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Abstract 

Retinal Hemangioblastoma (RH) is the most frequent manifestation of the von Hippel- 

Lindau syndrome (VHL), a rare disease associated with the germline mutation of the 

von Hippel-Lindau protein (pVHL). An emblematic feature of RH is the high vascularity, 

which is explained by the overexpression of angiogenic factors (AFs) arising from the 

pVHL impairment. The introduction of Optical Coherence Tomography Angiography 

(OCTA) allowed observing this feature with exceptional detail. Here, we combine OCTA 

images and a mechanistic model to investigate tumor growth and vascular development 

in a patient-specific way. We derived our model from the agreed pathology for RH and 

focused on the earliest stages of tumor-induced angiogenesis. Our simulations closely 

resemble the medical images, supporting the capability of our model to simulate vascu-

lar patterning in actual patients. Our results also suggest that angiogenesis in RH occurs 

upon reaching a critical dimension (around 200 μm), followed by the rapid formation of 

stable vascular networks. These findings open a new perspective on the crucial role of 

time in antiangiogenic therapy in RH, which has resulted in ineffective control. Indeed, 

it might be that when RH is diagnosed, angiogenesis is already too advanced to be 

effectively targeted with any effective means. Moreover, our simulations suggest that 

vascularization in RH is not a continuous process but an inconstant development with 

long, stable phases and rapid episodes of vascular sprouting.

Author summary

Tumor-induced angiogenesis is a survival strategy commonly exploited by solid 
tumors to access further nutrients and sustain their growth. The recent  
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introduction of Optical Coherence Tomography Angiography (OCTA) enables 
scientists and physicians to observe vascular patterning in the retina, non- 
invasively and with unprecedented detail. Here, we exploit direct observations 
on a vascular retinal tumor, Retinal Hemangioblastoma (RH), and a mathemati-
cal model to investigate the earliest stages of tumor-induced angiogenesis. Our 
simulations closely match reality and provide critical insights into the role of time 
in anti-angiogenic therapy for this neoplasm.

Introduction

The von Hippel-Lindau syndrome (VHL) is a genetic disease predisposing to cancer 
and cysts development in multiple organs [1]. Despite its limited incidence (1/36000 
births), the study of this disease has led to crucial insights in cancer and biological 
research, the first being the characterization of the von Hippel-Lindau protein (pVHL) 
[2]. Indeed, this protein, which is mutated in VHL, is now recognized as a central ele-
ment of the cellular oxygen-sensing pathway and a key oncosuppressor [3,4].

Among VHL-related tumors, Retinal Hemangioblastoma (RH) is the most frequent 
and the earliest to occur [5–7]. It usually presents as a slowly-growing, vascular 
benign tumor but can lead to severe vision impairment [5]. It is often associated with 
exudation and, at later stages, with retinal vessels enlargement and tortuosity (Fig A 
in S1 Text). The mechanisms of RH development have been debated in the past, but 
today the scientific community agrees on the essential elements. RH originates early 
in the patient’s life [6], probably from progenitor cells arrested during development 
[8]. These cells lose heterozygosity in pVHL and differentiate into foamy tumor cells 
observed in RH and central nervous system hemangioblastoma [9]. The mutation is 
linked to angiogenic factors (AFs) overexpression, such as the vascular endothelial 
growth factor (VEGF) and the platelet-derived growth factor (PDGF). Indeed, high 
VEGF concentrations have been reported in RH cells [9] and VHL patients’ vitreous 
[10]. Finally, AFs induce the formation of novel blood vessels (angiogenesis), explain-
ing the highly vascular nature of RHs.

Even though several studies support the above mechanistic description of RH, it 
still lacks validation in vivo due to the absence of a reliable animal model [8]. A signif-
icant obstacle is that VHL impairment is lethal for mice embryos, but even conditional 
knockout could not recapitulate RH development [11]. The absence of an animal 
model also limits our understanding of the effect of antiangiogenic therapy (AAT) on 
RH. Given the role of angiogenesis in RH, there were great expectations about the 
effectiveness of this therapy [12]. Several studies have assessed the application of 
VEGF and PDGF inhibitors [13], the latest being presented in 2021 [14]. However, 
the main observed effect was exudation reduction, with a minimal or absent decrease 
in tumor volume.

Animal models are not the only way to explore RH development in time. Cancer 
Mathematical Models (CMMs) are proving to be a useful tool for cancer research, 
both from the biological and clinical perspective. From one side, CMMs allow 
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simulation of the interplay between complex biological phenomena (e.g., nutrients distribution, biochemical reactions, 
immune system), unveiling non-trivial aspects of tumor growth [15,16]. On the other side, they can integrate and process 
patients specific data (e.g., omics, imaging) to predict cancer evolution or treatment outcome, an approach known as “pre-
dictive medicine” or “precision medicine” [17–19].

Among the most commonly employed techniques are Ordinary Differential Equations (ODEs), Partial Differential 
Equations (PDEs), stochastic processes, agent-based models, control theory, and game theory—each contributing 
uniquely to the modeling and understanding of cancer dynamics (see [19] and [20] for a comprehensive overview). 
Within this framework, Phase-Field Models (PFMs) represent a specific class of PDE-based methods that capture 
the spatiotemporal evolution of biological tissue interfaces, including neoplasms [21]. These models can easily 
integrate imaging data [22] and simulate cancer development at a tissue scale and in a patient-specific way [23]. 
Moreover, PFMs have yielded promising results in reproducing cancer development and cancer-related phenomena. 
Lorenzo G. and collaborators presented a prostate cancer simulation at an organ scale [23] which allowed them to 
assess the effect of pressure on its development [24]. Travasso et al. developed a PFM to simulate angiogenesis 
[25], which was later employed to study the effect of interstitial flow in tumor-induced angiogenesis [26,27]. Xu J. et 
al. have integrated the same model with medical imaging to simulate tumor growth and vascularization integrating 
photoacoustic images [22].

RH represents an ideal case study for PFMs for several reasons, especially considering the coupling between tumor 
growth and angiogenesis. First, it is small, usually a few millimetres in size [6]. This reduces the computational effort to 
simulate the total tumor volume and the surrounding tissue. Second, Optical Coherence Tomography Angiography (OCTA) 
enables non-invasive access to patient-specific data for both the cancer borders and the capillaries (Fig A in S1 Text). 
These images are an invaluable validation source for tumor-induced angiogenesis, especially compared to traditional RH 
imaging techniques [28]. Third, pVHL impairment decouples vascularization from hypoxia, slightly reducing the model 
complexity. Indeed, many CMMs have been employed to explore the formation of new blood vessels in cancer [29–31]. 
However, since this event typically occurs in hypoxic conditions, these models must account for several variables. For 
instance, the oxygen distribution and the existence of a hypoxic core overexpressing AFs are often included in these 
CMMs, but they are both challenging to quantify in vivo or in the clinical practice.

