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Abstract

The physical organization of the genome in three-dimensional space regulates many bio-
logical processes, including gene expression and cell differentiation. Three-dimensional
characterization of genome structure is critical to understanding these biological pro-
cesses. Direct experimental measurements of genome structure are challenging; compu-
tational models of chromatin structure are therefore necessary. We develop an approach
that combines a particle-based chromatin polymer model, molecular simulation, and
machine learning to efficiently and accurately estimate chromatin structure from indirect
measures of genome structure. More specifically, we introduce a new approach where
the interaction parameters of the polymer model are extracted from experimental Hi-

C data using a graph neural network (GNN). We train the GNN on simulated data from
the underlying polymer model, avoiding the need for large quantities of experimen-

tal data. The resulting approach accurately estimates chromatin structures across all
chromosomes and across several experimental cell lines despite being trained almost
exclusively on simulated data. The proposed approach can be viewed as a general
framework for combining physical modeling with machine learning, and it could be
extended to integrate additional biological data modalities. Ultimately, we achieve accu-
rate and high-throughput estimations of chromatin structure from Hi-C data, which will be
necessary as experimental methodologies, such as single-cell Hi-C, improve.

Author summary

Eukaryotic chromosomes are carefully organized within the nucleus into three-
dimensional structures. In different cells within the same organism, the genetic content
of these chromosomes is identical, but the chromosome structures differ. This variation
in chromosome structure can regulate gene expression and, therefore, control cell devel-
opment and physiology. However, a detailed understanding of the relationship between
genome organization and gene expression is still lacking. Developing computational
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models to explain this relationship is crucial to understanding the mechanisms con-
trolling chromosome structure and predicting properties of gene expression from DNA
structure. Here, we present an approach for inferring the 3D structure of chromatin from
experimental Hi-C data using a physics-based model. By leveraging advances in machine
learning in our modeling approach, we show that it is possible to predict chromatin
structures accurately and efficiently. The high computational efficiency of the proposed
approach will be essential for understanding structural variation in settings requiring
high-throughput analysis, such as within populations of cells.

Introduction

Advances in the ability to measure genome structure have gradually established that the three-
dimensional organization of the genome is critical to the regulation of gene expression [1,2].
Existing experimental tools for characterizing genome structure fall into two fundamental
categories: microscopy-based methods and sequencing-based methods. Microscopy methods
can directly measure the 3D chromatin structures of individual cells by using fluorescence in
situ hybridization (FISH) tags to target specific genomic loci [3,4]. Currently, technical chal-
lenges limit these experiments to measuring thousands of loci per experiment [4]. As a con-
sequence, these experiments can either image a small genomic region at high resolution or a
large region at low resolution, but not both.

On the other hand, sequencing technologies, such as Hi-C, can measure genome-wide
chromatin organization at very high resolution, albeit indirectly [5,6]. Hi-C quantifies
three-dimensional chromatin organization by measuring the contact frequency between
genomic regions. The resulting contact matrix (also referred to as a contact map) contains
the population-averaged contact frequency between pairs of genomic loci. Patterns in Hi-C
data provide evidence for genome structural properties such as loops [6,7], topologically-
associated domains (TADs) [8,9], and compartmentalization [5,10]. However, while Hi-C can
measure contact frequencies at high resolution, estimating the three-dimensional structure of
chromatin from Hi-C data has been a major challenge limiting the utility of Hi-C methods.

Computational models of chromatin structure provide a useful tool for elucidating the full
three-dimensional structures of chromatin from Hi-C data [11,12]. We rely on particle-based
polymer models. Such models of chromatin have been shown to reproduce many properties
of its structure [13-16]. In these models, each particle typically represents between 5 kb and
1 Mb of DNA [12]. At this coarse of resolution, parametrization by traditional ‘bottom-up’
coarse-graining of atomic-scale or nucleosome-scale DNA models has not yet been accom-
plished [17,18]. Instead, these models have been parametrized ‘top-down’ by inferring ther-
modynamic parameters from a target experimental contact map [12].

Polymer modeling approaches in this framework can leverage the maximum entropy
principle [19] to iteratively optimize thermodynamic parameters until the simulated chro-
matin ensemble best reproduces the experimental contact map [13,15,16] (reviewed in [11]).
However, the iterative nature of this optimization procedure is a major computational bot-
tleneck in the simulation procedure. Faster methods are essential for exploring variations in
chromatin structure across cell types, analyzing structural diversity in single-cell variants of
Hi-C data, assessing the effect of epigenetic factors on chromatin structure, and other large-
scale investigations of variations in structure. As an alternative to the maximum entropy
approach, analytical methods for estimating parameters from Hi-C data are an emerg-
ing research area [20,21]. While existing approaches are efficient, they rely on a reference
homopolymer system, which limits their efficacy. Standard homopolymer potentials do not
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reproduce experimental chromatin contact probability scaling, which can limit the accuracy
of the resulting structures.

