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Abstract

Electrodiffusion plays a crucial role in modulating ion channel conductivity and neu-

ral firing dynamics within the nervous system. However, the relationship among ion
electrodiffusion, concentration changes, as well as channel conductivity and neuronal
discharge behaviors is not quite clear. In this work, we introduce a novel Gauss-
Nernst-Planck (GNP) approach to investigate how electrodiffusive dynamics influence
ion channel rectification and neural activity. We have analytically demonstrated how
the membrane conductance changes along with voltage and ion concentrations due to
the electrodiffusive dynamics, bridging the gap between the permeability-based
Goldman-Hodgkin-Katz (GHK) model and conductance-based models. We charac-
terize the rectification properties of GABAs, AMPA and leaky channels by estimating
their single-channel permeabilities and conductance. By integrating these rectifying
channels into neurodynamic models, our GNP neurodynamic model reveals how
electrodiffusive dynamics fundamentally shape neural firing by modulating membrane
conductance and the interplay between passive and active ion transport-mechanisms,
which exhibits difference from conventional conductance-based neurodynamic models
especially when ion concentration accumulates to high levels. Furthermore, we have
explored how the electrodiffusive dynamics influence the pathological neural events by
modulating the stability of neurodynamic system. This study provides a fundamental
mechanistic understanding of electrodiffusion regulation in neural activity and estab-
lishes a robust framework for future research in neurophysiology.

Author summary

Variations in neural membrane potential are driven by transmembrane ion fluxes,
which are governed by both the electric potential and ion concentration gradi-
ents—a process known as electrodiffusion. Due to this, the conductivities of ion
channels are inherently both concentration- and voltage-dependent. However,
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these intrinsic properties are often ignored in neurodynamic models, such as

the traditional Hodgkin-Huxley-like models. In this study, we introduce a Gauss-
Nernst-Planck framework that effectively incorporates fundamental electrodif-
fusive ion transport mechanisms into neurodynamic modeling. We analytically
demonstrate that ion channel conductance is determined by both permeability
and intramembrane ion concentrations, leading to channel rectification and
modification of neural dynamics. We explore how electrodiffusion shapes the
rectification behavior of leaky channels, AMPA and GABA4 receptor channels,
and incorporate these rectifying channels into our neurodynamic model. Through
comparison with a conductance-based model, we show that electrodiffusion
reduces neural excitability under weak glutamate stimulation and enhances the
stability of the depolarization block state under strong glutamate stimulation. Our
results demonstrate that during intensive firing activities such as epileptic firing
or cortical spreading depression with dramatic ion concentration variations, the
electrodiffusion effect cannot be ignored.

Introduction

The transmembrane movement of ions alters the electric potential across the neural
membrane, forming the basis of various physiological and pathological neural behav-
iors [1,2]. Unlike the movement of electrons in conductors, which is solely driven by
electric potential differences, ion fluxes in the neural system are influenced by both
electric potential and concentration gradients, collectively characterized as “electrodif-
fusive movement” [3,4]. The unique properties of transmembrane electrodiffusion are
captured by the well-known Goldman-Hodgkin-Katz (GHK) current equation, which
explains the nonlinear current-voltage (I-V) relationships observed in various ion
channels, a phenomenon known as Goldman rectification [5,6]. Researchers have
successfully applied electrodiffusive approaches to describe ion transport processes
within microscopic compartments of the neural system, such as synaptic clefts [7],
dendritic spines [8—11], and ion channels [12—15]. However, at the whole-neuron
level, most studies continue to model the neural membrane using simplified electric
circuit analogies, leaving the potential influence of electrodiffusive dynamics on neu-
ronal electrophysiology insufficiently explored [16,17].

Although many ion channels exhibit Goldman rectification, conductance-based
neurodynamic models—widely used to simulate neural activity under both physiological
and pathological conditions—often assume linear |-V relationships for the ion channels
they incorporate [18]. This simplification disregards the underlying electrodiffusive pro-
cesses, even though neural activity fundamentally relies on ion channels exhibiting sig-
nificant rectification properties. Given that ion channel rectification plays a critical role
in shaping neural function [19], its omission in traditional conductance-based models
may lead to inaccurate simulations and misinterpretations of neural electrophysiology.
This issue becomes particularly concerning in pathological conditions such as epileptic
seizures and cortical spreading depression, where ion concentration gradients undergo
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dramatic shifts [20]. These shifts reshape transmembrane electrodiffusion and alter channel rectification properties. While
some researchers have acknowledged the relevance of electrodiffusion under such conditions [21,22], it remains frequently
overlooked in related studies. For instance, most computational models of seizure-like activity rely on conductance-based
frameworks [23—-25], partly due to the challenges of implementing electrodiffusion in whole-neuron simulations.

The questions like how does electrodiffusion-induced channel rectification impact on pathological neural dynamics and
how does it deviate from the circuit-based simulations remain largely unknown. Addressing these challenges requires a
deeper investigation into transmembrane electrodiffusion and its function on channel rectification during neural discharge
activities to refine our understanding of neural function.

However, incorporating rectifying ion channels into neurodynamic models remains a challenging task. More specifically,
while many ion channels exhibit rectification properties, others, such as a-Amino-3-hydroxy-5-methyl-4-isoxazolepropionic
acid (AMPA) and NALCN channels, display linear |-V relationships [26,27]. The alignment of these linear I-V curves with
circuit equations raises questions about whether electrodiffusive dynamics are necessary for modeling currents through
such channels. Additionally, certain ion channels, such as Gamma-Aminobutyric Acid Type A (GABA,) receptors, exhibit
strong outward rectification under physiological conditions, yet quantifying their single-channel conductance remains
difficult [28,29]. Some studies estimate GABA,4 channel conductance by measuring the slope of I-V curves [30], but the
validity of this approach is debated, and it is not easily applicable in constructing whole-cell neurodynamic models.

Many studies have investigated electrodiffusion in the nervous system by solving the Poisson-Nernst-Planck (PNP)
equations, providing high-resolution simulations of rapid ion transport within small volumes [7—15,31]. However, solving
PNP equations requires substantial computational resources, making them impractical for whole-neuron dynamic model-
ing. Although there have been promising efforts to reduce the computational load of PNP models [32—-35], their efficiency
still falls short of that of conductance-based models. On the other hand, while the GHK equation effectively captures
channel-level rectification induced by electrodiffusion, it does not quantitatively describe how membrane or channel con-
ductance varies with voltage and ion concentrations, limiting its utility in modeling overall electrophysiological behavior. As
a result, a practical neurodynamic model that effectively incorporates electrodiffusive dynamics remains lacking.

In this paper, we introduce a novel Gauss-Nernst-Planck (GNP) framework that models the electrodiffusive trans-
membrane ion dynamics in regulating channel properties and neural dynamics. Our GNP approach reveals the intrin-
sic quantitative relation between membrane conductivity and permeability, effectively bridging the gap between the
permeability-based GHK current equation and the conductance-based circuit models. Using this method, we estimate
the permeabilities and conductance of GABA, and AMPA channels for their respective permeant ions. We elucidate the
mechanisms behind the outward rectification of GABA4 channels [28-30], the linear I-V relationship of GluR2-containing
AMPA channels [26,36], and the inward rectification of GluR2-lacking AMPA channels [37,38]. Additionally, we developed
a neurodynamic model incorporating rectifying ion channels to explore how electrodiffusive dynamics fundamentally mod-
ulate neural firing activity, and how our model deviates from traditional conductance-based models in simulating neural
electrophysiology. We demonstrate that even under negligible ion concentration changes, the electrodiffusion-based
model exhibits lower excitability compared to the traditional conductance-based model, due to the inclusion of ion channel
rectification. Furthermore, when ion concentrations undergo substantial changes, electrodiffusion enhances passive ion
transport across the membrane, thereby promoting the stability of the depolarization block (DB) state in neural systems.
We conclude our main results and discuss the potential application of our model in the Discussion.

Results
Determine the membrane conductivity through electrodiffusive dynamics

We introduce an innovative approach to integrating intramembrane electrodiffusive dynamics into neural system modeling.
By assuming overall electrical neutrality in the neural system (Fig 1a, 1b), we leverage Gauss’s Law to replace the
Poisson equation in the Poisson-Nernst-Planck (PNP) framework. This key simplification not only reduces the complexity
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Fig 1. Schematic illustration of the Gauss-Nernst-Planck approach. (a) Neuronal membrane with various channels and Na* /K" — ATPase inserted
into the parallel bilayer-lipid structure. Surfaces S1, S2, and S3 are parallel, with S2 located within the intramembrane space. (b) lllustration of space
division for the neuron membrane. The intracellular and extracellular spaces contain different ion concentrations (K*, Na™, C), ions move through
membrane by electrodiffusion via channels such as leaky channel, voltage-gated channel and also by active transport of Na™/K* — ATPase. A~ rep-
resents impermeable anions confined to the intracellular space. (c) The concentration profile of ions (c4(x)) and electric potential distribution (¢(x)) in the
intramembrane space. The ion concentration profile is nonlinear, while the electric potential profile is linear by Gauss’s law. Extracellular space: x <0,
intracellular space: x > d. intramembrane space: x € [0, d].

https://doi.org/10.1371/journal.pcbi.1012883.g001

of the PNP problem but also establishes a crucial link between electrodiffusive- and conductance-based models (see S1°
Appendix for details).