In this study, we use a PFM to simulate patient-specific RH development and angiogenesis at the tumor scale. We 
selected three VHL-positive patients (P0, P1, and P2) and collected OCT images of the capillaries and the neoplasm. We 
developed a simple but comprehensive model in respect of the agreed pathology of RH. When possible, we derived the 
model’s parameters from experimental evidence. We demonstrate that the model can produce a simulation of vascular 
sprouting for each patient. Exploring multiple parameter values, we estimated the minimal size required for RH to trigger 
angiogenesis. We simulated the earliest stages of vascular sprouting for each clinical case, demonstrating that angio-
genesis in RH leads to the quick formation of stable vessels. Moreover, we followed one patient in time, showing that the 
stable vascular structures predicted by the model are also observed in clinical images.

Results

The simulations in simplified settings present vascular sprouting and dense capillary networks

Using the initial capillary networks derived from the superficial OCTAs (see Materials and Methods and Fig 1), we 
employed our PFM to simulate RH development and angiogenesis. As we derived the model’s parameters from the 
scientific literature (see Table 1), we assessed if the models could reproduce vascular sprouting for the different patients, 
despite the simplicity of the models and the different geometries of the RHs and the capillary networks. To do so, we ran 
our initial simulations assuming the most favorable conditions for tumor-induced angiogenesis. We took the initial tumor 
dimension equal to the size observed in the patients, i.e., a diameter of 490 μm for P0, 208 μm for P1, and 560 μm for P2 
(see Fig I in S1 Text). We assumed the production of angiogenic factors to be Vpt = 47.3 pg·mL-1·s-1, the maximum value 
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estimated by Finley et al. [32] (see Table 1 and SI). We further assumed Vuc = 2.3·10-4 s-1, the minimum of the values we 
employed for our simulations (see Table 1 and SI). We ran these initial simulations for 100-time steps (approximately 2 
days).

As shown in Fig 1, we observe vascular sprouting for all three patients, regardless the differences in the tumors’ geom-
etry, and in the initial vessels. For P0 and P2, we get a stronger vascular sprouting than observed in the OCTAs, with 

Fig 1.  Simulations in simplified settings. A0-2) Superficial OCTA images derived from the selected patients. The blue squares evidence the areas 
corresponding to the simulation meshes. B0-2) Manual segmentations corresponding to the putative initial conditions for the capillaries surrounding the 
tumor. For each RH, we also evidenced the diameter (d0 = 490 μm, d1 = 208 μm, d2 = 560 μm). C0-2) Initial condition for each patient in this simplified set-
ting. It is possible to observe the initial avascular tumor, and the initial capillaries reconstructed in 3D. D0-2) Simulated RH growth and vascular networks 
after 100 simulation steps (about 2 days). RH growth is almost unobservable, while tumor-induced angiogenesis leads to dense vascular networks that 
closely resemble those observed in the clinical images. For each simulation, we set VpT = 47.3 pg·mL-1·s-1, Vuc = 2.3·10-4 s-1.

https://doi.org/10.1371/journal.pcbi.1012799.g001

https://doi.org/10.1371/journal.pcbi.1012799.g001
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vessels originating from capillaries that are not connected with the tumor in the original pictures. However, this is a clear 
consequence of our choice to start the simulations with the RH at its maximum dimension. Angiogenesis for these two 
patients likely started when the neoplasm was much smaller.

These initial simulations clearly show another aspect of tumor vascularization: the difference in time between growth 
and vascular development. In 2 days, the new vessels already invaded the tumor and formed dense vascular struc-
tures, while the RH growth is barely noticeable (Fig 1D0, 1D1,1D2). This is because RH has been reported to grow at 
a rate of 35% in volume per year [33], while a several investigations reported that TCs and new vessels can form much 
faster [34–37].

We observe that AFs concentration is higher inside and around RH, and that concentration slightly decreases in time 
(Fig B in S1 Text). Clearly, the decrease in AF concentration is due to the increasing uptake operated by the novel vascu-
lar structures. Initial AFs average concentration is in the range [4,12] ng·mL-1 for all patients. Given their size, the average 
concentration is higher for P0 and P2 (9.5 and 12 ng·mL-1, respectively) than P1 (5 ng·mL-1). Notably, our simulations 
show that the combination of production inside the tumor and uptake in the capillaries is sufficient to drive angiogenesis 

Table 1.  Parameters used in the simulations presented.

Parameter Symbol Value or 
[range]

Units of 
measure

In silico value 
or [range]

In silico units 
of measure

Reference

Space Unit sau 800 μm 1 sau Estimated

Time Unit tau 26 min 1 tau [25]

AF concentration unit afau 6000 pg·mL-1 1 afau Estimated, based on 
[38]

Tumour growth rate tgr 1.35 y-1 1.00002 1
tau

[33]

Motility for c field M [10-9, 10-10] mm2·s-1 [2·10-6, 2·10-7] sau2

tau
[25]

Interface width for the c field ϵ 1.5625 μm2
2.4 · 10–6 sau2 [25]

Proliferation rate for SCs αpSC 0.000538889 mL·hr-1·pg-1 1.401111 1
afau·tau

[25]

Proliferation rate for mature endothelial cells αp 0 mL·hr-1·pg-1 0 1
afau·tau

Neglected, see SI

AF concentration for max proliferation afp 1800 pg·mL-1 0.3 afau [25]

Minimum AF gradient magnitude (G) for TC migration Gm 14 ng·mL-
1·mm-1

1.866667 afau
sau

[51]

Maximum AF gradient magnitude (G) for TC migration GM 42 ng·mL-

1·mm-1

5.600000 afau
sau

[25,52,53]

Chemotactic sensitivity of TCs χ 8.33333 μm·mL· 
min-1·ng

0.002031 sau2

afau·tau
[25]

TCs’ radius Rc 10 μm 0.0125 sau [54]

Minimum AFs concentration for TCs’ activation Tc 3000 pg·mL-1 0.5 afau [55,56]