Recent advances in machine learning methods, such as graph transformers [22], which
combine graph neural networks [23] with attention mechanisms [24], present an opportu-
nity for improvement. We show that adapting these advances in machine learning tools to
the task of chromatin structure prediction can dramatically accelerate structure estimation
from Hi-C data. Graph neural networks are a promising architecture because the Hi-C con-
tact map can be considered as a weighted adjacency matrix of a graph. Some existing methods
that treat Hi-C data as a graph include Higashi [25], a hypergraph neural network developed
for imputation of sparse single-cell Hi-C data, and Sub-Compartment Identifier (SCI) [26],
which uses a graph embedding step to predict chromatin sub-compartments from Hi-C data.
Transformers are a class of neural networks that rely on attention mechanisms and have been
popularized by their recent success in large language models [27,28]. Beyond language mod-
els, AlphaFold and its successor, AlphaFold 2, are graph transformers successful in the protein
structure prediction problem [29-31]. We use a graph transformer with a unique approach
that leverages state-of-the-art polymer models of chromatin structure (See Section S5 in S1
Appendix for further discussion).

Specifically, we develop a graph neural network to predict the thermodynamic parameters of
a polymer model from experimental Hi-C data, and these parameters allow us to simulate chro-
matin structures from the corresponding polymer model. A key contribution of our approach is
that we train the neural network exclusively on simulated data from the polymer model, cir-
cumventing the need for large quantities of high-quality experimental data. Further, we train
our neural network to predict the interaction parameters of the polymer model rather than
directly predicting a single structure. Compared to an approach that predicts only a single
consensus structure, sampling structures via the polymer model better reflects both (a) uncer-
tainty in structure estimates and (b) the dynamic nature of chromatin. Compared to using the
iterative maximum entropy procedure to estimate the parameter of our polymer model, our
GNN approach is 6.5x faster but yields structures of comparable quality.

Results
Overview of approach

Broadly speaking, we aim to estimate the underlying chromatin structure from experimen-
tal Hi-C data (Fig 1A). We use a particle-based physics model where we model chromatin

as a heteropolymer of m particles; each particle represents 50 kb of DNA (Fig 1B). Particles
interact in our model in a pairwise fashion controlled by an interaction energy matrix, U,
which contains an interaction energy, U;;, for every pair of particles i and j. To determine U,
we train a graph neural network (GNN) that inputs an experimental contact map and outputs
the estimated interaction parameters, LSNN, of the model (Fig 1C). Given the estimated inter-
action parameters, we use our polymer model to generate a distribution of structures. If the
generated structures are accurate, we will be able to calculate a simulated contact map from
these structures (Eq 4) that closely resembles the target experimental contact map.

Obtaining sufficient data to train the neural network is a major challenge, and a key con-
tribution of our approach is that we are able to train the GNN on simulated data from our
polymer model. Briefly, we first use the existing maximum entropy (ME) optimization to esti-
mate M for 33 experimental contact maps all from sub-regions of the odd chromosomes
from the IMR90 cell line. Then, we draw synthetic polymer model parameters from probabil-
ity distributions fitted to these parameter estimates. Finally, we conduct simulations using our
polymer model and the synthetic parameters to yield realistic simulated contact maps. Using
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Fig 1. Overview of key elements. (A) Schematic overview of the experimental data pipeline. Given an experimental contact map, we construct a probabil-
ity distribution over chromatin structures corresponding to our chromatin polymer model. The graph neural network (GNN) uses the contact map as an
input and predicts interaction parameters, f, of our chromatin physics model. Given these parameters, the polymer model samples chromatin structures
at random. Structures are colored by A/B compartmentalization as determined by the sign of the first principal component of the experimental genomic-
distance normalized contact map. (B) Schematic overview of GNN training procedure. We train the GNN on simulated contact maps generated by the
chromatin physics model where we know the ground truth interaction parameters. (C) Schematic illustration of chromatin polymer model. Particles are
colored according to their position along the polymer to aid visualization. Particles in the same grid cell are defined as in contact. Grid size is not to scale.

https://doi.org/10.1371/journal.pcbi.1012912.9001

this dataset, we train the GNN to predict the synthetic polymer model parameters. Intuitively,
the GNN is learning to estimate the thermodynamic parameters that will yield a structural
ensemble that best reproduces the experimental contact map.