Through this Gauss-Nernst-Planck framework, we demonstrate that membrane conductance (per unit area) can be
expressed as a function of permeability and the intramembrane concentration profile (denoted as c,(x), see Fig 1c) of the
permeant ion. This relationship provides a fundamental link between ion electrodiffusion dynamics and membrane proper-
ties, as shown in Eq. 1:

22F?

Gq = &1 PaCq (1)

Where, R is the gas constant, T is temperature, P, is the permeability of channel to ion g, and ¢, is the harmonic mean
of intramembrane concentration profile ¢4(x). Eq. 1 indicates that higher permeability and ion concentration lead to higher
membrane conductivity. At steady state, c,(x) is determined by both ion concentrations and membrane potential (see Eq.
13). As shown in Fig 2a-2d, variations in membrane potential result in changes in the concentration profiles of potassium,
sodium, chloride, and calcium ions, which subsequently alter membrane conductance and induce Goldman rectification.
Importantly, Eq. 1 bridges the conductance-based model and permeability-based electrodiffusive approach [39], which
allows us to model neural firing activity by both circuit-like and GHK current equations through GNP approach, and investi-
gate the effect of electrodiffusion on neural firing properties (see Methods).
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Fig 2. lon Concentration profiles c4(x) and corresponding harmonic means ¢4 as functions of membrane potential and ion concentrations. (a-
d) Variation of concentration profiles for potassium, sodium, chloride, and calcium ions with different membrane potentials. (e-h) Harmonic mean of each
ion concentration profile changes with membrane potential. As membrane potential increases, ¢cx+ and c¢r increase, resulting in outward rectification,
whereas Cy,+ and C2+ decrease, leading to inward rectification. (i-) Harmonic means of each ion concentration profile typically increases as the con-
centration gradient Ac, = |[q]i— [q]o| decreases. The total ion concentration ([q]; + [q]o) is held constant.

https://doi.org/10.1371/journal.pcbi.1012883.9002
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To further illustrate how concentration profiles influence conductivity, we derived an analytical expression for ¢, by
integrating cq4(x) (see Methods):

Co = d _ lqli=[qloe RT v
— d 1 - zgFV
fo cq () dx 1-e 7?7 V_Z’% In(%) (2)

Here ¢, represents the mean value of intramembrane ion concentration, which is derived by combining Nernst-Planck
equation and the overall electroneutrality assumption (see Methods). Eq. 2 highlights that both membrane potential and
ion concentrations affect ¢, thereby altering conductance by Eq. 1. As shown in Fig 2e-2h, the harmonic means of the
concentration profiles for potassium and chloride ions ¢+ and ¢¢r increase with membrane potentials, whereas ¢y,+ and
Cc.2+ decrease with it. These shifts lead to higher conductance for inhibitory currents and lower conductance for excit-
atory currents during depolarization. This differential conductance produces outward rectification for potassium and chlo-
ride currents and inward rectification for sodium and calcium currents. The voltage dependent properties suggest dynamic
alterations of membrane potential will also modify the channel conductance by altering ¢,, creating a feedback loop that is
absent in traditional conductance-based neurodynamic models.

Moreover, as illustrated in Fig 2i—2I, ¢, typically increases as the concentration gradient Acq = [[q]; — [q]o| decreases,
which subsequently upregulates the associated conductance. The variation of ¢, also diminishes with decreasing Ac,
, reducing rectification and eventually producing a linear |-V relation when Ac, = 0 mM. During physiologically normal
neural activity, homeostatic mechanisms help stabilize Ac, [40], which may explain why the concentration-dependence of
membrane conductance is often overlooked. However, under pathological conditions like depolarization blocks, Acg can
change significantly [41-42], which would be illustrated in the following section.

Characterizing channel rectification by GNP approach

The GHK current equation has been widely applied to investigate the biophysical and electrical properties of ion chan-
nels, particularly because many channels exhibit Goldman rectification. However, without accurately characterizing the
permeability and conductivity of channels, the application of their rectification properties in neurodynamic models remains
challenging.

Some of the key unresolved questions include:

1. Conductance of rectifying channel: Many channels, such as GABA, channels [28-30], display rectification, rendering
their voltage-dependent conductance difficult to be accurately determined. While some studies derive the conductance
by taking the slope of the I-V curve (the derivative of the GHK current equation with respect to voltage), this method is
neither effective nor precise.

2. Single channel permeability: The single-channel conductance of ion channels is measured through their linear |-V
curve, such as AMPA channels [26,36]. However, as shown in Eq. 2, the conductivity is influenced by various factors,
making it less informative to characterize the channel’s intrinsic biophysical properties than channel permeability. How-
ever, channel permeabilities for different ions are rarely measured.

3. Mechanisms of rectification: Channels like AMPA and NALCN typically exhibit a linear I-V relationship [26,27,36].
However, under certain conditions, such as AMPA channels lack GIuR2 subunit and ion concentrations are changed
around NALCN channels, these channels could show rectification [27,37,38]. The underlying mechanism driving this
shift remains unclear.

4. Specifying ionic currents: Many ion channels are permeable to multiple ion types. While total current is easily measur-
able, separating the ionic currents for each ion type is challenging. It is often assumed that the respective ionic currents
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are proportional to permeability ratios [26,29], but this assumption is problematic due to the non-linear functions
revealed by Eqgs. 1, 2.

To address those challenges, we propose a practical methodology to determine the conductivity and permeability of ion
channels based on available data. First, we determine how to achieve a linear |-V relationship by adjusting ion concen-
trations in individual ion channels (see Eq. 15 in Methods). Next, we calculate single-channel permeabilities using single-
channel conductance (the slope of the linear I-V curve) and ion concentration data (see Eq. 16 in Methods). Finally, we
quantify channel conductance for both specific permeant ion currents and total current (see Egs. 18-25 in Methods).

We will use this framework to address the issues mentioned above, by taking GABA, channel and AMPA channel as
examples.

GABA, Channel

To apply the GNP framework to analyze channel rectification properties, the required information includes permeability
ratios between different permeant ions, single-channel conductance, the pore diameter of the channel, and permeants’
concentrations in the intra- and extracellular spaces. All those data have been reported in previous experimental research.

For GABA, channel, both chloride and bicarbonate ions as permeants with valence of —1. Experimental studies sug-
gest that the permeability ratio PHcog/Pcf is approximately 0.2, and the pore diameter of the channel is around 5A [29,30].
The concentrations of HCOj ions are set at [HCO3); = 15 mM, [HCO3],, = 25 mM [40].

In experiments, to measure the single-channel conductance of GABA, channel, both [Cf]; and [CI], are elevated to
about 145 mM to eliminate Goldman rectification [29]. According to our GNP framework, to ensure a strictly linear |-V
relationship, [C]; should be 2 mM higher than [CI],, given that HCOj ions have asymmetric concentrations. Thus, we
assume [Cf]; = 147 mM and [CF], = 145 mM. Under similar conditions, experimental studies report the single-channel
conductance of GABA, channels to be around 30 pS [30,43]. Based on these data, we can calculate out the permeabilities
of GABA, channels for chloride ion Pgr = 7.04 x 1072 m/s and for bicarbonate ion Phrco; = 1.41 x 1072 m/s (refers to Eq.
16).

Under physiological conditions, [C/]; is much lower than [CI],, which creates outward rectification in GABA4 channels
and voltage-dependent conductance [43]. With the estimated single-channel permeability, we can reproduce the I-V curve
of a single GABA4 channel (Eq. 19) and determine the corresponding conductance (see Eq. 20 in Methods), as shown
in Fig 3a (diamond) and 3b (solid black curve). Notably, the conductance calculated using Eq. 20 is not equivalent to the
slope of the |-V curve except when the voltage equals the channel’s reversal potential (Fig 3b, dotted line; see also S1
Fig).

Furthermore, using the permeability of each permeant, we can determine the chloride and bicarbonate currents and
conductance, as shown in Fig 3a and 3b (colored curves). Notably, the currents and conductance ratios are neither equal
to the permeability ratio (Pnco; /Pcr) nor constant.

AMPA Channel

As another example, we investigated the properties of AMPA channels, which are permeable to both potas-
sium and sodium ions. The corresponding concentrations are assumed to be [K+],. = 96.83 mM, [K+]O =3.17mM,
[Na+]i = 23.58 mM, [Na+]o = 131.42 mM [40]. For these concentrations, the permeability ratio Py,+ /Px+ needs to be 0.87
in AMPA channels to ensure exact linear I-V relationship. Based on experimental data [36,44], the single-channel conduc-
tance and pore diameter of AMPA channels are comparable to those of GABA, channels (30 pS, 5 A). Using Eq. 16, the
permeabilities of AMPA channels are estimated to be Px+ = 8.99 x 1072 m/s and Pp,+ = 7.80 x 1072 m/s.