Minimum TCs distance due to the Notch pathway δ4 40 μm 0.05 sau [25]

AFs diffusivity Daf 4.24e-5 mm2·s-1 0.1 sau2

tau
[30,56–60]

AFs production VpT [0.036 - 47.5] pg·mL-1·s-1 [0.0087 -12.3] afau
tau

[32,56]

AFs uptake Vuc [2.3e-4 – 2.3] s-1 [0.36 - 3600] 1
tau

[25,61]

AF degradation Vd 0.92 hr-1 0.44 1
tau

[61]

Min. Time Step dtmin 26 min 1 tau [25]

Max Time Step dtmax 1300 min 50 tau Arbitrary

When possible, we derived the values from experimental evidence, otherwise an estimation was used. For an extensive discussion on the derivation of 
each value, see S1 Text. When we employed multiple values for a single parameter, we provided a range.

https://doi.org/10.1371/journal.pcbi.1012799.t001

https://doi.org/10.1371/journal.pcbi.1012799.t001
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during the simulation. Even with the low uptake rate we employed, the AF gradient is sufficient to trigger the sprouting of 
novel capillaries toward RH.

Effect of parameters on RH-induced angiogenesis

The simulations reported in the previous section demonstrate that our model resembles vascular sprouting as expected 
for RH. However, angiogenesis surely started before the neoplasms reached the dimension observed in patients, as they 
are all highly vascular. Thus, we explored the simulation results for different parameters values, specifically focusing on 
angiogenesis. Since in our model vessels developments depend on AFs distribution, we selected the two parameters 
impacting more the AF concentration, which are VpT (the AF production rate inside RH), and Vuc (the uptake rate of the 
capillaries; see SI). For the first, we employed a range of values derived for different tumors by Finley et al. [32]. For 
the latter, we could not find an experimental range, as Vuc is a single parameter encapsulating different phenomena, all 
contributing to cytokines’ uptake (see SI). Thus, we employed a set of values starting with the degradation rate of AF (Vd), 
up to the value leading to the absence of tumor-induced angiogenesis in every patient (see SI). For each combination 
of parameters, we checked if angiogenesis could occur and the minimal tumor dimension allowing vascularization. The 
results are reported as percentage of the tumor volume estimated from the OCT images (Fig 2A0-2) and percentage of 
the diameter (Fig 2B0-2).

High production rates (VpT) combined with low uptakes (Vuc) are the most favorable conditions for vascular sprouting in 
all cases. However, it is noteworthy that only a few parameters combinations lead to this condition. Considering the small 
dimension of the neoplasms and the vascular networks they are surrounded by, most VpT values are not enough to make 
the tumor express sufficient cytokines to trigger vascular sprouting. This is especially true for P1, carrying the smallest 
tumor we analyzed. In that case, only the highest production value could trigger vascularization.

Considering the minimal estimates for RH dimension, we observed that lower production values require the neoplasm 
to be bigger to trigger the formation of novel vessels. The same happens for increasing uptake values. While these rela-
tionships between production, uptake, and tumor dimension were expected, we also noticed a good agreement between 
the minimal dimension of the lesion estimated for each patient. The minimal diameters reported in Fig 2B0-2 are 40% for 
P0 and P2, and 92% for P1. These correspond to diameters of 196 um for P0, 191 um for P1, and 224 um for P2. We 
observe a similar pattern for the tumor volumes. The onset of vascular sprouting occurs at a minimal volume correspond-
ing to 6% of the maximum for patients P0 and P2, and 72% for P1. In absolute terms, these thresholds translate to 0.01 
mm³ for P0, 0.001 mm³ for P1, and 0.006 mm³ for P2.

Thus, despite the different shapes and vascular networks in the different patients, we estimated that each lesion can 
induce angiogenesis only upon reaching a volume between 0.01 and 0.001 mm3, corresponding to a tumor diameter 
between 196 and 226 μm.

RH vascularization occurs early and quickly in RH

We already mentioned that angiogenesis occurs more rapidly than tumor growth in the simulations reported in Fig 1. Thus, 
we wondered if the same happens for more realistic settings and different parameters values. To this end, we exploited 
the estimates of the previous section, selecting the three parameters’ couples producing angiogenesis in all tumors (VpT, 
Vuc)={(47.3 [pg ∙ mL-1 ∙ s-1], 2.3 ∙ 10-4 [s-1]), (47.3 [pg ∙ mL-1 ∙ s-1], 6.4 ∙ 10-4 [s-1]), (47.3 [pg ∙ mL-1 ∙ s-1], 1.78 ∙ 10-3 [s-1])} (see Fig 2). 
For each patient, we started the simulation with the RH at the minimal dimension reported. To limit the computational effort 
required for each simulation, we restricted our analysis to a time frame of 1 month (1662 simulation steps). We reported 
the results for Vuc = 6.4·10-4 s-1 in Fig 3.

We confirm that tumor-induced angiogenesis occurs faster than tumor growth. For each patient we observe the forma-
tion of an initial vascular structure invading the tumor body, while tumor growth is extremely limited. Interestingly, these 
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initial structures form in a few days after the start of vascular sprouting, and they are already stable after day 15 (see Fig 
3C and 3D). We observe this common behavior also for the other values of Vuc (Fig C, D, and E in S1 Text).

This stability is the result of an equilibrium state between the vascular sprouting and AFs concentration. At the begin-
ning of the simulation AFs are just enough to trigger the formation of novel capillaries, which consume more AFs. The 
increase in consumption leads to a decrease in AFs (see Fig F in S1 Text), resulting in a novel state where no more ves-
sels can form.