After training the GNN, we can input an arbitrary 50 kb resolution experimental contact
map and use the parameters, /Y, predicted by the GNN to simulate the corresponding
chromatin ensemble (Fig 1). We will contrast this approach for simulating chromatin struc-
tures (GNN approach) with using the maximum entropy optimization to estimate the sim-
ulation parameters (maximum entropy approach). Pseudocode for both of these approaches
can be found in S1 Appendix; maximum entropy approach: Algorithm D; GNN approach:
Algorithm E.

Performance on experimental Hi-C data

To demonstrate the accuracy and efficiency of our GNN approach, we model the chromatin
structures corresponding to 40 experimental contact maps from a test set comprising the
even chromosomes of the IMR90 cell line. For each experimental contact map, we use both
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the GNN and the maximum entropy approach to estimate the parameters of our polymer
model. We compare the resulting simulated contact maps and the total simulation time of
each method. We find that polymer simulations using the parameters estimated by the GNN
accurately reproduce experimental contact maps despite requiring an order of magnitude less
simulation time than the maximum entropy approach.

An example result for a 25.6 Mb region of GM12878 Chr2 is shown in Fig 2. The simulated
contact maps closely resemble the experimental contact map visually (Fig 2A). Both simula-
tions clearly reproduce the A/B compartmentalization [5] of the experimental contact map.
The A/B compartmentalization can be seen visually as the plaid pattern in the Hi-C contact
map, and is captured in the first principal component of the genomic-distance normalized
contact map (Eq (5), Fig 2C). The contact probability scaling as a function of genomic dis-
tance reproduces the experimental scaling (Fig 2B). An example structure from the GNN
simulation is shown in Fig 2D. The structure is colored according to the A/B compartmen-
talization as measured by the sign of the first principal component of the genomic-distance
normalized contact map. The A compartment (green) and B compartment (blue) are seen to
separate in three-dimensional space. The simulated contact maps are computed from 30,000
such structures (Eq (4)).

Notably, the GNN approach is 6.5 times faster than the maximum entropy approach
on average (Fig 2E). We report the average simulation time over an experimental test set
of 40 contact maps from the even chromosomes of the IMR90 cell line. The reported time
only considers the time required to sample structures with polymer model (Algorithm A in
S1 Appendix) as the time of any other step is negligible in comparison. For the maximum
entropy approach, the reported time includes all simulation time required for the maximum
entropy optimization to converge, as well as a final simulation with the converged parameters
(lines 6 and 11 in Algorithm D in S1 Appendix). The GNN approach circumvents the max-
imum entropy optimization entirely. Therefore, the time reported for the GNN approach is
only the simulation time using the interaction parameters estimated by the GNN (line 2 in
Algorithm E in S1 Appendix). The average time for simulations using the GNN approach is
10.3 + 0.2 minutes. The maximum entropy method has a larger average simulation time of
66.5 + 4.0 minutes.

In Table 1, we show include quantitative results averaged over the 40 contact maps from
the even chromosomes of the IMR90 cell line. Since the maximum entropy approach depends
on an optimization procedure, we include two definitions of convergence in Table 1. The max-
imum entropy optimization is terminated based on a convergence criterion of € = 107 or € =
107 (see Section $2.2.5 in S1 Appendix for details). Since the two convergence criteria yield
comparably accurate simulated contact maps, we restrict the text to the results from € = 1072,
which is faster. Note that the maximum entropy approach is not guaranteed to converge. We
find that all optimizations converge for ¢ = 107 and 39 out of 40 converge for ¢ = 107>, Fur-
ther tuning of the user-defined parameters of the maximum entropy optimization and of the
number of structures sampled via the polymer model can improve the convergence success
rate.

We compare contact maps using two metrics from the Hi-C literature (Table 1) [32,33].
See Section S7 in S1 Appendix for further discussion of these metrics and for implementation
details. The first metric is the stratum-adjusted correlation coefficient (SCC) [32]. The SCC is
a weighted average of the Pearson correlations between pairs of off-diagonals of two contact
maps. The simulated contact maps from simulations using the GNN approach have an SCC
0f 0.72 + 0.01 (mean =+ standard error) compared to an SCC of 0.81 =+ 0.01 for the maximum
entropy approach (Fig 2D). While the SCC for the GNN approach is lower than the maximum
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Fig 2. Chromatin simulation using GNN approach accurately reproduces experimental contact map. (A) Contact maps of IMR90 Chr2:56.3-81.9 Mb. The lower
triangle shows the experimental contact map. The color bar is the same for both subfigures. Left: The upper triangle shows the GNN simulated contact map. Right: The
upper triangle shows the maximum entropy simulated contact map. (B-C) Comparison of the experiment (black), maximum entropy simulation (blue), and GNN
simulation (red). (B) Comparison of contact probability scaling as a function of genomic separation on a log-log scale. (C) Comparison of first principal component of
genomic-distance normalized contact maps. (D) A representative structure from GNN simulation. Colored by A/B compartmentalization. (E) Comparison of total run
time in minutes for all contact maps in the experimental test set (n = 40). Boxes represent the 25th and 75th quantiles, and the solid line indicates the median. Whiskers
extend from the box by 1.5 times the interquartile range.

