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Abstract

Wavelet analysis has been recognized as a widely used and promising tool in the fields
of signal processing and data analysis. However, the application of wavelet-based
method in single-cell RNA sequencing (scRNA-seq) data is little known. Here, we present
M-band wavelet-based scRNA-seq multi-view clustering of cells (WMC). We applied for
integration of M-band wavelet analysis and uniform manifold approximation and projec-
tion (UMAP) to a panel of single cell sequencing datasets by breaking up the data matrix
into an approximation or low resolution component and M—1 detail or high resolution
components. Our method is armed with multi-view clustering of cell types, identity, and
functional states, enabling missing cell types visualization and new cell types discovery.
Distinct to standard scRNA-seq workflow, our wavelet-based approach is a new addition
to uncover rare cell types with a fine resolution.

Author summary

We develop M-band wavelet-based multi-view clustering method of cells. Our new
approach integrates M-band wavelet analysis and UMAP to a panel of single cell
sequencing datasets via breaking up the data matrix into an approximation or low
resolution component and M-1 detail or high resolution components. Our method
enables us to examine multi-view clustering of cell types, identity, and functional states,
potentializing missing cell types recovery, rare cell types discovery, as well as functional
cell states exploration.

Introduction

Recent breakthroughs in methodology are enabling the study of the transcriptomes of indi-

vidual cells, which paves the way for more objective investigations of cellular functions at
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single-cell level [1-3]. A primary objective of single-cell RNA sequencing (scRNA-seq)
analysis is to identify and discover cell types [4-7], identities [8], states [6,9], as well as
accompanied gene signatures [10,11], while conventional pipelines have been unsatisfying
due to limited resolution even with missed critical cell types, identity, and functional states.
Earlier studies based on microscopy [12], histology [13], and pathological criteria [14] have
contributed to the resolution of this problem. Recent efforts have utilized both unsupervised
and supervised clustering techniques to cluster cells alongside transcription signatures [5,7]
yet with big room to be optimized, requesting novel approaches.

Those limitations in the existing methods have motivated us to develop a new method,
aiming to recover missing cell clusters and uncover rare cell types. Wavelet frameworks have
been successfully applied to numerous tasks in the biomedical domain, such as genomics
[15], promoters [16,17] and GWAS [18]. However, wavelet-based method in scRNA-seq data
analysis has been largely unexplored.

Our hybrid technique incorporated with M-band orthogonal wavelet enables us to
illustrate multi-view clustering of cell types, identities, and functional states from a variety of
perspectives simultaneously. Distinct from the regular RNA-Seq analysis pipelines, our strat-
egy have the power to uncover missed and rare cell types, identities, states, via wavelet-based
multi-view of clustering (WMC). By taking a weighted-average like process on the original
RNA-Seq matrix, The trend component of the M-band wavelet enables us to take an approx-
imation of the original data, while the detail components provides the detailed information.

Results
The overview of WMC

We aim to build a pipeline with multi-view of clustering on scRNA-seq data. Stemming from
the original scRNA-seq workflow, our WMC integrates wavelet-based multi-view clustering
into standard pipelines. In the light of wavelet analysis, we develop WMC to present multi-
views of scRNA-seq in different resolution windows, potentializing recovery of missing cell
types, cell states, cell identities, as well as rare cell types discovery. Our WMC consists of the
following steps, including quality control, log-transformation, discrete wavelet transform
(DWT), dimension reduction, multi-view clustering visualization, along with an assessment
of intersecting components.

Given a raw scRNA-seq data matrix (Fig 1A), we remove the low-quality cells (Fig 1B)
to ensure that technical effect does not distort downstream analysis results. Next, we apply
a logarithmic transformation to the raw data matrix (Fig 1C), followed by M-band DWT,
which decomposes the normalized data matrix into an approximation component and
M-1 detail components (Fig 1D).This decomposition enables the extraction of multi-scale
components, facilitating multi-view clustering of cell types, identities, and functional states
from multiple perspectives. To further reduce dimensionality, we apply uniform manifold
approximation and projection (UMAP) to both wavelet-transformed and non-transformed
matrices for exploratory visualization (Fig 1F). Clustering is performed using the default
method in Seurat [19]. In particular, on PCA-reduced matrix, we implement Louvain
community detection algorithms [20] on single-cell K-Nearest Neighbor (KNN) graph
to organize cells into clusters. To characterize the similarities and differences between the
classic and our proposed method, we compare the clusters based on both original and
wavelet-transformed multi-view matrices (Fig 1G). Of note, we use the single-cell
Cluster-based automatic Annotation Toolkit for Cellular Heterogeneity (scCATCH) [21] for
cluster annotation. In addition to the Seurat pipeline, we incorporate alternative clustering
methods, including Single-Cell Consensus Clustering (SC3) and Hierarchical Graph-based
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Fig 1. Illustration of the WMC workflow. (A) Raw scRNA-seq data matrix with row as transcripts and columns as individual cells. (B) Quality control
diagrams, demonstrating the process of removing unqualified cells and transcripts involving mitochondrial genes. (C) Logarithm transformation of
the raw matrix. (D) Applying M-band DWT on the logarithm transformed matrix. (E) PCA-based dimension reduction on matrices with and without

