient for the present low-dimensional
setting. The impact of the training sample size and the effective Monte Carlo sample size is further investigated in the
following sections. To improve estimation stability and quantify uncertainty in the sensitivity indices, a bootstrap procedure
is employed. For methods that rely on Monte Carlo sampling, 2,000 bootstrap replicates of size N, are used. For the PCE
method, where N, = 0, confidence intervals are obtained by bootstrapping the training dataset used to estimate the PCE
coefficients and recomputing the sensitivity indices for each replicate. In all cases, the mean of the bootstrap estimates is
reported as the final result, and detailed bootstrap uncertainty plots are provided in Fig B in S1 Appendix.

We now perform GSA using all methods discussed above for the linear function, and compare the resulting sensitivity
index estimates with their corresponding analytical values. Table 1 summarizes the results of this comparison.

Based on Table 1, we observe that the traditional two-matrix estimator and PCE method exhibit significant bias com-
pared to the theoretical total order index values. This is primarily because both methods rely on the assumption of
independent input distributions. The two-matrix estimator achieves control over the conditioning variables by switching
columns in two sample matrices, while PCE assumes input independence for index computation. The presence of cor-
relation violates this assumption, leading to inaccurate estimates. In Fig Ain S1 Appendix, we provide a comparison of
scatter plots for the true input distribution and those generated through column swapping. These plots clearly demonstrate
that the correlation structure is distorted by the swapping procedure. In contrast, the Gaussian copula method and the
generative model based methods provide accurate estimates. This suggests that both the copula and generative models
accurately capture the original correlated input distribution, thereby yielding more reliable sensitivity index estimates. This
finding emphasizes that input correlation significantly impacts estimation results and must be considered when present.
We will next explore a case where the underlying correlations are complex, demonstrating that a Gaussian copula may be
insufficient, and a generative model is necessary to capture the actual input distribution for correct estimation.

Ishigami Function. In addition to the simple linear function, the Ishigami function [36] is another widely used
benchmark for testing the robustness of GSA methods, particularly in the presence of strong nonlinearity and interaction
effects among inputs. The three-dimensional Ishigami function is defined as

Y = sin(Xy) + asin?(Xz) + bX3 sin(X), (11)

where X = (X1, X2, X3) denotes the input vector and a and b control the magnitude of nonlinear and interaction effects.
Throughout this study, we seta=7 and b =0.1.

To emulate a Bayesian-calibrated input distribution, we consider a non-Gaussian input distribution with asymmetric
and tail dependent correlations. Such dependency structures are commonly observed in practice and are not adequately
represented by Gaussian copulas. The marginal distributions of the inputs are specified as

Table 1. Comparison of full total order sensitivity indices for the linear function across different GSA methods. Estimates are reported as
bootstrap means.

Index Sobol Copula PCE AR Diffusion Analytical
szu1" 0.03 0.01 0.05 0.01 0.01 0.01

sfﬁ" 0.25 0.10 0.29 0.09 0.09 0.10

st 0.73 0.28 0.68 0.30 0.29 0.29
https://doi.org/10.1371/journal.pchi.1013312.t001
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X1 ~N(0,1), X, ~ Beta(10,2), Xs ~ Beta(2, 10),

where X is left skewed and Xj is right skewed. The dependence structure among the inputs is modeled using a canonical
vine (C-vine) copula, which constructs a multivariate distribution through a sequence of bivariate copulas. We select X; as
the canonical node, and define a two level dependence structure.

At the first level, unconditional dependencies are defined between X;and the remaining variables. The pair (X1, X3) is
modeled using a Student-t copula with one degree of freedom, capturing strong symmetric tail dependence. The depen-
dence between (X1, X3) is modeled using a Gumbel copula, which exhibits upper tail dependence and introduces asym-
metry into the joint distribution. At the second level, the conditional dependence between X, and X3 given Xjis modeled
using a Clayton copula rotated by 180°. This choice induces strong lower tail dependence in the conditional distribution,
further increasing the complexity of the input dependence structure. Overall, the combination of non-Gaussian marginals
and heterogeneous pair copula families provides a challenging test case for GSA methods under nonlinear and asymmet-
ric dependencies.