https://doi.org/10.1371/journal.pcbi.1012912.g002

entropy approach, it is still higher than the SCC between experimental contact maps from dif-
ferent cell lines. The SCC between IMR90 and GM12878 contact maps of the same genomic
regions is 0.58 + 0.02. This suggests that the GNN is capturing cell line specific patterns of
genome structure. The SCC requires two user-defined parameters; we explore the effect of
these parameters in Section S7 and Fig H in S1 Appendix.

The second metric is the HiC-Spector score [33]. HiC-Spector compares contact maps by
treating them as graph Laplacian matrices. It computes the sum of Euclidean norms between
the top x Laplacian eigenvectors of the two Hi-C contact maps. The metric is rescaled to
the range [0,1], where higher is better. The GNN approach has a HiC-Spector scores of
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Table 1. Average results for 40 experimental contact maps from even chromosomes of IMR90. The maximum
entropy optimization uses a convergence criterion of either € = 102 or € = 10, SCC is the stratum-adjusted cor-
relation coefficient [32]. HiC-Spector is the HiC-Spector metric from [33]. Corr PC1(H) is the Pearson correlation
between the first principal component of the genomic-distance normalized contact maps, F. RMSE(F]) is the root-
mean-squared error between the genomic-distance normalized contact maps. Simulation Time is each method’s total
simulation time in minutes. See text for details. All values are mean + standard error.

Method SCC HiC-Spector |Corr PC1(H) RMSE(H) Simulation Time
GNN 0.72 £ 0.01 0.51 £+ 0.02 0.90 £+ 0.01 0.65 + 0.01 10.3+0.2
Maximum Entropy (€=1e-2) 0.81 +0.01 0.49 + 0.02 0.78 £ 0.03 1.04 £+ 0.03 66.5 + 4.0
Maximum Entropy (€=1e-3)* |0.84 + 0.01 0.51 + 0.02 0.80 + 0.03 0.72 + 0.02 2124+ 13.9

*1 out of 40 maximum entropy simulations failed to meet the convergence criterion of € = 10; we show results for the remaining 39.

https://doi.org/10.1371/journal.pchi.1012912.t001

0.51 + 0.02 compared to 0.49 + 0.02 for the maximum entropy approaches, which is not
statistically significant by two-sided paired t-test.

We also include two simpler metrics, which both directly measure the similarity of
genomic-distance normalized contact maps, H. It is common to visualize the first principal
component of A, PC1(H), as a measure of A/B compartmentalization. For this reason, we
compute the Pearson correlation between PC1(H*™) and PC1(H®?) (Corr PC1(H) in Table
1). The GNN approach has a mean Pearson correlation of 0.90 + 0.01 between the first prin-
cipal component of the simulated and experimental genomic-distance normalized contact
maps. Meanwhile, the maximum entropy approach has a mean correlation of 0.78 + 0.03.
Finally, we directly measure the root-mean-squared error between genomic-distance nor-
malized contact maps. The GNN approach has an RMSE(H) of 0.65 + 0.01 (vs 1.04 + 0.03 for
maximum entropy).

We observe that the GNN approach performs better on the metrics computed from the
genomic-distance normalized contact maps, H: RMSE(H) and Corr PC1(H). On the other
hand, the maximum entropy approach performs better on the metrics computed from the raw
contact maps, H: SCC and HiC-Spector. We discuss the possible origins and implications of
this difference in Section S7 in S1 Appendix.

Generalization to other human and mouse cell lines

For all results in this manuscript, we use a GNN trained on simulated data that was generated
based on a single experimental Hi-C dataset of the IMR90 human cell line. To demonstrate
that the GNN can generalize to other cell lines beyond IMR90, we use the GNN approach to
simulate experimental contact maps corresponding to the even chromosomes of the human
GM12878, HMEC, HUVEC, and HAP1 human cell lines. Further, to assess generalization to
other organisms, we include the CH12.LX mouse cell line. Despite being trained exclusively
on simulated data based on the IMR90 cell line, the simulated contact maps from the GNN
approach reproduce experimental contact maps from these cell lines.