DWT. (F) Visualization of clustering based on different methods, with (F1) for UMAP in Seurat, (F2) for SC3 and (F3) for HGC. (G) Assessing the

performance of WMC via intersection analysis and ARI computation.

https://doi.org/10.1371/journal.pcbi.1013060.9001
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Clustering (HGC), to wavelet-transformed matrices, demonstrating the compatibility of
WMC with multiple clustering frameworks. To assess the performance of WMC multi-view
clustering, we evaluate the overlap of marker genes identified by WMC and conventional
methods without DWT. Additionally, the adjusted rand index (ARI) and normalized mutual
information (NMI) are computed, resulting in similar cluster consistency quality across dis-
tinct approaches. Yet WMC enables more clusters revealed. Thus, WMC has a multi-view
function without compromise of cluster quality.

Mathematical statement of WMC

Let S = [s1, ... 8p] € R™? denotes the original data matrix and W = [wy,..,w,]T € R™" be the
corresponding M-Band DWT matrix [22,23]. Then, the M-Band DWT of s; fori=1,...,p is
given by

W = [a(i), dy (i), dy (i), o dygr (i) ] W

where n = Mk, a(i) = [ai, ai, .. ai]" and d;(i) = [d;i1, iz, .. djige]" forj=1,2,...,M~1. For
brevity, we denote Ws; by §;. Let § = [3;,5,, ..»$p], then

WS: SZ [a)dl)~-~> dM—l]T (2)

where a = [a(1),...a(p)] being the low resolution component (or trend) of S, and
dy=[di(1),...d1(p)], ... .dar1 =[dr1(1),....dp1(p)] being the high resolution components
(or fluctuations) of S in wavelet domain. Since W is an orthogonal matrix, {w;,w2,..,w, }
forms an orthonormal basis of R". The components of §; are also called the wavelet coeffi-
cients of s;. Therefore, the components of §; are coordinates of s; under this wavelet basis. Due
to the orthonormality of W, for i = 1,2, ..., p, we have |[5;|| = ||si|| and WT = W-1. Hence the M-
Band DWT preserve the length or energy of vectors it transforms. If we multiply both sides of
(2) by WT, we obtain

S=W'S=A+D, +..+ Dy, 3)
and
lIsill* = [JAll* + [[Dyil* + .. + [ Dyl P @
=la(@I + i (DI + . + lldar (D]
where
A=[AL A, ..., Ap] = [wi, W, ..., w(]a, %)

Dj = [Djh DjZ: ceey D]p] = [ij+1, ij+2, veey wkj+k]dj>j =1,2, ,M -1.

In other words, we use M-band DWT to decompose S into the sum of M orthogonal
components (multi-view windows), where one low-resolution component represents the
approximation part, while the remaining M-1 components, which are of high resolution,
correspond to the detail parts, as shown in (3)

We next aim to find A; and D; fori=1,..pand j = 1,2,.., M-1. Define V = span{wy, w,, ..., Wi},
Wi = span{Wyis1, Wki12> s Wrisk }> 1 = 1,2, ... M~ 1, then VW, ..., and W),_; are orthogonal
subspaces of R". It follows that,

VOW @ ... 0 Wi =R" (6)
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Let Pyx be a projection of x on Y, we have

A,‘ = va,‘
Dj=Pyws; @)
] Wi

We then apply different clustering methods on S and its corresponding components
A, Dy, ..., Dy to obtain their multiview images as Z(S), Z(A;), Z(Dy),.... Z(Das-1), resulting
in multiview clusters with principal cell names, encompassing both approximation and detail
parts of S. Thus, the essemble of annotated gene clusters enables us a multi-views cell types,
identities, and states with sc-RNA seq data.