The average AFs concentration is much lower than the concentrations observed in the simulations in Fig 1 (see Fig F in 
S1 Text). For P0 and P2 the average concentration is in the range [0.5-0.7] ng·mL-1, regardless the uptake value. For P1, 
we observe a decreasing average AF value with increasing uptake, with values ranging from 2.2 ng·mL-1 (for the high-
est uptake value] to 3.6 ng·mL-1 (for the lowest uptake value). It is noteworthy that these values agree with experimental 

Fig 2.  Effect of parameter’s value change on tumor vascularization. We reported a total of 300 simulations and for each one we reported the 
minimal tumor volume (upper plots) and diameter (lower plots). A0-2) For each patient, angiogenesis occurs only for the highest values of production 
rate (VpT) and the lowest values of uptake (Vuc). The minimal volume sustaining angiogenesis is reported as percentage of the tumor volume observed in 
the clinical images. So, the minimal volume sustaining angiogenesis for patient 0 and 2 is around 6% (i.e., 0.01 mm3 and 0.006 mm3, respectively). For 
patient 1, carrying the smallest RH, the minimal estimated volume is 72% (i.e., 0.001 mm3). B0-2) The minimal RH dimension capable of inducing angio-
genesis is also reported as percentage of the observed diameter. For patient 0 and 2 the minimal diameter is 40% of the observed lesion diameter (i.e., 
196 μm and 226 μm, respectively). For patient 1, the minimal diameter is 90% (187 μm). We also evidence that the only subset of parameters values for 
which vascularization occurs in every patient is VpT = 47.3 pg·mL-1·s-1, VpT = [2.3 – 17.8]·10-4 s-1.

https://doi.org/10.1371/journal.pcbi.1012799.g002

https://doi.org/10.1371/journal.pcbi.1012799.g002
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Fig 3.  First month of the simulated RH development (Vuc = 6.4·10-4 s-1). The initial tumor volume is the minimal reported for the condition in Fig 2, 
namely: 6% for patient 0, 78% for patient 1, and 6% patient 2 (A0, A1, A2). For each patient, we observe the formation of an initial vascular plexus during 
the first 15 days of sprouting angiogenesis (C0, C1, C2), which stays stable until the end of the first month (D0, D1, D2). The same evidence is remarked 
by the number of tip cells in time, which drops to zero for each patient (E0, E1, E2).

https://doi.org/10.1371/journal.pcbi.1012799.g003

https://doi.org/10.1371/journal.pcbi.1012799.g003
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VEGF measures reported for another VHL-related tumor, the clear cell renal cell carcinoma (ccRCC). Na X. et al. mea-
sured the VEGF concentration in different human VHL-deficient ccRCC samples, all falling in the range [0.009-6.6] ng·mL-

1 [38].

The model recapitulates the stability of vascular networks observed over time

Due to the small dimension of the lesion observed in P1, we could follow the development of RH in that patient for almost 
one year (220 days). In the previous section, our simulations suggested that stable vascular networks should characterize 
early tumor-induced angiogenesis. In agreement with these results, we observed that the vascular network is stable in 
time for P1 (Fig 4), demonstrating that our simulations recapitulate the early pathology of RH. Then, we used our model to 
simulate one year of RH development (around 20,000 time steps) to see if the stability observed in the first month of the 
simulation was conserved for a longer time. Running the simulation using the same condition of the “simplified setting” we 
reported in the first section (V

pT
 = 47.3 pg·mL-1·s-1, Vuc = 2.3·10-4 pg·mL-1·s-1), we do obtain stable vascular structures inside 

the tumor, but we also observed the regression of some of the smaller vessels outside (see Fig G in S1 Text). To fully 
recapitulate the stability observed in the clinical images, we had to lower the M parameter (part of the Cahn-Hillard com-
ponent of the model) to 10-10 mm2·s-1 (see Fig 4). This evidence demonstrates that the model can recapitulate the stability 
of the vascular networks and that the balance between the production and the uptake of angiogenic factors is sufficient to 
explain the clinical observations. This also suggests that the model could be used to perform patient-specific predictions of 
tumor-induced angiogenesis and development for RH. Nevertheless, it also indicates that the model would require precise 
calibration to identify the most appropriate set of parameters.

Discussion

In this work, we presented a PFM to simulate RH growth and angiogenesis using patient-specific images. Despite the 
model being, as every CMM, a strong simplification of reality, our results closely match with the OCTA images reported 
for the patients (Figs 1 and 4). Moreover, we used our model to show the crucial role that time plays in RH development, 
which, in the absence of an animal model [8], is challenging to observe otherwise.

First, we note that tumor vascularization occurs upon reaching of a minimal dimension to trigger sprouting angiogen-
esis (Fig 2), similarly to other solid tumors. Despite the difference in shape of the different RHs and in the blood vessels 

Fig 4.  The mathematical model recapitulates blood vessels stability in time. A0-2) OCTA images showing RH-induced capillaries in time for P1 (for 
a total of 219 days). B0-2) Result of the simulation for the same amount of time. Using VpT = 47.3 pg·mL-1·s-1, Vuc = 2.3·10-4 s-1, and M = 10-10 mm2·s-1, the 
model recapitulates the stability of the vascular network in time.

https://doi.org/10.1371/journal.pcbi.1012799.g004

https://doi.org/10.1371/journal.pcbi.1012799.g004
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surrounding, there is a good agreement between the different estimates. Our simulations show that RH volume should be 
between 0.01 and 0.001 mm3 to induce vascularization, corresponding to microscopic neoplasms about 200 μm wide. The 
existence of a minimal RH dimension has never been proved experimentally, but it is likely to exist, as both a minimal AFs 
concentration and a minimal gradient are necessary to trigger angiogenesis [25]. Moreover, we remark that such minimal 
dimension is about 5 times lower than the measure reported by Li X & O’Donoghue [39]. In their mini-review, they state 
that tumors are highly hypoxic and avascular up to 1 mm in diameter, a limit above which the formation of a vascular net-
work is required to relieve the cells from the lack of oxygen. Our finding is perfectly coherent with the agreed pathology of 
RH. Indeed, VHL tumors overexpress AFs because their oxygen sensing pathway is impaired. If the RH cells overexpress 
the cytokines normally associated with hypoxia, it makes sense that a VHL-related tumor as RH is capable of inducing 
vascularization before other tumor types.

Following the same reasoning, we can easily explain why we observe that angiogenesis is triggered only for high AF 
production rates (Fig 2). Considering that the range of simulated V

pT
 values derives from measures and estimations in 

non-VHL-related tumor cells (see SI and [32]), it makes sense that the AF expression values estimated in non-VHL-tumor 
cells, with a functioning oxygen sensing pathway, is not always enough to trigger angiogenesis in our case study. This 
also suggests that the reason why RH is so specific of the VHL syndrome is that only an impairment in oxygen sensing 
can trigger tumor-induced vascularization for neoplasms of such dimension.

Third, we observed that when angiogenesis is triggered, it takes place rapidly, and leads to the formation of stable 
vascular networks in a few days. Even though our simulations consider patient-specific cases, it must be noted that RHs 
are often very small (1.5 mm or smaller [6]) and that TCs’ velocity has been reported to be up to 78 μm·h-1 [35]. Moreover, 
stable vascular structures are also observed for at least one patient (P1), and that the model recapitulates such stability.