In Fig 3A, we show example contact maps for the GM12878, HUVEC, and CH12.LX cell
lines. The simulated contact maps reproduce A/B compartmentalization (Fig 3B) and contact
probability scaling (Fig 3C). In Fig B in S1 Appendix, we show the simulated contact maps
from the maximum entropy approach for comparison.

Averaged over 158 simulated contact maps from the four human cell lines, the results
are comparable to those seen on the IMR90 cell line (Table B in S1 Appendix). The GNN
approach had an SCC of 0.71 +0.01. In comparison, the maximum entropy approach had
an SCC of 0.82 + 0.00. On all other metrics, the GNN approach outperforms the maximum
entropy approach: HiC-Spector Score (0.54 4 0.01 vs 0.52 +0.01); Corr PC1(H) (0.85+0.01 vs
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Fig 3. GNN generalizes to unseen cell types. Left: GM12878 human lymphoblastoid cell line Chr2:5.1-30.7 Mb. Middle: HUVEC murine umbilical vein endothelial
cell line Chr2:5.1-30.7 Mb. Right: CH12.LX mouse lymphoma cell line. (A) Comparison of experimental and GNN simulated contact maps. The lower triangle shows
the experiment, and the upper triangle shows the GNN simulation. The color bar is the same for all subfigures. SCCs between simulated and experimental contact maps
are 0.67, 0.70, and 0.76, respectively. (B-C) Comparison of the experiment (black), maximum entropy (blue), and GNN (red). (B) Comparison of the first principal
component of genomic-distance normalized contact maps. (C) Comparison of contact probability scaling.

https://doi.org/10.1371/journal.pcbi.1012912.g003

0.79 + 0.01); and RMSE(H) (0.70 + 0.01 vs 1.07 + 0.01). Further, the GNN approach was 6.6x
faster on average.

The results for the mouse CH12.LX cell line are comparable to the results for the human
cell lines. The GNN approach had an SCC of 0.78 +0.01 compared to 0.81 +0.01 for the
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maximum entropy approach, which is a smaller difference in SCC than for any of the human
cell lines. The GNN approach outperforms the maximum entropy on all of the other metrics
except for Corr PC1(H) (0.80 + 0.04 vs 0.85 + 0.01) (Table B in S1 Appendix). For the mouse
CH12.LX cell line, the GNN approach was 8.3x faster on average.

Table B in S1 Appendix includes results for each cell line separately. We do not see substan-
tial variation in performance between cell lines. These results demonstrate that the GNN has
robustly learned properties of Hi-C data that generalize across cell lines.

Validation with super-resolution imaging

To directly validate the structures estimated from simulations using GNN-estimated parame-
ters, we compare our simulated structures with experimental imaging data. Given an experi-

mental contact map from the IRM90 cell line, we use the GNN to estimate the parameters of
our polymer model, and we compare the estimated structures to super-resolution chromatin

tracing experiments of IMR90 Chr2 [4] and Chr21 [3,4].

We note that the energy functional of our simulation does not directly constrain distances,
nor is the GNN trained to reproduce distances. The two parameters in our model that most
directly affect distances are the bond length, b, between neighboring particles and the sim-
ulation volume, V. We choose a bond length (b = 200 nm) and simulation volume (V' =8
um?) such that the mean distance scaling as a function of genomic separation is comparable
between the simulation and experiment (Fig 4AB and Section S2.1.5, Fig D in S1 Appendix).

The simulated structures are in good agreement with the experimental structures. On
chromosome 2, the simulated and experimental mean distance matrices have a Pearson cor-
relation of 0.89 for the GNN (maximum entropy: 0.90) (Fig 4C). On chromosome 21, the
simulated and experimental mean distance matrices have a Pearson correlation of 0.78 for
the GNN (maximum entropy: 0.83) (Fig 4D). These results help suggest that the simulated
structures are representative of the underlying experimental structures. The corresponding
simulated contact maps are included in Fig C in S1 Appendix.

The accuracy of the simulated distances depends greatly on the choice of bonded parame-
ters and bonded potential term. A more accurate bonded term in the energy functional could
improve these results [34]. Importantly, the distance matrices from the GNN approach are
comparable to the maximum entropy approach, as both methods use the same bonded term.
Improving the underlying polymer model would improve both results.