We assess the performance of WMC via computing the intersection of Z(S), Z(A;),
Z(Dy),.. Z(Dps-1)- Since the space of different components are orthogonal to each other, few
genes could be found in the intersection of different components theoretically, Therefore, the
smaller number of genes appearing in the intersection of these components yields a better
resolution of clustering.

Cluster analysis of the scRNA-Seq data set by Wavelet-Seurat routine

We apply Wavelet-Seurat to a benchmark scRNA-seq dataset profiling 2,613 peripheral blood
mononuclear cells (PBMCs) from 10 X Genomics. Specifically, WMC identifies 8, 10, and

13 cell types under 2-band, 3-band, and 4-band UMAP settings, respectively, whereas only
six cell types are identified using the standard method without DWT (Fig A in S1 Text).

In addition to the six cell types which have been identified by the regular method, WMC
discovers novel clusters, including natural killer (NK) cells with 2-band and 3-band DWT,
non-switched memory B cells with 3-band and 4-band DWT, as well as regulatory T cells,
memory T cells, and SLC16A7+ cells with 4-band DWT. Furthermore, additional unknown
cell types are identified from the detailed components in 3-band and 4-band DWT.

To further evaluate our Wavelet-Seurat approach, we have analyzed a published
scRNA-seq dataset from a colorectal cancer patient. A similar trend is observed, as Fig B
in S1 Text illustrates that the standard UMAP setting identifies six cell types, while 2-band,
3-band, and 4-band UMAP settings reveal 9, 12, and 12 cell types, respectively. Beyond the
cell clusters observed in both the conventional and WMC methods, our approach identi-
fies additional clusters, including mitotic fetal germ cells, astrocytes, monocytes, fibroblasts,
plasma cells, and unknown cell types.

Moreover, we visualize the cell-type representations learned by Wavelet-Seurat in a three-
dimensional UMAP space using the innate lymphoid cell (ILC) differentiation dataset (Figs 2
and G in S1 Text) [24]. After quality control, this dataset contains 2,544 cells spanning three
developmental phases. Using the standard Seurat framework, we identify clusters correspond-
ing to ILC2P, ILCP, NKP, cEILP, and sEILP families, along with six types of alpha-LP cells.
However, applying wavelet transform further resolves alpha-LP cells into 10 distinct subtypes,
revealing additional clusters such as alphalP1.7, alphalLP1.8, alphaLP1.9, and alphaLP1.10,
resulting in a total of 21 distinct cell clusters. Overall, wavelet transformation provides a
multi-view perspective by projecting the dataset into different component spaces, enhancing
the resolution of cell-type identification and enabling finer-grained clustering.

Cluster analysis using Wavelet-SC3 routine

In addition to the Wavelet-Seurat analysis, WMC is also performed on ILC differentiation
cells dataset using the SC3 clustering method [25](Figs 3 and H in S1 Text). As shown
in Fig 3, different wavelet components yield distinct hierarchical structures, with greater
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Fig 2. Multi-view of clusters of the innate lymphoid cell differentiation dataset. (A) UMAP visualization of cell types based on data matrix without DWT. (B)-(D)
are clusters under wavelet analysis, with (B) for 2-band DWT, (C) for 3-band DWT, and (D) for 4-band DW'T.

https://doi.org/10.1371/journal.pcbi.1013060.9002

intra-cluster similarity observed in wavelet-transformed data compared to clustering
without DWT.

To investigate cell-type-level resolution, we have employed Wavelet-SC3 to partition the
dataset into 21 clusters per component, as determined by SC3 without DWT. As illustrated
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Fig 3. Consensus matrices among different cell phases of ILC differentiation dataset by Wavelet-SC3 method. (A) Consensus matrix using SC3
without DWT. (B)-(D) are consensus matrices under Wavelet-SC3, with (B) for 2-band DWT, (C) for 3-band DWT, and (D) for 4-band DWT.

https://doi.org/10.1371/journal.pchi.1013060.g003
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in Fig H in S1 Text, the approximation component under multi-band DWT closely mirrors
the clustering pattern of the original dataset, whereas the detail components reveal additional,
distinct cluster structures.