For this input distribution, the theoretical total order sensitivity indices are estimated thourgh Monte Carlo sim-
ulation using the known joint distribution. All GSA methods considered in Linear Function section are then applied
using the same sample size, hyperparameters, and neural network architecture, as the input dimension remains
unchanged. The estimated sensitivity indices are compared with the theoretical values, and the results are sum-
marized in Table 2. From Table 2, we observe that methods relying on independence or Gaussian copula assump-
tions, including the classical two-matrix estimator, the PCE approach, and Gaussian copula based methods, exhibit
substantial bias. The two-matrix and PCE methods assume independent inputs and therefore show the largest
discrepancies when applied to this strongly dependent and non-Gaussian input model. The autoregressive surro-
gate model partially mitigates sampling bias by learning input dependencies directly from data. However, its rep-
resentational capacity is limited when the input distribution exhibits skewed marginals and heavy-tailed copulas
because a single Gaussian cannot capture asymmetric conditional dependencies, leading to persistent bias in the
estimated sensitivity indices. In contrast, the diffusion based model consistently yields the most accurate sensitivity
index estimates, closely matching the theoretical values. This superior performance underscores the importance of
highly flexible generative models for GSA under complex, non-Gaussian dependence structures. A comprehensive
comparison of the true input distribution, along with the conditional distributions used for estimating sensitivity indi-
ces, and their approximations obtained via the Gaussian copula, the autoregressive model, and the diffusion based
model is provided in S2 Appendix.

We have implemented the same neural network structure and retained the training sample size Ny = 6,000 as in the
linear function study. However, we did not discuss the optimal combination of network architecture and the corresponding
minimal training sample size required for the generative model to perform effectively. In S2 Appendix, we present a per-
formance comparison of the generative models in recovering the true input distributions across different groupings, using
varying numbers of training samples and neural network architectures. The results indicate that current settings fall within
the optimal range for accurately modeling such a complex input distribution.

Table 2. Comparison of full total order sensitivity indices for the Ishigami function across different GSA methods. Estimates are reported as
bootstrap means.

Index Sobol Copula PCE AR Diffusion Analytical
szu1" 0.84 0.10 0.74 0.08 0.07 0.06

St 0.01 0.32 0.37 0.19 0.23 0.24

St 0.62 0.00 0.62 0.09 0.02 0.02
https://doi.org/10.1371/journal.pcbi.1013312.t002
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Sobol Function. We have compared the performance of traditional and proposed GSA methods under low-
dimensional input settings with distributions of varying complexity. In practical applications, however, high input
dimensionality poses an additional challenge, as it exacerbates the curse of dimensionality in surrogate modeling and
imposes a substantial computational burden when estimating sensitivity indices through Monte Carlo stimulation. To
address this issue, we design a numerical benchmark to evaluate and compare the computational performance of
different GSA approaches in a high-dimensional setting. The Sobol g-function [37] is a standard benchmark for assessing
sensitivity analysis methods in high dimensions. For a model with m inputs, it is defined as

Y= H'4X A*a 4o m

Tra (12)
where a = (a1, az, . . ., @am) are non-negative parameters controlling the relative importance of each input variable. Assum-
ing the input vector X = (X4, X2, ..., Xi») is uniformly distributed over the unit hypercube [0, 1]™, the variance decomposi-
tion admits closed-form expressions. In particular, the total order sensitivity index of input X; is given by

Sl = Villz(1 + V) = 1
i er:1(\/1+1)_1 3(1 "’ai)2 (13)
for i=1,2,...,m. This analytical tractability makes the Sobol g-function well suited for benchmarking GSA methods.