We reproduced the linear |-V curve for an individual AMPA channel using the estimated permeabilities, as shown in

Fig 3d (square). AMPA channels are typically characterized by a linear I-V relationship and are generally considered
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Fig 3. Rectification of GABA, and AMPA channels. (a-c) Outward rectification of single GABA4 channel (a), corresponding conductance (b), and
reversal potentials (c). Inset figure: curves are zoomed in around the reversal potential. (d-f) Linear I-V relation of single GluR2-containing AMPA chan-
nel which is impermeable to calcium ions, corresponding conductance (e), and reversal potentials (f). (g-i) Inward Rectification of single GluR2-lacking
AMPA channel which is permeable to calcium ions, corresponding conductance (h), and reversal potentials (i). Here the calcium concentrations are set
to be [Ca™], = 2 mM and [Cat]; =1 x 107 mM, and the permeability is P2+ = 2.70 m/s. In (b, e): Two methods are used to calculate single channel
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diamond curve in (b) represents the slope of the channel’s |-V curve; the vertical dotted lines in (b), (c), and (f) represent V = E; 5. The I-V curves repre-
sent —i; and —ig, respectively, to align with experimental formats.

https://doi.org/10.1371/journal.pcbi.1012883.g003

non-rectifying. However, as shown in Fig 3d, our results suggest that the apparent linearity of AMPA currents may result
from a counterbalance between the outward rectification of potassium currents and the inward rectification of sodium cur-
rents. This implies that rectification would naturally arise in AMPA channels if the counterbalance is disrupted due to changes
in ion concentrations or permeability ratio. The conductance of potassium and sodium currents are illustrated in Fig 3e (col-
ored curves). Again, the ratios of currents and conductance do not equal the ratio of permeability, nor are they constant.
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AMPA channels exhibit inward rectification when they have high calcium permeability due to the absence of the GluR2
subunit [37]. GluR2-lacking AMPA channels are highly permeable to calcium ions leading to a calcium current that exhib-
its strong inward rectification. As shown in Fig 3g, the emergence of a calcium component (with conductance comparable
to potassium and sodium currents, see Fig 3h) disrupts the balance between potassium and sodium currents, ultimately
causing the channel to display inward rectification. While substantial evidence suggests that this rectification is primar-
ily due to polyamine block, the contribution of calcium currents remains unclear. Further investigation is needed to fully
understand this phenomenon, including studies in calcium-free conditions to isolate the influence of calcium currents.

Notably, the “apparent” conductance g, of Ca®"-permeable AMPA channels (see Eq. 20 and black solid curves in
Fig 3b, e) cannot be calculated in the same way as for GABA, and GluR2-containing AMPA channels, since calcium ions
have a different valence compared to sodium and potassium ions. Interestingly, an alternative conductance (named as
“latent” conductance) formulation (see Eq. 24) effectively characterizes these channels and remains valid for channels
with different permeant valences. This “latent” conductance g., is represented by black dashed curves in Fig 3b, 3e, and
3h, while the corresponding latent reversal potentials E;; are shown as black dashed curves in Fig 3c, 3f, and 3i.

Importantly, both latent conductance and reversal potential are voltage-dependent, even for channels with linear I-V
relationships. The apparent conductance g; , and reversal potential E; 5 should always be paired with the latent conduc-
tance g., and latent reversal potential E;; when describing channel properties. However, previous studies have often mis-
matched these parameters. A detailed discussion of apparent and latent conductance and reversal potentials is provided
in the Methods and S2 Appendix.

Modeling neural dynamics by GNP approach

The results presented in the previous sections were obtained under steady-state conditions (see Methods). To further
incorporate the dynamics of electrodiffusive ion transport into neural firing dynamics, such as neural discharges, we
assume that the electrodiffusive dynamics within ion channels are much faster than the voltage dynamics (see S3 Appen-
dix Quasi-Static Assumption).

Thereafter, we build a neural dynamics model based on our GNP method, where, the electrodiffusive ion transport
would interact with ion concentration changes and membrane potential. The changes of ion concentrations and mem-
brane potential would in turn modulate the electrodiffusive dynamics, forming a closed feedback loop, as shown in Fig 4.
Our GNP approach explicitly incorporates electrodiffusive dynamics by modifying membrane conductance G, enabling
a more comprehensive neurodynamic model that accounts for rectifying channels (Fig 4b). Moreover, the GNP model cap-
tures the direct connection between channel rectification induced by electrodiffusion and neural activity, highlighting the
role of electrodiffusion in passive-active ion transport interactions which shapes neural stability. The simulation results and
analysis by this model are displayed in following sections.

Outwardly rectifying leaky current enhance neural stability

Leaky currents arise from various ion channels within the membrane [27,45—47]. In our model, we simplify these currents
as an equivalent “leaky channel” characterized by high potassium permeability (Px+ = 2.55 x 107t m/s), medium chloride
permeability (Pcr = 5.08 x 1072 m/s), and low sodium permeability (Py,+ = 1.27 x 1072 m/s). This leaky channel exhibits
outward rectification, as shown in Fig 5a-c.

Unlike the classical Hodgkin-Huxley (cHH) models [48], which assume constant conductance of leaky channel, our
GNP model incorporates outwardly rectifying leaky currents. To explicitly see the effect of this rectification on neural
dynamics, we fix ion concentrations in the GNP model to steady state (see Tab. 1) and compare the neural behavior in
this concentration-fixed GNP (fGNP) model to that in the cHH model (see Concentration-Fixed GNP Model in Methods).
To determine the average membrane permeability, we assume there are 1 x 107 leaky channels and 4 x 106 AMPA
channels (see Fig 3a) per square centimeter of membrane [17,49], with an opening probability (p,) of AMPA channels to

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012883 June 30, 2025 9/31




Biology
(a) (b) L
I, = Gg * (V—Eg) Gq =—=P4C
Iq=Gq*(V—Eq) q q q q RT 971
Iy | «—|6q lg | «— | Gq
Voltage-gated
Voltage-gated €q([a]. V)| | Ion Channel
c av Z \ Ion Channel (Py)
Mdt Lig 1 o
Qi—-Q

qpm

V:
@ e
dlq S

i
at — vrdatlgpm)

Fig 4. Comparison between classical equivalent-circuit-based model and our GNP model. Panels (a) and (b) depict the dynamic schematics of
the classical equivalent-circuit-based model and our electrodiffusion-based GNP model, respectively. /;: electrodiffusive ion current through ion channels;
lq.om: current induced by Na™ /K™ — ATPasepumps; V: membrane potential; [q]: ion concentrations; G,: membrane conductance per unit area; Q;o: net
charge in intra- and extracellular spaces; ¢,: harmonic mean of intramembrane concentration profile.

https://doi.org/10.1371/journal.pcbi.1012883.9004

represent the intensity of glutamate stimuli. Voltage-gated currents are modeled using reduced Traub-Miles (RTM) equa-
tions (see Methods) [50].

As shown in Fig 5d, the fGNP and cHH models respond differently to identical glutamate stimuli. With p, increasing
from 0 to 0.065, the neuron in the fGNP model fires only one action potential within 80 ms, while the neuron in the cHH
model fires three. The voltage-dependence of rectifying leaky channels lead to the lower excitability in f{GNP model.

As shown in Fig 5g-i, when glutamate stimuli evoke depolarization response, the leaky conductance for potassium and
chloride ions increases, while the conductance for sodium ions decreases, which would enhance the inhibitory potassium
and chloride currents and weaken the excitatory sodium current. Those changes cause the overall leaky conductance G
increases, while the leaky reversal potential G, ; decreases in fGNP model (Fig 5f). As a result, the overall leaky current in
the fGNP model is typically lower than in the cHH model (Fig 5e), thus reduces neural excitability.

Electrodiffusion promotes the interplay between lon accumulation and neural discharge events

When incorporating ion concentration dynamics, our GNP model uncovers that subtle ion concentration changes can
evoke remarkable voltage signals. As illustrated in Fig 6a, 6b, under tonic glutamate stimulation with p, = 0.065, ion con-
centrations in the GNP model are changed due to enhanced electrodiffusive ion transport, leading to a sequence of action
potentials. Interestingly, despite significant variations in membrane potential, the corresponding ion concentration changes
remain surprisingly small, with all changes below 0.1 mM after nine spikes (Fig 6b).

Notably, the concentrations of net charges in intra- and extracellular spaces (c; and ¢,) are on the micromolar scale
(Fig 6¢), which are much smaller than the millimolar scale of ion concentrations. As a result, even seemingly negligible ion
concentration changes are sufficient to alter the charge difference significantly, thereby dramatically impact neural spike
timing. As demonstrated in Fig 6a, the timing of discharge events in the GNP model (black line) deviates significantly from
the concentration-fixed model (red line) after just nine spikes. Such deviations could influence the neural temporal coding
and impact on neural functions [51].