We further apply Wavelet-SC3 to the PBMC-3k dataset (Fig I in S1 Text). This dataset
exhibits a complex hierarchical structure, with SC3 without DWT identifying 14 clusters. To
evaluate whether Wavelet-SC3 improves clustering resolution compared to the original SC3
method, we perform clustering while fixing the number of clusters at 14, applying SC3 with
and without wavelet transformation. Indeed, as shown in Fig I in S1 Text, it appears that the
clustering pattern under 2-band DW'T closely resembles the original SC3 clustering. However,
with multi-band DWT, the approximation components enable more compact clusters cap-
tured with higher correlation, while the detail components are of additional, distinct cluster
structures. Thus, Wavelet-SC3 has the capacity of enhancing better clustering resolution and
uncovering finer-scale biological heterogeneity.

Hierarchical analysis using Wavelet-HGC routine

To explore the hierarchical structure of clusters in scRNA-seq data, we have applied WMC
in combination with the HGC method to the ILC differentiation dataset (Fig 4 )[24]. For
cell cycle phases, we observe that 3-band DW'T provides the most effective partitioning for
G1-phase cells (marked in red), while detail components from 2-band and 4-band DWT suc-
cessfully distinguish G2M-phase cells. In cell type clustering, the approximation component
from 2-band wavelet-transformed data closely resembles the clustering structure obtained
without DWT, whereas the detail components introduce alternative hierarchical structures,
revealing additional biological insights.

Moreover, a similar pattern can be observed in the PBMC dataset using Wavelet-HGC
(Fig J in S1 Text). Without DWT, HGC method yields nine cluster from the original data;
under wavelet transformation, each component identifies eight or nine clusters. The low-
resolution components provide an overview of major cell types, while the high-resolution
components reveal finer-grained cellular structures, highlighting the multi-scale clustering
capabilities of Wavelet-HGC.

Distinct gene signatures of cell clusters from different wavelet-based
multi-view windows

To quantify the improvement in multi-view clustering of cells from our algorithms, we assess
the performance of clustering at two levels, overlapping’s of cells between clusters and inter-
sections of gene markers.

We find 10 significant clusters using 2-band DWT for the breast cancer data, and one
more cluster from detail component can be found when compared with data without DWT.
However, the effects are marginal when utilizing multi-band DWT. Of note, increasing the
number of intersections between clusters in different resolution components may result in
some subsets containing a small number of cells with a relatively high p-value. We discover
22 significant clusters using 3-band DWT, where 10, 8 and 11 clusters are found in approxi-
mation, detail-1 and detail-2 component-based data, respectively. Similarly, a total of 28 sig-
nificant clusters are revealed for 4-band DWT, with 10, 8, 9 and 9 clusters in approximation,
detail-1, detail-2 and detail-3 component-based data, respectively. Consequently, one can use
WMC to divide some clusters in original data into a few subgroups, resulting in the clusters
with greater significance.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1013060 May 23, 2025 8/ 16



https://doi.org/10.1371/journal.pcbi.1013060

PLOS COMPUTATIONAL BIOLOGY M-band wavelet-based multi-view clustering of cells

A Without DWT Q _ Low
- 4-Band | _|
Cell Ty - Cell Ty
O 3-Band e
C Low High 1
2-Band T T T
Cell Phase! Cell Phase!
B Low High 1 High 2
Cell Ty Cell Ty Cell Ty
R e e e e s il P
High High 2 High 3
Cell Type, Cell Type Cell Type,
- e e e

Fig 4. Multi-view hierarchical clusters on ILC dataset using Wavelet-HGC method. (A) Dendrogram for ILC dataset without DW'T.
(B)-(D) are dendrograms under wavelet analysis, with (B) for 2-band DWT, (C) for 3-band DWT, and (D) for 4-band DWT.

https://doi.org/10.1371/journal.pcbi.1013060.9004
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Apparently, the cell types in different resolution components can overlap or be distinct.
Indeed, comprehensive intersection analysis of gene signatures further support the power of
multi-view of WMC (Fig 5).

Daubechies wavelet family, belonging 2-band wavelet families, produced one low-
resolution component and one high-resolution component. Low-resolution parts are tra-
ditionally considered as an approximation of original data and share a number of common
genes with original data. We find 528 more genes in the 2-band approximation component-
based data than in original data (Fig 5A). Similarity, we discover 510 additional genes in
3-band approximation component-based data compared to original data (Fig 5B), and 321
more genes in 4-band approximation component (Fig 5C) than in original data.