We set the input dimension to m = 200. The parameters are specified as a; = (i—1)/10 for 1 < j < 20 and a; = 99 for
21 < i < m. Under this configuration, only the first 20 input variables exert a non-negligible influence on the model output,
while the remaining inputs contribute negligibly. We apply all GSA methods introduced in the previous sections to estimate
the total order sensitivity indices and compare the results against the corresponding analytical reference values. Since
practical interest typically lies in the influential inputs, we restrict the index comparison to those inputs with theoretical
total order sensitivity indices exceeding 0.1. The overall estimation accuracy is additionally quantified using the mean of
absolute error (MAE),

1 m

MAE = — % | S-S

=1

As the number of input variables increases substantially compared to the previous example, both the surrogate training
sample size N4 and the Monte Carlo sample size N, must be increased accordingly. For the PCE surrogate with a maxi-

mum polynomial degree p, the number of coefficients to be estimated is (’”"p) while the Gaussian copula approach requires
m(m + 1)/2 parameters to construct the correlation matrix. The number of parameters required by these methods therefore
increases rapidly with the input dimension m, quickly exceeding that of the default two-layer neural network with 32 neurons
used in both the autoregressive model and the noise prediction network in the diffusion model. We show that the relatively
simple neural network architecture employed in the previous three-dimensional problems can still achieve strong performance
in this high-dimensional setting. To ensure accurate training of all surrogate models while mitigating the risk of overfitting, we
set the surrogate training sample size to Ny = 1 x 10°%. The Monte Carlo sample size for estimating the sensitivity indices is set
to N, = 20,000 for this high-dimensional problem. The resulting GSA estimates are reported in Table 3.

As shown in Table 3, all considered methods are able to recover the sensitivity structure with reasonable accuracy,
since the assumption of independent inputs is not violated for the Sobol g-function. The primary distinction among the
methods lies in their computational efficiency. To assess computational efficiency in a controlled manner, the two-
matrix estimator, the Gaussian copula method, and the autoregressive generative method are implemented within a com-
mon Monte Carlo framework. The two-matrix estimator generates conditional input samples through column swapping,
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Table 3. Comparison of full total order sensitivity indices for the Sobol g-function across different GSA methods. Estimates are reported as
bootstrap means.

Index Sobol Copula PCE AR Diffusion Analytical
szu1" 0.27 0.27 0.22 0.30 0.28 0.28
St 0.24 0.23 0.24 0.26 0.23 0.24
Shul 0.22 0.25 0.26 0.24 0.22 0.21
sfﬁ" 0.20 0.17 0.17 0.20 0.17 0.19
Sfﬁ” 0.15 0.15 0.13 0.16 0.15 0.16
Sf;—';” 0.13 0.13 0.14 0.14 0.14 0.15
sf%" 0.1 0.1 0.13 0.11 0.12 0.13
St 0.11 0.10 0.12 0.09 0.12 0.12
St 0.08 0.09 0.1 0.10 0.11 0.10
SfTu1"n 0.09 0.09 0.11 0.09 0.10 0.10
MAE 1.6 x 1073 1.7 x 103 8.9 x 1072 1.9 x 1073 1.4 x 1073 0.00

https://doi.org/10.1371/journal.pcbi.1013312.t003

whereas the Gaussian copula and autoregressive models additionally apply transformations based on learned conditional
dependencies to generate new input samples after each column swap, following the procedure outlined in Algorithm 1.
For these methods, the total number of model evaluations required by the Monte Carlo procedure is nyc = N2 x (m + 2),
where N, = Ns. In contrast, the diffusion based method described in Algorithm 2 requires nyc = Ny + Ny x (m—1) model
evaluations, where N, = M x N; x Ng. For a fair comparison, we fix Ny, = 10,000, N, = 3, and N = 1as the optimal config-
uration proposed in [7], and vary Ns while selecting M such that all methods use the same total number of model evalu-
ations nyc. The resulting computational efficiency analysis is reported in Fig Ain S3 Appendix. It shows that Algorithm 2
reaches stability much faster than Algorithm 1, but exhibits larger uncertainty at convergence due to the heuristic nature of
the conditional sample generation method induced by RePaint as well as the unavoidable bias resulting from the limited
numbers of N, and No samples.