It is important to note that the ion concentration accumulation contributes to the increased neural excitability. As shown
in Fig 6a, under tonic glutamate stimulation (p, = 0.065), the enhanced electrodiffusive ion transport gradually advances

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012883  June 30, 2025 10/31



https://doi.org/10.1371/journal.pcbi.1012883.g004

() (©)
46
45 —E_,
> q - - E ’
é 60 S cl
[ S<2
V_Ec,a Tt -
-90
0 :
-70 0 70 70 0 70
V (mV) V (mV)
(d) (e) ®
40 S -60 = Lo
o ' E TT TN -
S fGNP & E 70 \
g cHH 5 [ -80 '
-40 ~
> < mS/cm?
80 & o™/ .
° -~ & 03 .
SR 0.2 -4
20 100 0 20 100 0 20 100
t (ms) t (ms) t (ms)
(8) (h) (1)
N N 7N
= 40 = = 60
B 5 £ 80 =
~ ~ 70 ~ 40
20
| g o 5 20
mS/cm? ° mS/cm? 2
g 03 = 0.03 - 5 008} MS/cm
& 02 J - ' & 0.06
0.1 = 0.02 0.04 =
0 20 100 0 20 100 0 20 100
t (ms) t (ms) t (ms)

Fig 5. Outward rectification of leaky channels enhances neural stability. (a) The outward rectification of single leaky channel (triangle) used in
fGNP model, where, each ion current is shown in purple (K*), cyan (Na*™) and green (CI") curves. (b) Conductance of leaky channel as function of
voltage. Solid black line represents G, dashed black line represents G, colored lines represent the conductance of respective ions. (c) Reversal
potential of the leaky channel. Solid black line represents E. 5, dashed black line represents E, colored lines represent reversal potentials of respective
ions. (d) The neuron in the fGNP model generates fewer action potentials than the cHH model with same tonic glutamate stimuli. Black line represents
concentration-fixed GNP (fGNP) model with rectifying leaky channels, red line represents the classical HH-type (cHH) model with linear leaky channel.
(e) Leaky currents in the f{GNP and cHH models during stimulation, with the horizontal line indicating the model with higher leaky current at each time
point. The dotted line represents 0 A/cm?. (f) Conductance of the leaky channel in the fGNP model. Dashed black lines represent G, and E,; in fGNP
model, red lines represent constant G, and E; 4 in cHH model. (g-i) Harmonic mean and conductance of potassium and chloride ions increase, for
sodium ions they decrease accompanying with the depolarization.

https://doi.org/10.1371/journal.pcbi.1012883.9005

the timing of discharge events in the GNP model compared to the fGNP model. With prolonged glutamate stimulation of
the same strength, these currents further elevate the firing frequency, ultimately drives the neuron into a depolarization
block (DB) state (Fig 6d black curve), while the identical stimuli elicit a constant firing activity in the fGNP model (Fig 6d
red curve).

Furthermore, before entering the DB state, both firing frequency and ion concentrations accelerate coherently in GNP
model, indicating a positive feedback loop between ion accumulation and neural discharge events. Although changes in
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Fig 6. Differential neural dynamics in the GNP model incorporating electrodiffusion and ion concentration changes. (a-f): Constant

Na™ /K+ — ATPase activity. (@) Upper panel: Neural discharge events in response to glutamate stimuli (p, = 0.065) in the GNP (black) and fGNP (red)
models. Lower panel: The timing of discharge events in the GNP model progressively advances the spikes in fGNP model. (b) The deviations of ion
concentrations from their steady-state values gradually increase during neural activity (Upper panel), resulting in rising potassium and chloride equi-
librium potentials and decreasing sodium equilibrium potential (Lower panel). (c) Dynamics of net charge concentrations in the intra- and extracellular
spaces (c¢; and ¢, magenta lines); their summation and difference are displayed in the upper panel. (d) In the GNP model (black), the firing frequency
progressively increases, eventually leading to depolarization block under prolonged stimuli (p, = 0.065). In contrast, the neuron in the {GNP model (red)
maintains a constant firing frequency under the same stimuli. (e) Significant changes in ion concentrations and reversal potentials occur under prolonged
stimulation, following the same trend as shown in (b). (f) The harmonic means of intramembrane potassium and chloride concentrations increase,
whereas for sodium, it decreases during neural activity. (g-l): ion-concentration dependent Na™ /K™ — ATPase activity. (g) With concentration-dependent
Na™ /K+ — ATPase activity, the neuron in the GNP model returns to a resting state after a few action potentials under glutamate stimulation (p, = 0.065).
(h) Currents from voltage-gated channels (/y), leaky channels (/.), glutamate channels (/g), and Nat /K+ — ATPase (Iyax) at different time points. (i) The
Na't /Kt — ATPase current (purple) increases, counterbalancing the electrodiffusive current (/4), thereby restoring neural stability.

https://doi.org/10.1371/journal.pcbi.1012883.9006

conductance and the sodium reversal potential tend to reduce excitability (Fig 6e, 6f), this feedback loop is primarily driven
by the elevation of potassium reversal potentials (Fig 6e), which significantly weakens the inhibitory effects of potassium
and chloride currents.
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Interplay of electrodiffusive and active ion transports determines neurodynamic state

In Fig 6d, the neuron generates high-frequency spiking and eventually enters the DB state. This transition occurs because
the external glutamate stimuli disrupt the initial balance between passive ion transport by electrodiffusion and active ion
transport by Na™ /KT — ATPase activity, which destroys the neural stability and lead to excessive excitability. To restore
stability, the activity of Na™ /KT — ATPase needs to increase during neural activity to prevent excessive excitability and
maintain normal function. Experimental studies have shown that Na™ /K™ — ATPase activity is enhanced when extracellu-
lar potassium [K™], and intracellular sodium [Na*]l. levels rise [52]. To model this process, we implement concentration-
dependent Nat/K+ — ATPase based on previous research (see Methods) [24,25].

As illustrated in Fig 6g, introducing concentration-dependent Na*/K* — ATPase allows the neuron in the GNP model
to regain a resting state after generating several action potentials by glutamate stimuli (p, = 0.065). During this phasic-
spiking event, Na™ /Kt — ATPase activity increases by approximately 20%, with the pump-induced current rising from
-1.16 uA/cm? att =1 s to —1.41 uA/cm? att =5 s (Fig 6h). This increased Na*t /K* — ATPase activity counterbalance the
electrodiffusive currents (Fig 6i), eventually results in a resting state.

The response of Na™ /KT — ATPase activity to ion concentration changes influences neural dynamics under tonic gluta-
mate stimulation. In addition to the phasic-spiking event shown in Fig 6g, we identified three other types of neural behav-
iors arising from the interplay between passive and active ion transport. As shown in Fig 7a, with relatively weak glutamate
stimulation at p, = 0.033, the neuron undergoes slight depolarization. However, the depolarization amplitude gradually
decreases following stimulus onset.

With stronger glutamate stimuli at p, = 0.17, the Na™ /Kt — ATPase activity and electrodiffusive currents achieve a
dynamic equilibrium, resulting in a tonic-spiking state (Fig 7d-7f). As shown in Fig 7d, under p, = 0.17, neural discharge
increases [K*], and [Na*]i, which in turn enhances the pump current Iy.x (Fig 7e, 7f). The elevated Iy.« reduces the
neural firing frequency (Fig 7f) and gradually decreases [K*], and [Na*]l., counterbalancing the passive electrodiffusive
currents and leading to a stable tonic-spiking state.

When the stimulus intensity is further increased to p, = 0.18, the electrodiffusive currents become too strong to be sup-
pressed by the Na™ /KT — ATPase activity, eventually pushing the neuron into the DB state (Fig 7g-7i). As shown in Fig 7i,
the firing frequency initially decreases due to the enhanced pump current /y.x. However, the upper limit of pump strength
makes Inak fail to counterbalance the enhanced passive transport, and eventually leads the neuron to the DB state.

Electrodiffusive dynamics modulate the voltage-gate currents and neural dynamics

Traditionally, the dynamic equations governing the gating variables of voltage-gated channels are fit into conductance-
based circuit equations (/qy) [48,50], whereas gating equations for permeability-based GHK format remain underdevel-
oped. In above-mentioned GNP model, we simply employed the original RTM equations and ignored the electrodiffusive
dynamics within voltage-gated channels. This approach is only valid under minor variations in ion concentrations, as the
voltage-dependent conductance changes can be sufficiently captured by the gating equations. However, it may reduce
accuracy when modeling neural activities with significant concentration changes, as the concentration-dependence of
conductance is overlooked in original RTM equations.

To investigate the potential impact of electrodiffusive dynamics on voltage-gated currents and neural dynamics, we
model the voltage-gated currents using the GHK format (/'4y) (see Methods). The |-V curves of /'y, in GHK format differ
from those in the RTM model. To align them in steady state, we introduce a function f,(V) to fit I,/ lqv, as illustrated in
Fig 8a, 8b. After modified by f,(V), the equivalent maximum conductance of the voltage-gated channels G’y and G’ yam
exhibits both voltage- and concentration-dependencies, as depicted in Fig 8c.

We incorporate /gy into the GNP model and named it as the VGNP model, which shows different neural dynam-
ics from the GNP model. As shown in Fig 8d, with p, = 0.17, the neuron in the GNP model exhibits tonic-spiking,
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Fig 7. Competition between passive and active transport settles neural activities. (a-c) At p, = 0.033, the glutamate input enhances passive trans-
port and induces depolarization, but the subsequent increase in Na* /K+ — ATPase suppress the passive transport, maintaining resting state. (d-f) At

po = 0.17, the passive electrodiffusive current and active Na™ /K™ — ATPase activity reach a dynamic equilibrium, resulting in tonic spiking behavior. (g-i)
At p, = 0.18, the electrodiffusive current overwhelms Na™/K* — ATPase activity, leading the neuron into a DB state. Left column: The glutamate input
and the neural activity; Middle column: Changes in ion concentrations and corresponding reversal potentials. Right column: Neural firing frequencies and
the changes in pump-induced currents.

https://doi.org/10.1371/journal.pcbi.1012883.g007

whereas the neuron in the vGNP model evolves into a DB state. This disparity is due to substantial changes in ion
concentrations (Fig 8e), which induce pronounced alterations in the conductance of G’y and G'nay, @as demon-
strated in Fig 8f.