DWT has the ability to decompose original data into orthogonal components, which is
another important property. This means that different resolution parts are not overlapped
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Fig 5. Assessing the performance of WMC on the breast cancer dataset. The x-axes of panels (A) through (C) represents the total number of genes in each component
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https://doi.org/10.1371/journal.pchi.1013060.9005
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theoretically. Using 2-band DWTT, there are 237 genes that overlap in both resolution com-
ponents, but only 11 (4.6%) of them are new, and the remaining 226 genes appeared in the
original data (Fig 5A).

High-resolution components are particularly valuable for identifying cell types, as they
capture fine-grained characteristics that may be overlooked in traditional analyses. Com-
pared to the original dataset, the detail components extract through multi-band DWT reveal
a greater number of cell-type-specific gene markers (Fig 5A-5C), underscoring the potential
of wavelet transformation for enhancing marker gene detection.

Similar phenomena can be found in colorectal and PBMC dataset. In PBMC dataset,
there are 133 genes that are identified at the intersection of two resolution components using
2-band DWT, whereas only 2 genes are absent from original data(Fig N in S1 Text). For the
colorectal dataset, we only discover 80 at the intersection between two components using
2-band DWT, which is significantly less than the number of new genes only appearing in one
single component. For example, we discover 301 and 201 genes in 2-band approximation and
detail component-based data respectively (Fig O in S1 Text).

To further assess the consistency of clustering across wavelet-transformed components,
we compute ARI and NMI as summarized in Table 1. The ARI values range from 0.6 to 0.8,
while NMI values range from 0.57 to 0.73, indicating a moderate level of agreement. Notably,
both ARI and NMI decrease as the number of wavelet bands increases from 2-band to 4-band
DWT. It appears that the diversity of clustering outcomes introduced by multi-band wavelet

transformation increases.

In Fig 6, we present the compared average ARI across breast cancer datasets on perfor-
mance of clustering methods with and without DWT. The detail components extracted
via DWT consistently improve clustering accuracy across all breast cancer subtypes. The
highest ARI values are observed for the 4-band detail component in ER+ (0.96) and TNBC
(0.98) subtypes, while the 2-band detail component achieves the highest ARI for HER2+
(0.97). These results demonstrate the strong compatibility of WMC with breast cancer classi-
fication. Thus, WMC is robust in multi-view clustering.

Discussion

In this study, we develop WMC, an M-band DWT-based approach for presenting scRNA-seq
matrices via multi-view clustering of cells. WMC not only offers a unique capability that
overcomes key limitations of existing single-cell analysis techniques, but also helps to iden-
tify missing cell types and rare cell types alongside activity. WMC can help discover rare cell
types missed by conventional method with a fine resolution. Finally, WMC can potentially

Table 1. Average ARI and NMI for clusters of M-band DWT components

The type of DWT components ARI NMI
2-band low vs high 0.80 0.73
3-band low vs hl 0.72 0.65
3-band low vs h2 0.76 0.70
3-band h1 vs h2 0.73 0.67
4-band low vs hl 0.66 0.59
4-band low vs h2 0.61 0.57
4-band low vs h3 0.64 0.58
4-band h1 vs h2 0.69 0.63
4-band h1vsh3 0.73 0.65
4-band h2 vs h3 0.65 0.61

https://doi.org/10.1371/journal.pcbi.1013060.t001
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Fig 6. Average ARI results for breast cancer datasets on different subtypes of cancer cells.

https://doi.org/10.1371/journal.pchi.1013060.g006

prioritize rare cell types for experimental validation by incorporating intersection analysis on
multi-view of clusters.

Our study has certain limitations, as the current WMC framework is implemented with
a maximum of 4-band DWT, balancing computational efficiency and multi-view clustering
performance. It is plausible that using more than four bands could further enhance multi-
scale clustering resolution. A key open question is determining the optimal choice of DWT
type and band number for different biological datasets. We aim to systematically address this
challenge through clustering optimization strategies in future work. For general WMC appli-
cations, the Daubechies (2-band) wavelet basis is recommended as the preferred option due to
its computational efficiency and ease of implementation.

Moreover, even though multi-view clusters can detect unidentified cell types that may
represent novel cell types in the biological field, these cell types are yet to functionally validate
in a biological experiment. For future research, we envision that DWT-based framework
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integrated with other omics information is promising. Meanwhile, WMC has a great potential
to analysis spatial single-cell gene expression data. Thus, our WMC paves the way to deploy
wavelet tools in scRNA-seq data analysis.