Finally, we compare the computational running times of the different GSA methods. Each Monte Carlo step requires
one model evaluation, whose average computational cost over the input space is denoted by T,. Methods that involve
surrogate modeling of the input distribution require an additional set of samples to train the surrogate model, with the
associated training cost denoted by T;. These methods also incur an additional cost for generating conditional samples at
each Monte Carlo step according to the learned dependency structure; the average cost of this step is denoted by Ts. The
PCE method is an exception, as it computes the sensitivity indices analytically from the estimated polynomial coefficients.
The total computational cost can therefore be expressed as

Total = Tt + e X (Ts + Te) .

To leverage the parallel architecture of the GPU, we employ vectorized batching for both training and sampling. For the
autoregressive method, the training cost T is optimized by training all m = 200 conditional surrogates simultaneously
using vectorized ensembling. Furthermore, the sampling costs T for both the autoregressive and diffusion methods are
reported as effective per-sample costs, achieved by amortizing the iterative sampling process over a batch size of 1024.
The resulting performance comparison is summarized in Table 4.

From Table 4, we can see that the generative model generally requires a longer running time than traditional meth-
ods in this high-dimensional problem to achieve similar performance. The increased computational cost arises from
the repetitive conditional sample generation process based on the trained generative models. However, this additional
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Table 4. Comparison of running times of different GSA methods for the Sobol g-function.

Time Sobol Copula PCE AR Diffusion
Te 0.08 ms 0.08 ms N/A 0.08 ms 0.08 ms
Ts N/A 0.10 ms N/A 0.15ms 0.24 ms
T N/A 49s 4.1 min 3.5 min 3.9 min
Tiotal 5.4 min 6.7 min 4.1 min 19 min 25 min

All reported running times correspond to GPU wall-clock time measured on an NVIDIA A1000 GPU.

https://doi.org/10.1371/journal.pcbi.1013312.t004

computational expense is justified by the substantially improved accuracy of sensitivity estimates in the presence of com-
plex input correlations, as demonstrated in previous examples, where traditional methods fail to handle such dependen-
cies effectively. The diffusion model based GSA framework can be further adapted by training the diffusion model to learn
the joint distribution of inputs and outputs. In this setting, the RePaint algorithm can be used to generate output samples
directly, thereby avoiding explicit evaluations of the original model. This modification is particularly beneficial when the
cost of evaluating the model output for a given input is high and comparable to Ts. By eliminating the need for repeated
model evaluations, this approach yields a substantial reduction in the overall running time of Algorithm 2.

Epidemiology Model

In this section, we present a case study on the epidemiological modeling of the COVID-19 outbreak in Wuhan during the
winter of 2019. This example illustrates how a mathematical model calibrated using standard MCMC algorithms can be
integrated with an autoregressive generative model to perform GSA. The autoregressive model is chosen in this context
because the underlying SIR model involves only a few parameters to estimate and features minimal mathematical com-
plexity, making it particularly well-suited for this approach.

We begin by considering the classical SIR model to analyze the spread of COVID-19 in Wuhan. The data set D con-
sists of the daily number of newly confirmed cases reported by the China CDC between January 21 and February 4, 2020
[38]. Fig 1 displays both the transmission diagram and the corresponding system of differential equations. In this model,
the compartment S denotes the susceptible population, / denotes the infected population, and R represents the removed
population, which includes both diagnosed cases and recovered individuals. The model includes four parameters: the
transmission rate 8, the diagnosis rate p, the recovery rate y, and the initial number of infected individuals /y. These
parameters form the vector 8 = (5, p, 7, ) € R* which we calibrate using the observed data D.

To calibrate the model, we apply the Bayesian approach described in Bayesian Inference section, generating a thinned
posterior sample set S of size N = 10,000, which provides an empirical approximation of the posterior distribution p(é | D)
. From S, we qunatify the 95% credible intervals to characterize the plausible ranges of the parameters under the current
model and data assumptions. Table A in S4 Appendix summarizes the parameter definitions and their calibrated values.
The model output, or Qol, is the total number of individuals infected over the course of the outbreak, defined as

s
© _ _gsr
7 BSI,
BSI (o411 ﬁ—ﬂSl— I —~I
S I s R| dt pe =5
dR
el .
o =rl+7

Fig 1. SIR model. Compartmental transmission diagram and corresponding system of ODEs.

https://doi.org/10.1371/journal.pcbi.1013312.g001
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.
y= /0 BS(H)I(t) dt.