In Fig 8g, the neural discharge events in the vGNP model initially lag behind those in the GNP model because
enhanced potassium conductance leads to stronger inhibition. However, by approximately 50 s, the discharge events
in the vGNP model catch up with the GNP model as enhanced sodium conductance becomes dominant. This interplay
between enhanced potassium and sodium conductance is further elucidated through the difference of each ion current
(Fig 8h) and total electrodiffusive currents (Fig 8i).
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(po = 0.17). Na™ /KT — ATPase strength is concentration-dependent in both models. (e) Deviations in ion concentrations from their steady-state values in
the vGNP model (upper panel) and GNP model (lower panel). (f) Maximum conductance of voltage-gated potassium and sodium currents both increases
during the simulation in vGNP model.(g) Timing differences in neural discharge events in vVGNP (black), kGNP (purple), navGNP (cyan) models relative
to the GNP model, illustrating the lag and lead in action potential generation. Upper panel: Timing of discharge events in the GNP model. (h) Differ-
ences of electrodiffusive potassium, sodium, and chloride currents between the vVGNP and GNP models. (i) Differences of total electrodiffusive current
between the VGNP and GNP models. In (a) and (b), the fitted parameter values are: [Nk3, Nka, N1, Nko] = [-1.20 x 1077, 1.18 x 107°,0.0075, 0.85] and
[Nna3s Nna2, Nat, Nnao] = [9.41 x 1078, 4.64 x 1076,-0.0056, 1.11] (see Eq. 43). Data in (h) and (i) are processed using a sliding window (see Methods).

https://doi.org/10.1371/journal.pcbi.1012883.g008

Interestingly, in a kGNP model (incorporating I'ky and Iyay, see Methods), enhanced inhibitory potassium conductance
can paradoxically increase neural excitability during certain periods (Fig 8g). This occurs because the elevated conduc-
tance mitigates the inhibitory effects of potassium currents by promoting extracellular potassium accumulation and ele-
vating Ex-. Similarly, in a navGNP model (incorporating Ik, and /' nay), reduced sodium currents can also be observed in
certain scenarios, as illustrated in S3 Fig.
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Electrodiffusion enhance the stability of depolarization block by promoting passive lon transport.

The simulations shown in Fig 7 indicate that our GNP model can capture the dynamic evolution of ion concentrations and
membrane potential during neural activities. During pathological conditions like seizures and cortical spreading depression
(CSD), the ion concentration distribution would exhibit significant alterations due to the sustained neural firing [40]. Computa-
tional studies have provided strong evidence that such changes in ion concentrations can induce bifurcations in the neurody-
namic system—phenomena closely associated with pathological events like seizure onset and the DB state [40—42,53].

Here, we demonstrate how an electrodiffusion-based vVGNP model deviates from a conductance-based model in gen-
erating distinct bifurcation diagrams and reveal the underlying dynamic mechanisms behind these differences. We use
a conductance-based neurodynamic model that includes ion concentration dynamics (the ion-concentration-augmented
iHH model, with an extension of the classical Hodgkin—Huxley framework [23—25,54], see Methods) to compare with
our vVGNP model. In the iHH model, the leaky, glutamatergic, and maximum voltage-gated conductances are fixed to
the same steady-state values as those in the vVGNP model. The maximum strength of the Na™ /K™ — ATPase is set to
—16.87 pA/cm? (Myax = 0.70 mM/s, see Eq. 31) in both models.

As shown in Fig 9a and 9b, under a glutamate stimulus with p, = 0.83, neurons in both the vVGNP and iHH models
enter the DB state. However, after the stimulus is removed, the neuron in the vGNP model maintains a stable DB state,
while the neuron in the iHH model returns to the resting state. The stability of the DB state in the vVGNP model is sup-
ported by stronger passive ion transport, driven by electrodiffusive dynamics that are absent in conductance-based mod-
els. To better elucidate this distinction, we performed bifurcation analysis on both the vGNP and iHH models, examined
how variations in the Na™ /K™ — ATPase current Iy.« induce bifurcations in both models. Both models exhibit
saddle-node (SN) and Hopf bifurcations (HB), with the DB state losing stability at the HB point. However, the HB point
occurs at a higher |INaK| in the vVGNP model than in the iHH model, due to the electrodiffusive dynamics incorporated in the
vGNP model (Fig 9d-f).

In Fig 9d—f, we observe that the system can keep a stable fixed point at a saddle-node bifurcation under relatively
low |INaK]. These fixed points correspond to resting states where ion concentrations and membrane potential are close to
physiological values. Under such conditions, lower [K*], and [Na*]i result in relatively weak active transport (] lNaK]) and
preserve the balance between active and passive mechanisms. When subjected to strong external stimulation, the neural
membrane potential, [K*], and [Na*]; increase, leading to enhanced active and passive transport. If the stimulation drives
the neuron into a DB state, the VGNP model exhibits significantly stronger passive transport than the iHH model, due to
its electrodiffusive effect. Consequently, destabilizing the DB state in the vGNP model requires a much stronger active
ion transport. If the physiological upper bound of Ik in the system cannot reach the bifurcation threshold, the neuron
remains in a stable DB state even after the stimulus is removed (Fig 9a)—a phenomenon analogous to that observed in
CSD conditions [25,42].

The Hopf bifurcation occurs at a higher value of|INaK| in the vGNP model because electrodiffusion enhances passive
ion transport. As shown in Fig 9d—f, membrane conductance varies across Iyak in the vVGNP model, whereas the iHH
model maintains constant conductance. Apart from a slightly lower leaky sodium conductance, the vGNP model exhibits
significantly higher leaky potassium and chloride conductance, as well as greater maximum conductance for voltage-gated
sodium and potassium channels. This increased conductance in the vGNP model necessitates stronger active transport
to destabilize the DB state and induce a Hopf bifurcation. Consequently, the bifurcation occurs at Iyax = —17.83 pA/cm? in
the VGNP model, compared to Iyax = —14.94 pA/cm? in the iHH model. As a result, when the upper limit of |Iyax| is set to
16.87 uA/cm?, the neuron in the iHH model can return to resting state from the DB state (Fig 9b) when glutamatergic stimuli
are removed, while the neuron in the vGNP model cannot but stay still at the DB state (Fig 9a).

These findings suggest that the electrodiffusive vGNP model provides a more accurate and mechanistically grounded
framework than traditional conductance-based models for investigating pathological neural dynamics.
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Fig 9. Electrodiffusion enhances passive ion transport and stabilizes the depolarization block state. (a and b) Neurons in both the vGNP and
iHH models enter a DB state under glutamate stimulation with p, = 0.83. Upon removal of the stimulus (indicated by the dotted line), the neuron in the
VGNP model remains in the DB state (a), whereas the neuron in the iHH model returns to the resting state (b). (c) Time course of the Nat /K* — ATPase
current Iyax in the VGNP (top) and iHH (bottom) models. In both models, IN,-,,K} reaches its upper limit (dotted line) during the DB state. This maximum
current changes to the termination of the glutamate input and restore the resting state in the iHH model but fails to destabilize the DB state in the VGNP
model. (d—f) Bifurcation diagrams of the neurodynamic system as /y.x varies. Both models exhibit saddle-node (SN) and Hopf bifurcations (HB), with
the DB state losing stability at the HB point. The HB point occurs at a higher |INaK| in the vGNP model than in the iHH model, due to the electrodiffusive
dynamics incorporated in the vVGNP model. Fixed points in the vGNP model (black curves) form discontinuous branches because, in certain ranges, Iyak
drives [K*], below zero, which is unphysical. (g—i) Membrane conductance at various fixed points in the VGNP model. At fixed points corresponding to
the DB state, both leaky potassium and chloride conductance (h), as well as maximum voltage-gated sodium and potassium conductance (i), are higher
in the vGNP model compared to the iHH model (dotted lines). These elevated conductances enhance passive ion transport in the vGNP model, necessi-
tating stronger active ion transport to trigger a Hopf bifurcation and destabilize the DB state.

https://doi.org/10.1371/journal.pcbi.1012883.g009

Discussion

This study investigates electrodiffusive dynamics of intramembrane ions on channel rectification and neural firing activities
by an efficient Gauss-Nernst-Planck computational framework. We have clarified the relationship between conductivity
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and permeability with intramembrane ion concentration profiles, which makes critical step to bridge the gap between the
permeability-based GHK equation and the conductance-based model. Meanwhile, our GNP method provides a prac-

tical approach to determine the permeabilities and conductance of ion channels to each permeant ions, demonstrated
with GABA, and AMPA channels, which reveals that channel rectification arises from the superimposition of individual
permeant ion currents. Our results demonstrate that electrodiffusive ion transport leads to rectifying leaky currents and
enhances neural stability. We emphasize that the typically overlooked electrodiffusive dynamics can significantly influence
neural activity through a feedback loop involving electrodiffusive ion transport, ion concentration changes, and membrane
potential, critical in our model but absent in classical models. We also found that the competition between electrodiffusive
ion transport and Na™ /K™ — ATPase activity plays a crucial role in determining neurodynamic states by excitatory stimuli,
such as resting, tonic-spiking, and DB states.