This fact opens a new perspective on the disappointing results of AAT for this tumor. Despite an initial hope in the effect 
of this approach to treat early-stage RHs, the clinical evidence reported so far did not match the expectations. Angiogene-
sis inhibitors have only led to exudation reduction and minimal or absent tumor regression [13]. Since the primary purpose 
of this therapy is the reduction of VEGF concentration in the tumor, it has been proposed that targeting only this molecule 
might not be enough to prevent vascularization [13]. Indeed, other AFs play a relevant role in RH-induced angiogenesis. 
However, our simulations suggest that time also plays a critical role in the effectiveness of AAT. If RH-induced angio-
genesis is quick, as predicted by our model, the capillaries may already be too mature to be efficiently targeted with this 
therapy.

It is already well known that angiogenesis inhibitors mainly induce regression for immature vessels. Indeed, it is com-
monly used in combination with chemotherapy to stabilize blood vessels and improve the delivery of other drugs [40] 
Moreover, several facts agree with our suggestion that the therapy might be too late. First, RH is more easily diagnosed 
only when vascularization is already present. Second, a recent clinical study, which introduced the inhibition of other AFs, 
has not improved the effect of AAT [14]. Finally, a recent case report employed OCTA to display the effect of this therapy 
on the capillaries of a large RH, showing that larger blood vessels remained stable [41].

In summary, our model demonstrates a remarkable capacity to reproduce the key features of retinal hemangioblastoma 
(RH) pathology and its temporal development—features that are otherwise difficult to capture in the absence of an appro-
priate animal model. These findings indicate that the model holds potential for predicting RH progression and evaluating 
therapeutic interventions in a patient-specific manner.

Nonetheless, the study presents several limitations that warrant consideration. The most significant constraint lies 
in the selection of the initial conditions for the simulations. Specifically, we were unable to acquire OCTA images of the 
vascular network prior to tumor onset and angiogenesis. Consequently, the initial vascular structures were derived from 
manually segmented images of prominent vessels that could be clearly distinguished around the tumor and appeared 
unrelated to RH-induced angiogenesis. This reliance on a realistic—but not patient-specific—initial condition introduces a 
potential source of bias. Moreover, the manual segmentation process itself may introduce subjective variability. To mitigate 
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these limitations, initial conditions were chosen in collaboration with two expert ophthalmologists with established exper-
tise in RH. Still, alternative plausible initial conditions could be considered.

Importantly, the consistency of our results across three different patients—with distinct vascular architectures and tumor 
morphologies—strongly supports the robustness of our main findings against variations in the initial conditions. However, 
further validation involving a larger dataset of OCTA images and longitudinal observations across multiple time points is 
essential to rigorously assess the predictive capability of the phase-field model.

Another limitation pertains to the computational demands of simulating tumor progression beyond one month. This con-
straint currently restricts the temporal scope of our simulations. Nevertheless, the integration of advanced numerical solv-
ers and adaptive mesh refinement techniques [42] may substantially enhance computational efficiency, thereby enabling 
long-term simulations over multiple years.

Overall, our study provides novel insights into RH pathophysiology and treatment response, while also underscor-
ing the value of OCTA imaging as a tool for studying angiogenesis in human subjects through the lens of mathematical 
modeling.

Materials and methods

Patients’ image selection and data

For this study, we exploited OCTA images from a previous clinical study (“Ultra-widefield OCT characteristics of Retinal 
Capillary Hemangioblastoma”, Ref. No. IECPG-503/30.06.2022). We selected patients’ images meeting the following crite-
ria: 1) evidence of an early-stage RH (<1 mm); 2) VHL-positive; 3) treatment naïve. We needed small lesions so we could 
infer how the vascular network could be before the development of the tumor. Indeed, at this stage the tumor effect on the 
surrounding vessels is extremely localized and limited (see Fig 1A0-2). The two other requirements were necessary to be 
sure that the tumor-induced angiogenesis we observed was the effect of the RH natural development.

Despite the low incidence of VHL, we could find four patients meeting such criteria. For each patient we collected a 
superficial and a deep OCTA scan of the lesion, to assess the extent of the tumor-induced vascularization. Moreover, we 
collected B-scans to measure the tumor dimension and shape (see Table B in S1 Text).

We had to discard one patient as the OCTA pictures we collected presented motion artifacts (difficulty in fixation). This 
left us with three RHs for our study, two presenting a diameter of about 500 um, and one of about 200 um. Throughout 
the paper, we referred to these patients as P0, P1, and P2. One of the patients was already selected for a case report, 
presented by one of the authors in 2021 [43].

Initial capillary network

Since there was no record of the shape of the capillary network before tumor development for any patient, we had 
to construct an image representing a putative initial capillary network (PICN) to run our simulations. We derived our 
initial conditions from manual segmentations conducted in collaboration with two expert ophthalmologists, selecting 
the major vessels in the surroundings of the tumor and excluding those induced by the tumor. At this early stage, 
it is easy to distinguish between the tumor-induced vessels and the vessels already present before tumor devel-
opment. Moreover, choosing to derive our PICN from the surroundings of the tumor allowed us to compare more 
easily or simulations with the clinical images. The manual segmentation were conducted using the Fiji [44] plugin 
LabKit [45].

Mesh construction

Our simulations employed a standard box-shaped mesh of tetrahedral elements constructed using the DOLFINx computa-
tional platform [46–48].
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To contain the lesion area, we set the lateral sides of the mesh to be twice the bounding box containing the lesion 
area, and axial side (depth) equal to the depth of the retina estimated in the B-scan (see SI). Finally, for each mesh we 
set the side of each tetrahedra to be 7 um, to be smaller than the TCs radius (10 um), but big enough to limit the num-
ber of elements and keep a manageable computational effort. So, we employed a mesh (1333x1333x1031) μm for P0, 
(563x563x155) μm for P1, (1428x1428x707) μm for P2.

Blood vessels 3D reconstruction

The procedure we used to 3D-reconstruct the PICN just assumes that the local radius of the three-dimension vessels is 
the same we observe in the manual segmentation. We developed our own simple and lightweight reconstruction algorithm 
(RA), that is extensively reported in the S1 Text.