To illustrate why traditional GSA methods cannot be applied directly in this setting, we present the posterior predictive
distribution of /(f), along with the distributions obtained after swapping the g variables between two independent sample
sets. The resulting distributions of /(f) based on Sobol conditional samples are shown in Fig 2. We observe that, after
swapping, the distribution becomes substantially more dispersed than the original posterior predictive distribution. This
inflated variability can lead to sensitivity indices exceeding one, as the underlying correlations among inputs are ignored,
thereby inducing unrealistically high volatility in the model outputs. To estimate Sobol sensitivity indices while accounting
for correlations among model parameters 8, we use m = 4 Rosenblatt transformations, each corresponding to a cyclic
permutation of 8. These transformations are approximated by training four autoregressive generative models. Each model
learns a Rosenblatt transformation RT; that maps the posterior distribution p(€ | D) to the uniform distribution over the unit
hypercube, following a specific cyclic ordering starting with 6;.

Since the SIR model has a four-dimensional input, which is comparable to previous benchmark examples, we adopt
the same neural network architecture consisting of two hidden layers with 32 neurons each. As discussed in the Ishigami
Function example, a training sample size of Ny = 6,000 typically provides good performance for low-dimensional input
distributions. We therefore select the later Ny samples from the posterior sample set S to train the autoregressive genera-
tive models. To validate the generative models, we compare the empirical marginal distributions estimated from samples
generated under different permutation orders with those estimated from the posterior sample set S. These comparisons,
shown in Fig 3, demonstrate strong agreement for parameters with approximately Gaussian marginal posterior densities,
indicating that the models reliably reproduce the target distribution. For parameters with heavy-tailed marginal densities,
such as Iy shown in Fig 3C, the generated samples exhibit bias near the tail. Nevertheless, the model performs acceptably
well overall. These comparisons confirm that the generative model accurately captures the posterior distributions, which is
essential for reliable sensitivity indices estimation.

6 6
4 = T T T T T 4 L T T T T
95% CI 95% CI
35F 2 35F B
— Mean 50% CI
3 1 3r — Mean 1
25 b 25 B
15F : 15+ .
1F 1 1r 1
0.5 1 0.5F 1
0 1 L L 0 1 L
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time Time
A. Posterior predictive distribution of I(¢) B. Sobol conditional samples I(t)

Fig 2. Failure of Sobol’s method. Column swapping in Sobol’s two-matrix estimator ignores Bayesian-calibrated parameter correlations, leading to
distorted predictive distributions of /(f).

https://doi.org/10.1371/journal.pcbi.1013312.g002
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Fig 3. Comparison. Empirical marginal density comparison between posterior samples and autoregressive model generated samples.

https://doi.org/10.1371/journal.pcbi.1013312.9g003

With the trained autoregressive models, we apply Algorithm 1, setting the Monte Carlo sample size to N, = 2,000 and
using 2,000 bootstrap replicates, to compute the full Sobol’s indices S!, Sf‘j_", as well as the independent indices Sin?
and S‘T"id, for all calibrated model parameters within the SIR model shown in Fig 1. A summary of the results is presented
in Fig 4. Based on the estimated Sobol sensitivity indices, we conclude that the transmission rate 8 is overall the most
influential parameter in determining the total number of infected individuals, followed by the case detection rate p. The
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Fig 4. Results. GSA results for the SIR model using an autoregressive model. Estimates are reported as bootstrap means, with error bars indicating
95% bootstrap confidence intervals.

https://doi.org/10.1371/journal.pcbi.1013312.g004

remaining parameters, including the initial number of infectious individuals /y and the recovery rate y, are relatively less
important. Some parameters, especially 8, have their full total-order sensitivity index values significantly larger than
their full first-order sensitivity index values. This indicates that when considering each parameter itself as well as its
correlations with others, the majority of the sensitivity comes from the interaction between 8 and its correlations with
other parameters. This pattern is similarly true for Iy, though it is treated as insensitive to model output. The p parameter
has all its full sensitivity indices greater than its independent sensitivity indices, which means that when considering the
parameter itself independently, p is treated as an important factor. However, when considering the full correlation struc-
ture with other parameters, p is not as sensitive compared to §.