Our GNP framework provides promising potential for broad applications. One area of interest is the role of cellular
impermeable anions in maintaining concentration homeostasis and neural functions. Traditionally, these anions have
been considered important for osmotic pressure regulation [16,55], but their impact on neural discharge events remains
largely unexplored. Some studies propose that local impermeable anions, rather than cation-chloride co-transporters, play
the primary role in establishing intracellular chloride concentrations [56,57]; however, other researchers argue that this
mechanism may not be physically realistic [58,59]. Traditional conductance-based models are insufficient for exploring
this problem, as impermeable anions do not generate transmembrane currents. In contrast, our GNP model incorporates
impermeable anion concentrations as a critical factor in determining membrane potential (see Eq. 27), providing an appro-
priate framework to investigate how variations in these anions affect steady-state conditions and modulate neural activity.

Importantly, our model is well-suited for studying neural dynamics during epileptic seizures, which involve complex
discharge patterns such as periodic bursting and DB, accompanied with significant ion concentration oscillations [40].
Additionally, some studies suggest that changes in AMPA channel rectification properties can influence seizure genera-
tion [60—62]. These dynamic features are challenging for traditional conductance-based models to capture, but our GNP
framework—integrating concentration-dependent membrane conductance and the competition between passive and
active transport processes—offers a powerful scheme for modeling the neural dynamics during epileptic seizures.

Although we argue that electrodiffusion is a widespread phenomenon in the nervous system—due to the frequent coex-
istence of concentration and electrical potential gradients across membranes—it may not always be the primary factor
modulating neural electrophysiology. For example, inwardly rectifying potassium (Kir) channels, despite being selectively
permeable to potassium ions, exhibit inward rectification due to voltage-dependent blockade by intracellular cations [63].
Similarly, complex biophysical mechanisms such as phosphorylation can influence channel rectification properties [64].

In such cases, electrodiffusive dynamics may act as secondary modulators, and the channel behavior cannot be fully
captured by our GNP framework.

Additionally, although we have presented some evidence suggesting that the linear I-V relationship of AMPA channels
arises from a counterbalance between electrodiffusive potassium and sodium currents, more direct experimental valida-
tion is needed. We propose that measuring the |-V characteristics of AMPA channels in potassium-free and sodium-free
solutions could provide clearer evidence of whether electrodiffusion plays a primary role in modulating their behavior.

If AMPA channels exhibit inward Goldman rectification in potassium-free solution and outward Goldman rectification in
sodium-free solution, this would support our hypothesis. Moreover, examining the |-V relationship of GluA2-lacking AMAP
channels in a calcium-free solution could help determine whether calcium influx is the primary contributor to the observed
inward rectification.

We found the distinct bifurcation diagram between our GNP framework and classic HH-like models, and reveal that
interplay between passive and active ion transport can profoundly shape neural activity. Notably, our results show that
electrodiffusion in our GNP framework enhances passive ion transport especially when neural activity leads to substan-
tial ion concentration changes, thereby promoting the stability of the depolarization block (DB) state. This offers a novel
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perspective on the DB state, a hallmark of neurons during CSD [42]. Previous studies have reported that mutations in
SCN1A, which increase the excitability of interneurons, can promote rather than suppress CSD—a counterintuitive finding
that remains insufficiently understood [25,65—67]. Our study suggests that this may be due to hyperexcitable interneurons
increasing chloride conductance in their target neurons, thereby enhancing passive ion transport and stabilizing the DB
state. To test this hypothesis, experimental investigations could assess whether increasing ATP availability or blocking
specific ion channels disrupts the stability of the DB state.

A simplification in our model is regarding the dynamics of chloride ions. We omit the contributions of cation-chloride
cotransporters such as KCC2 and NKCC1 [68,69], as well as GABAergic stimuli, which leaves the leaky chloride current
as the sole mechanism modulating chloride concentrations. Consequently, intracellular chloride accumulation is slower
than the changes in extracellular potassium and intracellular sodium concentrations during neural activity (Fig 6). How-
ever, the regulation of chloride concentrations plays a crucial role in regulating the inhibitory effects of GABAergic signal-
ing [68,69], which is critical for maintaining proper neural function. Even though this simplification reduces the model’s
complexity, it provides a concise and general framework that can be applied and extended to specific topics. A more
comprehensive version of the model, incorporating the chloride cotransporters and GABAergic stimuli, will be explored in
future studies to investigate the mechanism of chloride dynamics in regulating neural physiology.

Methods

The Gauss-Nernst-Planck approach

To model electrodiffusion, a common approach is to solve the Poisson-Nernst-Planck (PNP) equation, expressed as:

d —
% =-V-Jq
_)
Jg = =Dq (Vg + 2 cqVy)

2, __p
Vie=—zg (3)

Here, cq, ¢ and p represent the spatial distributions of ion concentration, electric potential, and charge density, respec-
tively. The vector field J; denotes the ion flux, while D is the diffusion coefficient. The term €,&, represents the permittiv-
ity. The subscript q refers to ion species that permeate the neural membrane.

Solving the PNP equations is computationally demanding. Consequently, neural membranes are often approximated
using an equivalent circuit model, described by the following equation:

CmC(IT\t/ = Zq Iq = _Zq Gq (V_Eq) (4)

Equation 4 serves as a cornerstone for constructing practical neurodynamic models. Despite its success, the approxi-
mate equivalence between Egs. 3 and 4 and the integration of electrodiffusive dynamics into conductance-based models
remain open questions.

In the steady state, we find that for neural systems illustrated in Fig 1, enforcing overall electrical neutrality and replac-
ing Poisson’s equation with Gauss’s law simplifies the PNP problem to a one-dimensional form:

d/’f do?S
=% = 3

dt

()

__p [9cq(X) | ZgF | Op(X)
Ja = Dq( ox T RTC) o
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V=3 (- 1A+ 2y 2 (1ali-[dlo)) .
where g = K, Na™, CI". The concentration of impermeable anions, [A7],, is set to 110 mM in this work [56,70]. The full
derivations are detailed in S1 Appendix.

We analyze neural dynamics in a closed system, meaning the total intracellular and extracellular ion concentrations
satisfy [q]; + [g]o = constant. Consequently, from Eq. 7, the membrane potential V evolves according to:

Cm%\t/ =% 2 quﬁ]’ =24 ZqFJ, (8)
where J, is given by Eq. 6, which can be rewritten as:

Jo zgfDy O (BRI (ca0) + ()

cq(Xx) RT ox

By integrating this equation from 0 to d, we can obtain:

Jg /Od cth)dx - _qufq <‘P"_‘p°_ ZITE n <[[c§]7)> )

Combining Egs. 8 and 9, we obtain:

22
Cndf = =5 2t 9 (V-E )
m gt 9 RT [d 5 (0 I q (10)

where Py, = D, /d defines the membrane permeability. From Eq. 10, it follows that the membrane conductance per unit
area can be expressed as:

Zg F? Py d

Gg=arfe_d
TR K am (1)

Eq. 11 reveals that membrane conductance G is directly proportional to both permeability and the harmonic mean of the
intramembrane concentration, which is defined as:

— d
Cq= 94—
TS Gmax (12)

Given that the intramembrane concentration profile c,(x) at steady state is obtained in the classical GHK approach [5,6], which is:

zgFV

_ ldlo-lali o~2Yx | [dli-lgloe” RT
Co(X) = e R X 4 LI HZ
q( ) 1—e‘JRiTV 1—9‘%\/ (13)

Using Eq. 13, we compute the harmonic mean concentration ¢; as Eq. 2:

[q)i - [qloe™ T v

.. Lid _RT [q]o)
1—e rr 74 ZqFIn([q}i

EE::
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Notably, by combining Egs 2, 11, and the circuit equation, we obtain the Goldman-Hodgkin-Katz current equation:

22 _zgFv
lg=Gq(V-Eq) = Zq;TPq V[q]il__[z]-of,’?—i"m i

This demonstrates that our approach effectively bridges the gap between traditional cable models and the electrodiffusive
framework. The Gauss-Nernst-Planck formulation provides a means to characterize the conductance of rectifying ion
channels and seamlessly incorporate electrodiffusive dynamics into neurodynamic models.

Characterizing channel rectifications

Condition for Linear I-V Relation. Due to electrodiffusive dynamics, single-channel openings may exhibit
nonlinear |-V relationships. Many of these behaviors can be explained by the GHK equation, but quantifying the varying
conductance remains challenging. Furthermore, it has been unclear how to separate the respective ionic currents when a
channel is permeable to multiple ion species, as in GABA, and AMPA channels.

Our GNP approach provides a systematic way to address these issues. Consider GABA, and AMPA channels as
examples. Both channels are permeable to two ion species. Due to electrodiffusive effects, these channels exhibit a linear
I-V relationship under the following condition:

Pﬂ :_[(h];—[(h]o
Pay (921021, (19)

where g; and g, denote the two permeant ions, and P, and P, represent their respective permeabilities within a single
open channel.