Mathematical model

Our PFM accounts for three main elements to describe RH dynamics, each represented by a scalar function: the tumor 
field (φ(x, t)), which equals 1 inside the tumor and 0 outside; the capillaries field (c(x, t)), which has value ≈1 in the intra-
vascular space and ≈-1 outside; and the AFs concentration (af(x, t)). A schematic representation of the model is reported 
in Fig 5. In the notation we just used, t represents time and x = (x, y, z) represents space. The plane defined by x and y is 
parallel to the retinal layers, and z perpendicular, pointing in the direction of the inner eye. Our model implies the definition 
of several parameters. See Table 1 for an overview of the parameters used and the Supplementary Information (S1 Text) 
for an extensive discussion on their derivation.

Tumor growth.  Since RH is often rounded-shaped, and all the patients selected for the study displayed a round lesion 
(see Fig 1A), we defined φ as a slowly growing ellipsoid in the retina:

	
φ (x, t) =

{
1 if

(
x

sx(t)

)2

+
(

y
sy(t)

)2

+
(

z
sz(t)

)2

≤ 1

0 Otherwise 	 (1)

Where:

	
sx = sy =

dp
2
tgr

t
3 sz =

da
2
tgr

t
3

	 (2)

Fig 5.  Schematic representation of the PFM. RH = Retinal Hemangioblastoma; AF = Angiogenic Factors. The arrows represent how the different ele-
ments interact with each other. For each entity, the name of the scalar field is also reported.

https://doi.org/10.1371/journal.pcbi.1012799.g005

https://doi.org/10.1371/journal.pcbi.1012799.g005
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With dp corresponding to the initial tumor diameter for the given patient P in the section parallel to the retinal layers, da corresponding 
to the dimension of the tumor in the axial direction (perpendicular to the retina) and tgr being to the volumetric tumor growth rate.

Tumor-induced angiogenesis.  To model the capillaries’ dynamics, we used a hybrid model first reported by Travasso 
and collaborators [25], which merges a PFM and an agent-based approach. Coherently to the mainstream theory for 
angiogenesis, this model assumes that AFs induce novel capillaries activating tip cells (TCs), which direct the capillaries 
formation together with the stalk cells (SCs). The PFM component is a PDE defining the evolution in time of c:

	
∂c
∂t

= M∇2
[
–c+ c3 – ϵ∇2c

]
+ Bp(af)cH(c)

	 (3)

The first term of the equation represents a Cahn–Hilliard component, which models the morphology of the capillaries 
and defines the interface between the blood vessels and the surrounding tissue. This term constrains the field variable 
c to attain values close to 1 within the blood vessels and approximately –1 in the adjacent tissue, maintaining a diffuse 
interface between the two regions of the tumor microenvironment. Furthermore, it ensures the evolution of a smooth and 
physiologically realistic vessel–tissue boundary over time. The second term accounts for the proliferation of endothelial 
cells driven by AFs. Proliferation is regulated through the Bp(af) function, which is defined as:

	

Bp(af) =




0 if af ≤ 0
αpaf if 0 ≤ af ≤ afp
αpafp if af > afp 	 (4)

The agent-based algorithm handles TCs’ activation, deactivation, motion, and stalk cells’ (SC) proliferation. This method is 
described in detail in the original publication by Travasso et al. (20). For completeness, we provide a concise summary of its 
key principles. The algorithm places a new tip cell (TC) at each mesh point within the vascular network—defined by locations 
where the field variable c is greater than or equal to 1—and where both the concentration and gradient of the angiogenic 
factor (AF) exceed specified thresholds, denoted T

c
 and G

m
, respectively. To account for the inhibitory effect of the Delta-Notch 

signaling pathway between neighboring endothelial cells, the algorithm ensures that no two TCs are positioned closer than a 
minimum distance δ4. Additionally, any TC is deactivated if its local conditions no longer satisfy the above criteria. Finally, the 
algorithm governs TC migration, with cells advancing along the AF gradient according to the following velocity law:

	
v =

{
χ∇af

G if Gm ≤ G < GM

χ∇af
G GM if G ≥ GM 	 (5)

Where G is the norm of ∇af. A detailed schematic of the algorithm is depicted in Fig H in S1 Text.
To merge the agents with the PDE, at each time step, any point of c which is inside a TC (i.e., closer than Rc to the 

position of a TC agent) is updated to the following value:

	
cc =

Sp(af)πRc

2|v| 	 (6)

Which accounts for the TC mass and the SCs’ proliferation. The latter is coupled with AFs concentration following the 
function Sp(af), which has the same definition of Bp(af) but uses different parameters:

	

Sp(af) =




0 if af ≤ 0
αpSCaf if 0 ≤ af ≤ afp
αpSCafp if af > afp 	 (7)
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We highlight that the original model did not include this distinction, and it assumed that stalk cells proliferation occurs 
through the proliferation term In Equation 6. However, this choice does not consider that TCs are present only in the 
immediate surroundings of the TCs, and that mature endothelial cells are much less proliferative than SCs [49]. Indeed, 
simulating the model without this distinction led us to unrealistic enlargement of all the capillaries in the proximity of the 
tumor, regardless of the presence or the proximity of TCs (see Section 2 of SI and Fig J in S1 Text). As described above, 
we used the PICN as the initial condition. We employed natural Neumann conditions at the boundaries:

	 ∇c · −→n = 0 in ∂Ω	 (8)

	 M∇
[
–c+ c3 – ϵ∇2c

]
· −→n = 0 in ∂Ω	

The use of such boundary conditions implies that any local variation of c is due to proliferation and sprouting angiogen-
esis, without any transport through the mesh surface.

Angiogenic factors distribution.  AF is regulated by the following PDE:

	 Daf∇2af+ VpT · φ · (1 – H(c)) – Vuc · af · H(c) – Vd · af = 0	 (9)

The first term (D
af
·∇2af) accounts for AFs’ diffusion. The second term (VpT·φ·(1-H(c))) accounts for AFs’ production, 

which, in line with the agreed pathology for RH, takes place inside the whole neoplasm. We further assumed that AFs 
production does not take place inside the capillaries. Thus, we added the term (1-H(c)), where H is the Heaviside func-
tion. The third term (Vuc·af·H(c)) accounts for the uptake of the AFs by the capillaries. Since our model does not account 
for blood flow, this term encapsulates many complex phenomena: a) the uptake of AFs by the endothelial cells due to 
the binding with membrane receptors; b) the transport of AFs away due to blood flow circulation; c) the uptake of AFs by 
platelets, which can bind specific molecules such VEGF [50]. Finally, the term (Vd·af) accounts for natural AF degradation.