Discussion

To improve our understanding of genome organization and gene expression, characterizing
chromatin structure is essential. With efficient approaches for modeling chromatin structure
from Hi-C data, we can compare chromatin structures across many cells and cell types. These
chromatin models can unveil the regulatory mechanisms behind gene expression to answer
questions about cell differentiation and development.

We introduce an efficient computational pipeline for estimating chromatin structures from
Hi-C data. Our approach combines advances in polymer modeling of chromatin structure
with modern machine learning methods to predict chromatin structures significantly faster
than classical approaches. A key contribution of our approach is that we train the GNN exclu-
sively on simulated data. This was made possible by leveraging the polymer model to gener-
ate large quantities of simulated contact maps. Further, because we train the GNN to predict
thermodynamic parameters of the polymer model instead of predicting structures, the GNN
does not need to learn the physics of chromatin folding. We believe this choice makes the
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Su et al. [3,4]. Top row: IMR90 Chr2:10-25.6 Mb. Bottom row: IMR90 Chr21:14-39.6 Mb. (A-B) Mean spatial distance scaling as a function of genomic separation for
experiment (black), GNN simulation (red), and maximum entropy simulation (blue). (B) The additional dotted black line corresponds to an experimental structure of
IMR90 Chr21:28Mb-29.2 Mb at 30 kb resolution from Bintu et al. [3]. (C-D) Mean spatial distance matrices. The lower triangle shows the experimental distance matrix.
Left: The upper triangle shows the GNN simulated distance matrix. Right: The upper triangle shows the maximum entropy simulated distance matrix.

https://doi.org/10.1371/journal.pcbi.1012912.9004

GNN more robust to variation in genome structure across different cell lines as well as simpli-
fies training. One obvious drawback of this choice is that we cannot overcome any limitations
of the physics in our polymer model. As biophysical modeling of chromatin improves, we can
retrain the GNN using more sophisticated chromatin models.

Using our GNN approach is an order of magnitude faster than using the maximum
entropy approach to estimate the parameters of our polymer model. At the same time, the
accuracy of the predicted chromatin structures is comparable to structures from simula-
tions using parameters estimated with the maximum entropy approach. In addition, the GNN
does not require a priori knowledge or assumptions about the particle labels, ¥, of the chro-
matin model, whereas the maximum entropy approach requires the particle labels as an input.
Notably, we show that despite training the GNN exclusively on cells from one human cell line
(IMR90) it is still able to generalize to other human and even mouse cell lines.

Our approach has the potential to be useful in the analysis of single-cell variants of Hi-C
[35]. These single-cell Hi-C variants can generate tens of thousands of single-cell con-
tact maps, providing an opportunity to compare chromatin structures across cells and cell
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populations [36]. If using the existing maximum entropy approach, it would be incredibly
computationally expensive to simulate the structure of each single-cell contact map. One
challenge is the sparsity of single-cell Hi-C data poses a problem for both the GNN and max-
imum entropy approaches. (see Section S4, Fig F in S1 Appendix). Future work will address
how to generalize our graph neural network to the single-cell setting, potentially by leverag-
ing existing imputation procedures such as scHiCluster [37] or Higashi [25] to infer missing
contacts in single-cell Hi-C data i silico.

Our GNN approach can be extended to consider additional biological data modali-
ties. Future work can explore adapting our approach to predict structures from chromatin
microscopy data instead of Hi-C. Alternatively, our approach could be extended to account
for settings where multiple data modalities are present - such as Hi-C data in addition to
image-based data. In principle, a machine learning-based approach could be robust to the
presence/absence of multiple data modalities.

More broadly, our approach can be considered a general framework for combining
physics-based modeling with machine learning (Section S6 in S1 Appendix). Machine learn-
ing approaches such as machine-learned force fields (MLFFs) have become prevalent in
‘bottom-up’ modeling [38], where a coarse-grained model is used to approximate an exist-
ing fine-resolution model. On the other hand, our GNN approach falls in the category of
‘top-down’ modeling, which seeks to predict model parameters from experimental data [39].
There have been limited examples of machine learning methods developed for ‘top-down’
modeling [40-43]. Future work could extend our approach to other ‘top-down’ settings where
physics-based models are inferred from data.

Materials and methods
Experimental data

We obtain experimental Hi-C contact maps, H, at 50 kb resolution. Experimental data files
are downloaded from Juicebox [44] or ENCODE [45-48], as indicated in Table C in S1
Appendix. Contact maps are downloaded as raw counts without any pre-processing. We
show that our approach performs comparably when using contact maps pre-processed with
ICE [49] or Knight-Ruiz [50] matrix balancing in (Section S3, Fig E in S1 Appendix). We
include only autosomal chromosomes. We divide chromosomal contact maps into 25.6 Mb
regions, corresponding to m = 512 bins per contact map. We only choose regions such that
H;; > 0 for all i. Doing so avoids centromeric and telomeric regions as well as regions with
low read-mappability. We normalize the contact maps such that the average contact proba-
bility between beads i and beads i + 1 is 0.1. We then overwrite the main diagonal (self-self
interactions) with 1s.