Channel Conductance and Permeabilities to Specific Permeants. GABA, channels typically exhibit outward
rectification. However, when measuring single-channel conductance, the intracellular and extracellular chloride
concentrations are often adjusted to eliminate passive rectification. In contrast, AMPA channels generally display an
approximately linear |-V relationship under physiological conditions. Once the linear I-V relationships of GABA, and AMPA
channels are measured, the single-channel conductance g, can be determined from the slope of the I-V curve.

With g m known, the single-channel permeabilities can be computed using the following equations:

_ RTgcm [92]; = [92],
! SoF* (91, [92]; = [92], [91];
P — RTgcm [91], — [qu];
TSP ails 102]i= (g2l [au]; (16)

Pq

where S; represents the cross-sectional area of the channel pore. Experimental studies have rarely reported single-
channel permeability data, yet permeability provides a more intrinsic characterization of channel properties compared to
conductance, which depends on ion concentrations and membrane potential.

The individual conductance for g; and g, can be further derived as:

SRy,
9q. = %qu

SoFP,,
9o = — Ry Ca (17)

where ¢,, and ¢,, represent the harmonic mean concentrations of the respective ions.
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Notably, the conductance ratio between g, and g, is given by:

9a1 _ Pa Cay
9ao Pqy Cqq (18)

This result highlights that the conductance ratio does not necessarily equal the permeability ratio Py, /Pg,, even though
previous studies have often assumed them to be identical.

Conductance and Reversal Potential of lon Channels. For an entire ion channel, the total current can be expressed
as:

fe ==gc(V—Ec) (19)

Interestingly, we found that conductance and reversal potential can be expressed in two distinct forms, both of which
effectively characterize the channel’s electrical properties. We refer to the first form as the “apparent” conductance and
reversal potential, given by Egs. 20 and 21:

Jea = 3+ Pq,Cc (20)

Clo
Eea=¥in ({) (21)

Here, q, represents an arbitrary permeant ion, and the intracellular and extracellular concentrations [C]; and [C], are
defined as:

{[CJf = [+ R21g2);
[Clo = la1]o + 5[0 (22)

The term ¢¢ represents the harmonic mean of [C], given by:

zZoFV

_zgFv
Cc = [C],-—[C]geFVRT v
_zclV . RT |n( Clo
1ok V-2En(lge) (23)

Here, z¢ is set to 1 for AMPA channels and —1 for GABA,4 channels.

The apparent conductance g. s and reversal potential E; ; remain constant under linear I-V conditions (see Eq. 15).
However, when channels exhibit rectification, E; ; remains voltage-independent, whereas g , varies with membrane
potential.

We have also identified another set of conductance and reversal potential, which we refer to as the “latent” conduc-
tance and reversal potential:

9ci = 9q, + 9. (24)

E = 991 Eqy +945Eqgs
c 9a1 94, (29)

Unlike their apparent counterparts, both g.; and E;, are voltage-dependent, even when the |-V relationship is linear (see
Fig 3).
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If we consider the entire membrane as a single effective “channel,” Egs. 21 and 25 can be used to determine the

resting membrane potential, corresponding to the Goldman-Hodgkin-Katz voltage equation and the chord conductance

equation, respectively.

Crucially, apparent and latent conductance and reversal potentials must be carefully matched in pairs to accurately
describe channel electrophysiological properties. However, previous studies have frequently mismatched these parame-
ters, potentially leading to inaccurate interpretations and misleading conclusions. Detailed derivations and more general-

ized forms of Eqs. 15-25 are provided in the S2 Appendix.

The electrodiffusive neurodynamic model

The GNP neurodynamic model. Although the previous derivations and analyses are based on steady-state

conditions, it is reasonable to extend these results to model neural dynamics, as intramembrane electrodiffusion occurs
much faster than voltage dynamics (see S3 Appendix Quasi-static Approximation). This allows us to incorporate channel

rectifications into practical electrodiffusive neurodynamic models.

Our model includes three types of ion channels: voltage-gated channels, leak channels, and glutamatergic channels.
Additionally, to balance passive ion transport and maintain ionic homeostasis, we incorporate active ion transport via the
Na* /Kt — ATPase pump. These channels and pumps generate four types of ionic currents: voltage-gated current (1),

leak current (I, ), glutamatergic current (/,), and pump-induced current (/yax).

Since the total concentration of each ion type remains constant in our isolated system ([q]; + [q], = constant), we select
extracellular potassium concentration ([K*],), intracellular sodium concentration ([Na*],.), and intracellular chloride con-
centration ([CI];) as independent dynamic variables. The corresponding dynamic equations in our model are given by:

dk*], _ s

T (=Ikv = Ik = ke + 2INak)
d[l\?t b~ 2 (Inav + INaL + INaG + 3Inak)
d[Cr]i — §[
gt~ vFCL (26)
The [K*],, [Na™],, [C],, and membrane potential V are determined by Eq. 27:
V= 2§gm (‘[A_L' + zq:zq (lal;- [‘ﬂo))
[q]i/o =0q— [q]o/l., qg = K*,Nat,Cl (27)
where o4 are constant parameters.
Leak channel currents are modeled using the GHK current equation:
FPy | lal-laloe” FT-
IqL = R‘[gLVqI qOZQFV ’ q:K+!Na+1 C,_
1™ kT (28)
Similarly, AMPA channels currents are given by:
Iy = —Po(t) F2Pge V[Q]i—[q]oei% q =K+, Na*
q oM/ RT 1 RF ’ (29)
The P, and Py are averaged membrane permeabilities, which are calculated as:
NS,
Paverage = 73 ch (30)
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Here, Py represents the single-channel permeabilities, estimated using Eq. 16. N;/S denotes the number of channel ¢

per unit area. The values of Py, and N;/S are provided in the Results section, while the corresponding values of P, and
Pgyc are listed in Tab 1.

The corresponding conductance Gy, and G is calculated using Egs. 1 and 2.

To investigate the interaction between passive and active ion transport, the pump-induced current Iy.x is either held
constant or varies with ion concentrations, as described by Eq. 31 [24,25]:

1
1+e(3.5-[K+]0)

Inak = =¥ Mnak (251-[Na+]f> X
1+e ' (31)

The voltage-gated currents are modeled as follows:

IK\/ = —GKMH4(V— EK)

(32)
Inav = —Gnamm®h(V — Ena) (33)
th) = ap(l1=p)—Bgp, p=m,h,n (34)

To model voltage-gated currents, we use a circuit-based approach and adopt the reduced Traub-Miles (RTM) equations

for gating kinetics [50], as specialized gating kinetics for electrodiffusive models have not yet been developed. The gating
variables m, h, n follow the RTM kinetics:

_0.32(V 4 54) _0.28(V+27)
m = Visi Pm= vian
l-e 4 5 -1
V + 50
ap=0.128¢e 18 | By = W
lte D
0.032(V + 52) e v+ 57
— T 3 —0.5e 40
ap Vi B = 0.5e
l1-e 5 (39)

Concentration-Fixed GNP (fGNP) Model. Ion concentrations dynamically change during neural activity in this GNP
neurodynamic model. However, for short-term neural activity, ion concentration changes may be negligible. In such cases,
it is practical to fix ion concentrations and model neural activity using the following dynamic equation:

(ZT\{ZI\/-"-/G-F/L-F/NaK

(36)
where the total voltage-gated current /y, glutamatergic current /s, and leak current I/, are defined as:
Iv = —Gnamum®h (V — Ena) — Gkun* (V- Ex)
le = —po(t) Gy (V- Eglu)
I =-G(V—ELr) (37)
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Here, Gnam, Gkm, m, h, n share the same values and dynamic equations as described in Egs. 32—-35. Glutamate channels
are assumed to exhibit a linear |-V relationship (see Eq. 15), with Gy, and Ey, calculated using Egs. 20-23 (see Tab. 1).
Leak channels, however, are assumed to exhibit rectifications due to the significantly higher membrane permeability to
potassium than sodium. The latent voltage-dependent conductance G, , and reversal potential E; , are expressed as

GL;= Gk + GnaL + Gon
E - GkLEk + GnaLEna + GeoiEcy

Gk + Gna + Gy (38)

The specific leak conductance for potassium, sodium, and chloride is given by:

2F2P —_
Gg = 2% (39)

We define the total electrodiffusive current as the sum of voltage-gated, glutamatergic, and leak currents:

lygg=Ilv+ I+ 1L (40)

In Eq. 36, the active transport current Iy« is set as a constant. The model described by Eqgs. 36—39 is referred to as the
ion concentration-fixed GNP (fGNP) model.

The fGNP model closely resembles traditional conductance-based models, with the primary distinction being the
introduction of rectifying leak channels (Eq. 39). To illustrate the impact of this modification, we also construct a classical
Hodgkin-Huxley (cHH) model incorporating a linear leak current:

Ith = =GH(V = ELn) (41)

where G, and E; j are constants, matched to G, ; and E; ; in the fGNP model at steady state. The currents /Iy and I are
identical in both the fGNP and cHH models.