From a practical decision-making perspective, researchers commonly adopt a threshold of 0.1 for Sobol sensitivity indi-
ces [16]; parameters with at least one sensitivity index exceeding this threshold are typically considered sensitive, as they
explain a non-negligible portion of the variance in model outputs. In the context of the SIR model applied to the COVID-
19 epidemic, the parameters 8 and p are identified as influential. This finding suggests that public health interventions
aimed at reducing the transmission rate, such as implementing quarantines and lockdowns, are among the most effective
strategies for controlling the size of the infected population. Furthermore, the sensitivity of p highlights the importance of
expanding testing capacity to increase the detection rate, which in turn helps reduce the final epidemic size.

Cellular Dynamic Model

CAR-T cell therapy represents a groundbreaking immunotherapy for treating resistant hematologic cancers by utilizing
genetically modified T cells to target tumor specific antigens. Despite its clinical success, the therapy faces challenges
such as cytokine release syndrome (CRS) and CAR-T cell exhaustion, which limit its safety and long-term efficacy. A
deep understanding of the complex dynamics of CAR-T cell proliferation, differentiation, and tumor interaction is essential
for optimizing treatment outcomes and advancing personalized medicine. Mathematical modeling, when calibrated with
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patient-specific therapy data, offers a powerful framework to capture these dynamics, predict therapeutic responses, and
inform clinical decision-making [39].

In this experiment, we consider a dynamical systems model that describes the interactions between CAR-T cell
phenotypes and tumor cells. The model is illustrated through a transition diagram and a system of ODEs shown
in Fig 5.

In this model, four CAR-T cell subpopulations are considered: distributed (Cp), effector (Ct), memory (Cyy), and
exhausted (Cg), along with tumor cells (T,). The system accounts for transitions between these subpopulations, tumor
growth, and cell death due to natural processes and tumor-killing mechanisms. The transition diagram illustrates the
interactions, with corresponding differential equations governing the population dynamics. The functional CAR-T cell
population, responsible for tumor killing, is defined as Cg = Cp + Ct, which includes both distributed and effector cells. The
effector expansion rate is modeled as a time-dependent function,

P1

k(t) = Fmin *+ W,

which captures the transient proliferation phase following cell infusion. Antigen-stimulated proliferation is governed by

— TU
F(TU) - A + Tul
k(t)F(Tu) T(l_bTu)
Cp i
A
B

Cg )
dCp
T —(B+n)Cb,
dCr
= = nCp + k(t)F(T,)Cr — (£ + &+ N Cr + 0T,Cpr — oT,Cr,
dg—tM =eCr — 9TuCar — pCh,
dCy
W - )\CT - 6OE,
% =rT,(1—-bTy) —vf(Cg,T,)Ty.

Fig 5. CAR-T model. Compartmental transmission diagram and corresponding system of ODEs.

https://doi.org/10.1371/journal.pcbi.1013312.g005
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reflecting saturation kinetics with respect to tumor burden. Tumor cytotoxicity is described by the nonlinear function

ce
— Ty
f(CF! TLI) - v+ a_;_—ucF )

which accounts for complex interactions between CAR-T cells and tumor cells, including immune escape mechanisms. To
calibrate the model, we fit it to clinical measurements of total CAR-T cell counts, modeled as C = Cp + Cr + Cy, + Cg, using
data from a single patient recorded over a one-month period post-infusion [40]. The calibration process is performed using
a Bayesian MCMC algorithm, generating N = 50,000 thinned posterior samples to approximate the posterior distribution
of the model parameters. Table A in S5 Appendix summarizes the detailed definitions of all model parameters along with
their calibrated values.