Particle-based chromatin model

We model chromatin as a heteropolymer of m particles, where each particle represents 50
kb of DNA. The potential energy function of our polymer model can be decomposed into
bonded, UP(#), and nonbonded, U™ (7), terms:

U(7) = U°(F) + U™(#) (1)

where 7 € R™ contains the positions of all m particles in the simulation and U (7) is a
Gaussian chain bonded potential (Section S2.1 in S1 Appendix).
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The nonbonded term is derived from the Theoretically Informed Coarse Grained (TICG)
potential for block copolymers [51-54]. While there are several existing chromatin models in
the literature [13,15,16,55], we choose the TICG potential because of the computational effi-
ciency resulting from its grid-based implementation (Fig 1B). Instead of computing the spa-
tial distance between particles, the TICG potential defines particles located in the same grid
cell to be interacting (I(7;,7;) = 1). Omitting some constants, the nonbonded potential can be
written as follows:

U@ = Y, I H)U; 2)

where 7; denotes the position of particle i, I(7;, 7;) € {0, 1} indicates if particles i and j are in
same grid cell, and U € R™" is a matrix of interaction parameters between pairs of particles.
The nonbonded potential can be further decomposed as:

Ut = D, I #)(Lyj+ Ty) (3)

where L, T € R™™ are two types of interaction parametersand U/ := L + T.

Note that the original description of the TICG potential is written in terms of local densi-
ties of particles within each grid cell rather than pairs of particles [52]. In Section S2.1 in S1
Appendix, we include a description in the local density notation and a derivation of Eq (2)
and Eq (3). We will use the notation in Eq (2) and Eq (3) for both the maximum entropy and
GNN approaches.

Here, we will provide some intuition for the role of L and T. Both terms are analogous to
terms in the MiChrom model proposed by di Pierro et al. [13]. L is low-rank by construction
and controls interactions between particles of different epigenetic states. The L contribution is
a generalization of the “chromatin types” term used in the MiChrom model. T is a symmet-
ric matrix where all descending diagonals are constant-valued (i.e., a Toeplitz matrix). As a
result, all particles with the same genomic distance, d = |i - j|, will have the same value Tj;. T
serves to modify the scaling behavior of the polymer chain to match the experimental con-
tact probability scaling. The T contribution is analogous to the “ideal chromosome” term used
in the MiChrom model [13]. We define Uj; := L;; + Tj; as a net pairwise interaction strength.
Intuitively, I/ can be considered a look-up table for the interaction energy between every pair
of particles i and j. Pairs of particles with negative If;; will attract, while those with positive If;;
will repel.

Given U, we simulate chromatin structures by Monte Carlo sampling (Section S2.1.6 in
S1 Appendix). With these structures, we can calculate any desired structural property. One
property of particular interest is the simulated contact map, H™, which we use to assess
the quality of our simulation. We define H*™ as the ensemble average (i.e., averaged over all
structures) of the grid indicator function, I(7;,7,):

Hy™ = (17, 7)) (4)

.

We typically estimate H™ by averaging over 30,000 structures sampled via the polymer
model. We expect the simulated contact map, H*™, to accurately reproduce the experimental
contact map, H.
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Data generation

We obtain a set of experimental contact maps, H @) fore=1,...,33 corresponding to 25.6 Mb
regions at 50 kb resolution of the odd chromosomes of the IMR90 cell line. Each contact map
contains m = 512 bins (i.e., rows/cols). For each H(*), we use the maximum entropy approach
to estimate LME(4) and TMF(?) matrices from Eq (3). Define (ME(9) := PME(C) 4 TME(E) Gee
Section 2.2 in S1 Appendix for a complete description of the maximum entropy optimization.

We use the following procedure to generate 10,000 synthetic interaction parameter matri-
ces, U”) € R™" for s = 1, ..., 10000:

1. Generate random L(*) matrix (Algorithm G in Section $2.4.2 in S1 Appendix). L) is
constructed with random eigenvalues drawn from distributions estimated using ker-
nel density estimation over the eigenvalues of LME(D)| | IME(33) - A]] IME(?) gre rank 10,
and therefore L*) is as well. The eigenspace of L*) is constructed from the eigenvectors
of a random [ME(®),

2. Generate random Toeplitz matrix, T(). T®) is defined as equal to a random TMF(¥)
without any modification.

3. Define ) = L) + T,

See Section S2.4 in S1 Appendix for further discussion.