Materials and methods

Data preprocessing

Any type of high-dimensional single-cell data can be transformed using WMC. However,
before analysing the single-cell gene expression data, the raw scRNA-seq data often neces-
sitates particular preprocessing and normalization to ensure that technical effect does not
distort downstream analysis results. Given a raw data generated by sequencing machine, the
quality control preformed based on following three criteria: 1) the number of counts per
barcode (count depth), 2) the number of genes per barcode, and 3) the proportion of counts
from mitochondrial genes per barcode. Since low-quality cells or empty droplets frequently
have very few genes and a large number of detected genes may represent doublets, we begin
by filtering cells with unique genes detected in excess of 3,000 or fewer than 200. Next, we
filter out genes that are not expressed in fewer than 20 cells. In addition, cells with a
mitochondrial count greater than 5 percent are removed, as cells with a relatively high
mitochondrial count may be implicated in respiratory processes. We next perform a log
normalization on the quality-controlled data matrix to reduce the variability of data before
applying WMC.

Discrete wavelet analysis

In our method to deal with the scRNA-seq data matrix, we use M-band DWT to decompose
the count matrix (denoted by S) into M different resolution components, as shown in (3).

In this paper, we select M = 2,3, and 4, respectively, where the case of M = 2 corresponds to
Daubechies wavelets family. The decomposition can be performed using the DWT matrix
(see S1 Text for more details). The DWT projects the data into orthogonal subspaces with
different resolutions, allowing us to extract the information partially hidden by the original
data matrix. The wavelet-based filters satisfy a set of orthogonal condition. Thus, the DWT
preserves the energy of the data since the ,;-norm remains unchanged under orthonormal
transform.

Assessment using intersection analysis

WEe assess the performance of WMC via computing the intersection of Z(S),Z(A), ... Z(Da1),
where Z(X) denotes that the data X is transformed by PCA and UMAP. Without wavelet
transform, Z(S) gives a single-view clustering, while Z(A),Z(D), ...,Z(Dps1) provide a
multi-view clustering of RNA-seq data. To examine the number of total clusters in multi-view
windows, we calculate the distribution of significant genes among different resolutions com-
ponents. Specifically, let Gy be the set of significant genes in the raw data, G; be that in the
approximation component, and G, ..., Gy be that in the detail components, respectively. For
each non-empty subset, A C {0, 1,..., M}, we calculate Ny = (NieaGi) N (NjgaG;) i.e., the set
of genes in the selected components but not in the other components. If |A| = 1, |N5 | denotes
the number of exclusive genes in the corresponding component. Note that the components

of different resolutions under the DW'T are orthogonal to each other, if |A| > 2 and 0 & A,
only a few genes will contain in such N theoretically. The smaller number of |[N| for such
intersection yields a better resolution of clustering.
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Adjusted rand index and normalized mutual information

The ARI is a widely used metric for quantifying the similarity between two clustering
schemes. Let n;; denote the number of cells in cluster i of scheme A and cluster j in scheme B.
The ARI between clustering schemes A and B is computed as follows:

2 (9) - i () 5, (7))
(i (5) + 2 (72 - (2 () 2, () (5)

ARI (A,B) =

where nj, =, j 1ij represents the number of cells in cluster i of scheme A, n,; = 37, n;;
represents the number of cells in cluster j of scheme B, and N is the total number of cells.

In this study, ARI is utilized for two primary purposes: (1) evaluating the performance of
WMC by comparing ARI values between WMC and the corresponding conventional frame-
work without wavelet transformation; (2) assessing clustering consistency across different
wavelet-transformed components, by computing ARI values for clustering results obtained
from distinct resolution components.

ARI values range from -1 to 1, where a value closer to 1 indicates a high degree of
similarity between clustering schemes, while a negative value suggests poor agreement and
mismatching.

Another widely used metric for quantifying clustering similarity is the NMI, defined as:

njj niiN
Zij N %8 . 9)

n;. nyj
2. tis log == Zj njlog <+

NMI (A, B) =

The NMI score ranges from 0 to 1, where 1 indicates a perfect correspondence between
the two clustering schemes. In this study, NMI is also employed to evaluate the consistency of
multi-view clustering results across different wavelet components, providing insights into the
robustness and diversity of the clustering outcomes.

Supporting information

S1 Text. Implementation details and supplementary results. This file provides detailed
mathematical background on the DW'T, implementation notes for the WMC framework, and
additional results that support and extend the main findings presented in the manuscript.
(PDF)
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