Two clinically significant quantities can be defined from the model dynamics. The peak functional CAR-T cell
count, CP® = max¢(Cp(f) + Cr(f)), represents the maximum cytotoxic potential of the therapy and is strongly associ-
ated with both tumor clearance and the risk of CRS. The exhausted CAR-T cell fraction, defined as Cg, = Cg(T)/C(T)
quantifies the proportion of exhausted CAR-T cells relative to the total CAR-T cell population at the end of the obser-
vation period. A high exhausted fraction indicates reduced CAR-T cell functionality, correlating with treatment failure
or relapse, and is a critical marker for assessing therapy durability. In order to analyze which factor is most impoart-
ant the the two quiaties, GSA can be applied. Since the model contains m = 13 kinetic parameters which we cali-
brated from the data observations, we let the parameter vector 8 € R'? include all the kinetic parameters. Since the
model has a complex structure and the parameters lie in a relatively high-dimensional space, we apply the proposed
GSA method using the diffusion model to estimate the Shapley effect based sensitivity indices. Again, we employ a
standard two layer MLP with 32 neurons per layer as the noise prediction network in the diffusion model. The later
N4 = 15,000 samples from the posterior sample set S were used to train the diffusion model. In S5 Appendix, we
illustrate the approximation quality and the learned posterior distribution error, demonstrating that this sample size is
sufficient while avoiding excessive computational cost. With the trained diffusion model, we set the number of per-
mutations to M =1 x 10° to ensure convergence of Algorithm 2. The resulting GSA estimates, together with bootstrap
confidence intervals, are summarized in Fig 6.

Based on Fig 6A, we identify four parameters as dominant contributors to the variability in CI'®*: the transition rate from
distributed to effector cells n, the infusion rate of CAR-T cells B, the exhaustion rate A, and the baseline rate r,, of the
time-dependent proliferation rate function k(f). Each parameter exhibits at least one sensitivity index exceeding the 0.1
threshold, indicating substantial influence on the peak functional CAR-T cell count. This finding aligns with the biological
interpretation of CI?* as reflecting the early expansion and differentiation dynamics of CAR-T cells.

The parameters 3 and n control the activation of distributed cells into the effector population, directly increasing the pool
of cytotoxic CAR-T cells. The exhaustion parameter A governs the transition from effector to exhausted cells, modulating
the functional lifespan of Cr and thereby limiting the duration of effector cell contribution to tumor clearance. The prolif-
eration function k(f), which captures the transient expansion of effector cells post-infusion, is determined by four parame-
ters: the baseline rate ry, and Hill function parameters p4, p,, and ps. Among these, ryi, is the most influential, while the
combined effect of all four parameters accounts for approximately 16.7% of the total variance in Cr@, as assessed by
summing their Shapley sensitivity indices. This aggregation underscores a key advantage of Shapley effects: their addi-
tive property enables straightforward group-wise interpretation of parameter influence. This is particularly useful when
parameters collectively define a functional component of the model, such as k(f). Other parameters exhibit relatively low
sensitivity. In particular, the weak influence of y suggests that, although tumor burden can affect CAR-T cell expansion
through antigen stimulation, the peak cytotoxic potential is mainly determined by the internal expansion and transmission
of CAR-T cells.
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Fig 6. Results. GSA results for the CAR-T model using a diffusion model. Estimates are reported as bootstrap means, with error bars indicating 95%
bootstrap confidence intervals.
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Fig 6B shows a significantly different sensitivity andscape for the exhausted CAR-T cell fraction Cg,. Here, the most
influential parameters are A, u, and 6. Specifically, A again plays a central role by directly governing the flow of effector
cells into the exhausted compartment. The memory cell clearance rate p indirectly impacts exhaustion by regulating
the reservoir of Cy, which may re-enter the effector cell population. The exhausted cell clearance rate § influences the
steady-state level of Cg at the end of the observation window, thereby affecting the exhaustion ratio. Notably, parameters
that strongly affect early proliferation, such as n and k(f) related parameters, are far less impactful here, indicating a clear
distinction between expansion and long-term exhaustion processes.