Notice that Equation 9 assumes that af is at equilibrium during the simulation, as its dynamics is faster than tumor 
growth and sprouting angiogenesis. As boundary conditions, we assume natural Neumann:

	 ∇af · −→n = 0	 (10)

Estimation of the minimal tumor dimension

Being our model deterministic, we estimated the minimal tumor dimension for sprouting angiogenesis simulating the 
model for 1 time step for the different parameters’ configurations shown in Fig 2. For each condition, we simulated the 
tumor at its maximum dimension (i.e., 100% of the volume observed from the clinical image). If no TC activation occurred, 
we flagged that condition as incapable of inducing angiogenesis (all the white squares in Fig 2). If TC activation occurred, 
we started looking for the minimal tumor volume allowing vascularization in the given condition.

To efficiently find such minimal size, we used the bisection method. The iteration stops when the change between suc-
cessive volume estimates is less than 5% of the maximum tumor volume. 

Numerical methods and implementation

We ran our simulation exploiting DOLFINx (version 0.7.0), a computational platform to write and simulate PDE-based 
models which improves the traditional FEniCS [46–48]. To include angiogenesis in our model, we exploited the open 
implementation in the Python package Mocafe [62].
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To solve our PDE system, we employed a standard spatial discretization using Lagrange finite elements of the first 
order. These elements are C0, so they cannot handle fourth-order PDE like the one used for capillaries. Thus, we split this 
equation into two second-order PDEs, introducing an auxiliary variable µ :

	

∂c
∂t = M∇2µ+ Bp(af)cH(c)

µ = –c+ c3 – ϵ∇2c 	 (11)

For temporal integration, we used backward Euler. To reduce the computational effort, we employed an adaptive 
scheme reported by [63], computing dt as:

	

dt = max(dtmin,
dtmax√

1 + α
∣∣E′(t)

∣∣2
)

	 (12)

where:

	 E′ = – ∥∇µ∥2	

And dtmin correspond to 1 time step (26 mins), dtmax to 50 time steps (1300 mins), and α is 100, as suggested by [63].
Given the hybrid nature of our model (PDE and Agents), we used this optimization only when no active TCs were pres-

ent in the simulation. If no TCs are active, the model is fully PDE-based and thus suitable for this adaptive time-stepping 
technique. However, a naïve application of such strategy could induce a bias in the model, reducing the actual frequency 
of activated TCs at any given time.

To prevent such bias, every time a dt higher than 1 is employed, we also checked if any TC could activate earlier in 
the given time span. To do so, we again employed the bisection method to find a dt value at which a TC activation could 
occur. The algorithm stops when the difference between two estimates of such dt value is smaller than dt

min
.Since our 

PDE system is non-linear, we used the Newton-Raphson method to linearize the algebraic system resulting from the 
spatial and temporal discretization. Then, we used the generalized minimal residual method (GMRES) [64] with an ASM 
preconditioner (Additive Schwartz Method) to solve the system at each time step.

Visualization

To visualize our simulations’ result, we used ParaView [65]. More precisely, we always employed the isosurface c = 0 to 
display the capillaries and the isosurface φ = 0.5 to display the tumor. Finally, we created all the other plots using the 
Matplotlib Python package [66].

Supporting information

S1 Text.   Fig A in S1 Text. Comparison between Fundus Angiography and OCTA. Large RH reported by Sagar P. and 
collaborator [67]. a) Fundus Angiography shows leakage and exudation around the tumor but does not allow a clear 
observation of the tumor borders and of the capillaries. b) OCTA image displays tumor borders, high vascularity, and 
major blood vessels enlargement and tortuosity. Fig B in S1 Text. AF distribution in space and time. Upper panels: AFs 
distribution at time 0, considering the simulations in Fig 2 of the manuscript. The contour of the tumor shape is shown 
in yellow. Lower panels: mean AFs concentration (bold line) and interquartile range (light blue area) in time during the 
simulation. For each patient, we observe that the AFs are more concentrated inside the tumor. In time, there is a slight 
decrease in the mean AFs concentration. Fig C in S1 Text. First month of tumor-induced angiogenesis for P0. The pictures 
on the left (A, C, E) display the vascular development with Vuc = 2.3 · 10–4 s-1, while the pictures on the right refer to the 

http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1012799.s001
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simulation for Vuc = 17.8 · 10–4 s-1. In both the simulations we observe the formation of a stable vascular structure, which 
is bolder for the first case and thinner for the latter. G) and H) show the number of active tip cells throughout the simula-
tions. Fig D in S1 Text. First month of tumor-induced angiogenesis for P1. The pictures on the left (A, C, E) display the 
vascular development with Vuc = 2.3 · 10–4 s-1, while the pictures on the right refer to the simulation for Vuc = 17.8 · 10–4 s-1. 
In the first simulation the initial vascular is not stable and slowly disappear in time, while in the second the novel capillary 
maintains its stability. G) and H) show the number of active tip cells throughout the simulations. Fig E in S1 Text. First 
month of tumor-induced angiogenesis for P2. The pictures on the left (A, C, E) display the vascular development with 
Vuc = 2.3 · 10–4 s-1, while the pictures on the right (B, D, F) refer to the simulation for Vuc = 17.8 · 10–4 s-1. In both the sim-
ulations we observe the formation of a stable vascular structure. G) and H) show the number of active tip cells through-
out the simulations. Fig F in S1 Text. Average, maximum and minimum AF concentration for the first month of sprouting 
angiogenesis, for each patient and for each value of Vuc. The VpT  value is 47.3 pg·mL-1·s-1. c1 (blue lines) correspond to 
Vuc = 2.3 · 10–4 s-1, c2 (pink lines) to Vuc = 6.4 · 10–4 s-1, and c3 (orange lines) to Vuc = 1.78 · 10–3 s-1. Fig G in S1 Text. Sim-
ulation for 219 days of development using M = 10-9 mm2·s. A0-2) OCTA images showing RH-induced capillaries in time for 
P1 (for a total of 219 days). B0-2) Result of the simulation for the same amount of time. Using VpT = 47.3 pg ·mL–1 · s–1, 
Vuc = 2.3 · 10–4 s–1, and M = 10–9 mm2·s, the model recapitulates the stability of the vascular network inside the tumor, but 
not outside. Fig H in S1 Text. Algorithms regulating TCs’ activation (left) and deactivation (right). Fig I in S1 Text. Anno-
tated clinical images used to estimate the dimension and shape of the tumor. We used the superficial OCTA (upper part of 
the image) to measure the diameter for each lesion and the B-scan (bottom part of the image) to measure the depth. We 
also measured the maximal retinal depth for each lesion to set the simulation box dimension. For patient 1, we assumed 
the lesion to be no deeper than the inner retinal layer, as the Deep OCTA (middle part of the lesion) showed no sign of 
abnormal vascularization. In the B-scan for patient 1, it is also evidenced the diameter of the vessel nearby the RH (the 
one above the lesion in the superficial OCTA). Fig J in S1 Text. Simulation in 2D with αp=αpSC, showing major capillar-
ies enlargement after 130 hrs (300 steps). Since in the selected case report we cannot see any sign of enlargement, the 
model does not reproduce reality for this parameter choice. Fig K in S1 Text. Comparison between segmentation (A) and 
distance transform (B) for the 2D-PICN of P0. The distance is like a skeletonized image, where each line is reduced to 1 
pixel width. However, each pixel above zero is equal to the local width of image (A). Notice that the higher values of the 
distance transform occur where the segmentation presents bolder vessels. Fig L in S1 Text. Schematic representation of 
our 3D RA. On the top, we represented the inputs of the algorithms. (1) The first step rescales the 2D-PICN to obtain a 
2D scalar field equal to 1 inside the capillaries and -1 otherwise (A). (2) The values of Matrix A are then mapped on the z0 
plane of the 3D mesh. The user must specify the value of z0. (3) all other points are then mapped to 1 or -1 according to 
the procedure shown in the example. Notice that the algorithm employs the edges and the skeleton to compute the edge 
and center points. Table A in S1 Text. Some estimations of VEGF diffusivity reported in the literature. Table B in S1 Text. 
Spatial dimension of each patient lesion. The lateral axis is the diameter of the lesion parallel to the retinal layers, while 
the axial axis is perpendicular.
(DOCX)