We use our polymer model to simulate the corresponding contact map, H®*), for each
U, As described in Section $2.1.6 in S1 Appendix, we simulate chromatin structures via
Metropolis Monte Carlo sampling. Each simulation results in 30,000 structures, and H®) is
calculated from these structures according to Eq (4). At the conclusion of the data generation
procedure, we have 5000 pairs (H®),U)).

Neural network

Generically, graph neural networks (GNNs) require three inputs, (A,X,E). A is the adjacency
matrix of the graph, X is node features, and E is the edge features. We use the experimental
Hi-C contact map to define all three of these aspects of the graph structure. We include an
ablation study demonstrating the importance of the neural network design choices described
here in S1 Appendix (Section S2.3.3 and Table A).

We first obtain an experimental contact map, H'%®, binned at 100 kb resolution. While we
simulate chromatin at 50 kb resolution, we use 100 kb resolution for the neural network as the
GNN both trains faster and performs better when using a coarser resolution (Table A in S1
Appendix). We normalize the contact map by dividing by the mean of its main diagonal. Then
we overwrite the main diagonal with 1’s.

We define A;; = 1if Hi”*" > 0 and Aj; = 0 otherwise. Since we use contact maps at 100 kb
resolution, most values H}jOOkb are non-zero, and the graph is nearly complete. If all values are
non-zero, the graph will be complete (i.e., A will be a matrix of 1s).

We define node features, X, as the top 10 eigenvectors of the 100 kb resolution genomic-
distance normalized contact map, F'°®, [ is calculated by dividing each entry of the contact

map by the mean along the corresponding diagonal:

~ H;;
H;

) mean(diagonal (H, |i - jl)) ?

The eigenvectors of this matrix correlate well with biological features such as epigenetic
modifications and chromatin compartmentalization [5,6].
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We define edge features between nodes i and j as:
E; =[log H}jOOkb, mean (diagonal (', |i - j|) )]

The first value, log H ileOkb

, is the log of the corresponding entry of the 100 kb resolution
contact map (E;; only needs to be computed when of A;; = 1, so H}jOOkb is guaranteed to be
nonzero.). The second value, mean(diagonal(H'**®, |i - j|)), is the mean contact frequency
between genomic loci at distance |i - j|, calculated by taking the mean along the |i - j|th diag-
onal of the experimental contact map.

Given these inputs, the GNN outputs I{. We train with mean squared error loss after a log-
transformation of U and I/, denoted as U and 4" . Specifically, we define U := sign(iA) O]
In (JU| + 1) where sign(U) € {-1, 1} contains the element-wise sign of i/ and @ is the
Hadamard (element-wise) product. Computing the loss using the 2/ representation improves
empirical performance (Table A in S1 Appendix).

Details of the training procedure are included in Section $2.3.2 in S1 Appendix.

Neural network architecture. Fig A in S1 Appendix shows a schematic of the architec-
ture. First, the node features are passed through a linear layer to form an initial node embed-
ding (omitted in figure). The node embedding is updated by a series of graph message pass-
ing layers. The message passing architecture is a modification of the graph attention network
from Brody et al. [56] (Section S$2.3.1 in S1 Appendix). Between each message passing layer is
a multi-layer perception (MLP) with leaky ReLU activations.

The resulting latent node embedding, Z, is further processed by two independent mod-
ules: an epigenetic module and a genomic-distance module. The epigenetic module computes
a bilinear function of the node embedding, L = ZWZ”, where W is a learnable weight matrix.
L is then upsampled by a factor of two in order to map from 100 kb resolution to 50 kb resolu-
tion. The genomic-distance module is an MLP that acts on the flattened node embedding. The
output of this MLP is used to construct T (at 50 kb resolution). We combine the two modules
by adding their results (element-wise) to define I/ := L + T.

Finally, to account for the sign-invariance of the eigenvector node features, we adopt an
idea from the SignNet architecture proposed by Lim et al. [57]. The entire GNN architec-
ture is run twice, once with node features defined by positive eigenvectors, v, and once by the
negated eigenvectors, —v, to account for the sign ambiguity of the eigendecomposition. The
two resulting predictions are summed to yield a final prediction. We omit this step from Fig A
in S1 Appendix for simplicity of presentation.

Supporting information

S1 Appendix. Additional model details and validations.
(PDF).
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