These findings provide actionable insights for optimizing CAR-T therapy. To enhance peak functional response, charac-
terized by a higher value of CI'®*, strategies should prioritize promoting early effector expansion while delaying premature
exhaustion. This could include optimizing infusion protocols to increase n, or pharmacologically modulating pathways
related to ry, and A. To improve long-term therapy durability, as indicated by a lower exhausted CAR-T cell fraction
Ck,, interventions may target both limiting the exhaustion rate and increasing the proportion and longevity of memory
CAR-T cells. Furthermore, sensitivity analysis offers a systematic way to identify which parameters require more precise
patient-specific estimation during model calibration and which can be fixed or marginalized, thus streamlining clinical
model personalization.

Discussion

In this study, we present methods that integrate data-informed mathematical models with generative Al to address the
challenge of generating accurate conditional samples for estimating variance-based global sensitivity indices. We intro-
duce two complementary approaches: an autoregressive model with Rosenblatt transformations and a diffusion model
with Shapley effects, both designed to learn parameter dependencies directly from Bayesian posterior samples.

The autoregressive model enables numerically efficient two-matrix estimators for Sobol’s indices by training separate
models on posterior samples with different cyclic permutations, making it particularly suitable for low-dimensional models
with computationally inexpensive simulations. In contrast, the diffusion model learns parameter dependencies through a
single training phase and can generate parameter samples conditioned on arbitrary parameter subsets without requiring
additional training. This design is compatible with numerically efficient random Shapley estimators and ensures scalability
for high-dimensional problems.

We evaluated our methods across problems of varying complexity. A linear Gaussian example validated numerical
accuracy of our methods against analytical solutions. The COVID-19 model illustrated the practical utility of the autore-
gressive method in epidemiological modeling, demonstrating its broad applicability for public health applications. The
CAR-T cell dynamics model demonstrated the feasibility of applying diffusion based GSA to highly complex mathematical
systems, making it well-suited for problems involving intricate biological processes, such as those in systems biology and
neuroscience. When dealing with extremely high-dimensional parameter spaces, replacing MLPs with U-Net architectures
in the diffusion model can enhance performance. The availability of open-source software packages facilitates the adop-
tion of generative Al based global sensitivity analysis methods across a wide range of scientific disciplines.

Several limitations merit consideration. The quality of sensitivity estimates depends on the accuracy of posterior sam-
ples; poor MCMC convergence, especially in high-dimensional spaces, can introduce bias into the estiamted sensitivity
indices. The current autoregressive implementation assumes Gaussian conditional distributions, which may be inadequate
for non-Gaussian scenarios characterized by heavy tails or multi-modality. This limitation underscores the need for more
expressive yet invertible alternatives for modeling conditional dependencies. In the case of diffusion models, the Repaint
algorithm used for conditional sampling has been demonstrated to be a heuristic approach. While it produces samples
that match the joint distribution characteristics, it does not guarantee exact sampling from the actual conditional distribu-
tions. Although exact conditional samplers, such as sequential Monte Carlo methods, have been proposed [41], they are
often computationally prohibitive for practical use. Given these limitations, future improvements could involve incorporating
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advanced posterior inference methods such as nested sampling or variational approximations to improve robustness in
high-dimensions. Additionally, further development of the autoregressive architecture to accommodate non-Gaussian con-
ditionals and integrating exact conditional samplers into diffusion models may enhance performance and broaden applica-
bility across complex model classes.

Beyond deterministic models, stochastic models such as Stochastic Differential Equations (SDEs) represent another
important class of mathematical models. These models introduce randomness into the system dynamics, providing more
realistic representations in certain contexts such as individual contact networks in infectious disease related research. The
proposed framework holds potential for advancing GSA for stochastic models. Methods like DDPMs can be adapted to
learn data-calibrated joint posterior distributions over outputs and parameters, thereby capturing the randomness inherent
in stochastic simulations. Conditional sample generation can then be employed to produce model outputs directly, elimi-
nating the need for repeated simulations when estimating sensitivity indices. An enhanced methodology could be devel-
oped to enable effective GSA across a broader class of data-informed mathematical models, including stochastic systems,
by integrating approximate Bayesian calibration with generative models. This approach paves the way for future research.
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