GNP model with modified voltage-gated currents. In both the f{GNP and GNP models, electrodiffusive effects within
voltage-gated channels are neglected, an assumption valid only when ion concentration changes are minimal. However, when
ion concentration dynamics become significant, this simplification becomes insufficient, as traditional RTM equations overlook the
concentration dependence of conductance. To address this, we model voltage-gated currents using the GHK current equation:

_EV
RT

FPKV n4v[ ] [

-
IKV* _

A
.

”\

1—
F?Ppa [Na ] [
I;VaV = _$ m*hV (42)

The gating variables m, h, and n follow the same dynamics as in Eq. 35. Assuming the RTM equations accurately capture
voltage-gated current rectification under steady-state ion concentrations, we introduce a normalization factor f,(V) such
that If,,/fa(V) = lqv (at steady state). The function f,(V) is fitted using a cubic equation (Fig 8a, 8b, lower panels):

fy = Ngz V8 + Ng2 V2 + Ng1 V + Ngo (43)

Using f,(V), the dynamic equations for extracellular potassium and intracellular sodium concentrations are:

+
{ 5k = 3 (e + 2]

+ .
dva’) _ s ( fNIf?V\/) + Inat + Inag + 3/NaK)

(44)
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The model incorporating Eq. 44 is referred to as the vGNP model. The equivalent maximum conductance for voltage-
gated currents in the vGNP model is given by:

;PP —
Gom = Rr7;(v) Ca (45)

To analyze how variations in G}, and Gy, influence electrodiffusive currents, we compute the differences in ionic cur-
rents between the vGNP and GNP models:

d[K+}ZGNP d[K+]GNP

dlg+ =—F — — | + ISR - 2150
d[Nat]" " o[Nat)o"
g = F (L2 - T ) - ange - i)
d[cryeN® — djcr)e"
ol =F (- *5a) (46)

The dl, calculated through simulated data exhibits dramatic oscillation, and it hard to identify its changing trend. We apply
a sliding window with an 8-second width and a 4-second step to smooth oscillations in dl,, as shown in Fig 8h. The total
difference in electrodiffusive currents, dlg, is the sum of diy+, dly,+ and dl¢cr-, depicted in Fig 8i.

To separately analyze the effects of G,, and Gy, on neural dynamics, we introduce two specialized models: kvGNP
and navGNP.

kvGNP Model: Only the voltage-gated potassium current follows the GHK equation, while sodium currents are modeled
using the RTM framework:

d[Na+]i

+ ’
d[}fﬂ]" =2 ( fKI’(ﬂ/V) — Ik — Ik + 2/NaK)
o = o (Inav + InaL + INaG + 3Inak) (47)

navGNP Model: Here, the sodium current follows the GHK equation, while potassium currents adhere to the RTM model

ot ,
dne’) _ s ( Flag ot + Ina + 3/NaK)

+
{ e — S (= I — Ik + 2Inak)

(48)

In both models, /4y follows the RTM model (Eq. 35). The dynamics of kvGNP and navGNP are illustrated in S3 Fig.
Classical Hodgkin-Huxley Type Model with lon Concentration Dynamics. The conductance-based models are
frequently utilized in investigating the pathological neural activities like seizures and CSD [23-25,54]. To compare it
between our electrodiffusive GNP model, we construct a conductance-based model, denoted as iHH model.
The main kinetic equations for membrane potential and ion concentration within the iHH model are presented as:

(ZT\{ =ly+ g+ I + Inak (49)
"
% = = (~lkv = Ik = Ikg + 2Inak) (50)
+ .
% = % (Inav + INaL + InaG + 3INak) (51)
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dery, _ sy
g~ vF'CL (52)

Where the Inak, Ikv, Inav are the same as those in Egs. 31-33. The currents through leaky and glutamatergic channels are
presented as:

lop = —GgLinn (V—Eg), q=K*,Nat,Cr (53)

log = —Po(t)Gqa,itm (V—Eq) . q = K*, Na* (54)
The Gy iy @and Gyg iy are set to be constant, same to those in GNP model at steady state (see Table 1).

Supporting information

S$1 Appendix. Detailed derivations for establishing Gauss-Nernst-Planck Model.
(DOCX)

S2 Appendix. Characterizing channel properties with GNP approach.
(DOCX)

S3 Appendix. Quasi-static Approximation.
(DOCX)

S1 Fig. Apparent and latent conductance and reversal potentials reproduce the I-V curves of lon channels. (a) |-V
curve for GABA, channel. At V = —62.34 mV/, the current through the GABA, channel is 0 pA, marked by the blue circle.
The apparent and latent reversal potentials are identical and equal to V = —62.34 mV, as shown at the inset. However,
the apparent and latent conductance, G, and G, ., differs at this voltage, represented by the slopes of the black solid
and dashed lines, respectively. The red curve depicts the current through the GABA,4 channel. (b) At V =—-5.00 mV/, both
the apparent and latent conductance increases. The apparent reversal potential remains constant, while the latent rever-
sal potential (dashed black line) shifts downward, as shown at the inset. (c) The linear I-V relationship of an individual
calcium-impermeable AMPA channel (red curve) can be characterized by the latent conductance and reversal poten-

tial, demonstrated here by three cases (black dashed lines) at V=-80 mV, V=0 mV and V = 80 mV. (d) An individual
GluR2-lacking AMPA channel, permeable to calcium ions, exhibits inward rectification (red curve). The apparent conduc-
tance and reversal potential are not applicable in this case, but the latent conductance and reversal potential successfully
reproduce the |-V curve, as illustrated by three cases (black dashed lines) at V=-80mV,V=0mV and V=80 mV.
(TIF)

S2 Fig. Values of Tim across different locations and voltages. (a-d): For z, = +1. (e-h): For z, = 1. (i-l): For z, = +2.
The function Tim reaches its maximum value of approximately 0.125 when V =0 mV and x = d/2.
(TIF)

S3 Fig. Neural dynamics in kvGNP and navGNP models in response to glutamate stimuli. (a) Neural discharge
events in kGNP (upper panel) and navGNP (lower panel) models. The glutamate stimuli are identical to those used in Fig
8d (po, = 0.17). Both models exhibit tonic-spiking rather than entering a DB state. (b, c) Changes in extracellular potassium
(b) and intracellular sodium (c) concentrations for four different models. Insets: zoomed in version of concentration changes
between 40 s and 70 s. (d) Timing differences in neural discharge events in kvGNP (middle panel), navGNP (lower panel)
models relative to the GNP model, illustrating the lag and lead in action potential timing. Upper panel: Timing of discharge
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Table 1. Units and description of the parameters used in the neurodynamic models.

Value Description

Pk 2.00 x 10 m/s Average leaky permeability for potassium ions
PnaL 1.00 x 1072 m/s Average leaky permeability for sodium ions
PeiL 4.00 x 1072 m/s Average leaky permeability for chloride ions
Pk 2.82 x 10 m/s Average glutamate permeability for potassium ions
PnaG 2.45 x 10 m/s Average glutamate permeability for sodium ions
Pxy 1.70 x 107° m/s Average voltage-gated permeability for potassium ions
Pnav 1.47 x 10°m/s Average voltage-gated permeability for sodium ions
Gkm 20 mS/cm2 Maximum voltage-gated potassium conductance
Gnam 30 mS/cm? Maximum voltage-gated sodium conductance
Ggiu 0.12 mS/cm2 Maximum glutamatergic conductance
Gy 0.17 mS/cm? Leaky conductance in cHH model
GKk,iHH 0.10 mS/cm? Leaky potassium conductance in iHH model
GNaL,iHH 0.030 mS/cm2 Leaky sodium conductance in iHH model
Geiw,itH 0.042 mS/cm? Leaky chloride conductance in iHH model
Gke,iHH 0.12 mS/cm2 Glutamatergic potassium conductance in iHH model
GNaG,iHH 0.03 mS/cm? Glutamatergic sodium conductance in iHH model
Egiy 0omv Reversal potential for AMPA channels
Eiy —61.52 mV Leaky reversal potential in cHH model
Mpak 0.3 0r0.7 mM/s Maximum Na-K pump strength
Inak -1.16 uA/cm2 Constant pump-induced current
S/v 4% 10° mt Ratio of surface area to volume
T 309.15 K Temperature
[AT]; 110 mM Concentration of intracellular impermeable anions
Cm 1 uF/cm? Membrane capacitance
[K+] 3.17mM Extracellular potassium concentration at steady state

0,t=0
[Na+] o 23.58 mM Intracellular sodium concentration at steady state
[CTi—o 10.41 mMm Intracellular chloride concentration at steady state
Vi—o —68.17 mV Membrane potential at steady state
T+ 100 mM Conservation constant for potassium ions
T Nat+ 155 mM Conservation constant for sodium ions
ocr 145 mM Conservation constant for chloride ions

https://doi.org/10.1371/journal.pcbi.1012883.t001

events in the GNP model. (e, f) Differences in electrodiffusive potassium, sodium, and chloride currents in kGNP (e) and
navGNP (f) models, relative to the GNP model. Note that in the kvGNP model, the potassium current can be less inhibitory
than in the GNP model, while in the navGNP model, the sodium current may be less excitatory during certain periods.
(TIF)
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