Acknowledgments

This research project has been funded by Associazione Italiana per la Ricerca sul Cancro (grant nr. IG 2019 ID. 23825 
to SCET). The funders had no role in study design, data collection and analysis, decision to publish, or preparation of the 
manuscript.

Author contributions

Conceptualization: Franco Pradelli, Giovanni Minervini.



PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012799  September 11, 2025 17 / 19

Data curation: Franco Pradelli, Pradeep Venkatesh, Shorya Azad.

Formal analysis: Franco Pradelli.

Funding acquisition: Silvio C. E. Tosatto.

Investigation: Franco Pradelli, Pradeep Venkatesh, Shorya Azad.

Methodology: Franco Pradelli.

Project administration: Silvio C. E. Tosatto.

Resources: Pradeep Venkatesh, Shorya Azad.

Software: Franco Pradelli.

Validation: Franco Pradelli, Giovanni Minervini.

Visualization: Franco Pradelli.

Writing – original draft: Franco Pradelli, Giovanni Minervini.

Writing – review & editing: Giovanni Minervini, Hector Gomez, Silvio C. E. Tosatto.

References
	 1.	 Crespigio J, Berbel LCL, Dias MA, Berbel RF, Pereira SS, Pignatelli D, et al. Von Hippel-Lindau disease: a single gene, several hereditary tumors. 

J Endocrinol Invest. 2018;41(1):21–31. https://doi.org/10.1007/s40618-017-0683-1 PMID: 28589383

	 2.	 Richard S, Gardie B, Couvé S, Gad S. Von Hippel-Lindau: how a rare disease illuminates cancer biology. Semin Cancer Biol. 2013;23(1):26–37. 
https://doi.org/10.1016/j.semcancer.2012.05.005 PMID: 22659535

	 3.	 Gossage L, Eisen T, Maher ER. VHL, the story of a tumour suppressor gene. Nat Rev Cancer. 2015;15(1):55–64. https://doi.org/10.1038/nrc3844 
PMID: 25533676

	 4.	 Minervini G, Mazzotta GM, Masiero A, Sartori E, Corrà S, Potenza E, et al. Isoform-specific interactions of the von Hippel-Lindau tumor suppressor 
protein. Sci Rep. 2015;5:12605. https://doi.org/10.1038/srep12605 PMID: 26211615

	 5.	 Magee MA, Kroll AJ, Lou PL, Ryan EA. Retinal capillary hemangiomas and von Hippel-Lindau disease. Semin Ophthalmol. 2006;21(3):143–50. 
https://doi.org/10.1080/08820530500350712 PMID: 16912012

	 6.	 Karimi S, Arabi A, Shahraki T, Safi S. Von Hippel-Lindau Disease and the Eye. J Ophthalmic Vis Res. 2020;15(1):78–94. https://doi.org/10.18502/
jovr.v15i1.5950 PMID: 32095212

	 7.	 Ruppert MD, Gavin M, Mitchell KT, Peiris AN. Ocular Manifestations of von Hippel-Lindau Disease. Cureus. 2019;11(8):e5319. https://doi.
org/10.7759/cureus.5319 PMID: 31588386

	 8.	 Park S, Chan C-C. Von Hippel-Lindau disease (VHL): a need for a murine model with retinal hemangioblastoma. Histol Histopathol. 
2012;27(8):975–84. https://doi.org/10.14670/HH-27.975 PMID: 22763871

	 9.	 Chan C-C, Collins ABD, Chew EY. Molecular pathology of eyes with von Hippel-Lindau (VHL) Disease: a review. Retina. 2007;27(1):1–7. https://
doi.org/10.1097/01.iae.0000244659.62202.ee PMID: 17218907

	10.	 Los M, Aarsman CJ, Terpstra L, Wittebol-Post D, Lips CJ, Blijham GH, et al. Elevated ocular levels of vascular endothelial growth factor in patients 
with von Hippel-Lindau disease. Ann Oncol. 1997;8(10):1015–22. https://doi.org/10.1023/a:1008213320642 PMID: 9402176

	11.	 Wang H, Shepard MJ, Zhang C, Dong L, Walker D, Guedez L, et al. Deletion of the von Hippel-Lindau Gene in Hemangioblasts Causes  
Hemangioblastoma-like Lesions in Murine Retina. Cancer Res. 2018;78(5):1266–74. https://doi.org/10.1158/0008-5472.CAN-17-1718 PMID: 
29301791

	12.	 Harris AL. von Hippel-Lindau syndrome: target for anti-vascular endothelial growth factor (VEGF) receptor therapy. Oncologist. 2000;5 Suppl 
1:32–6. https://doi.org/10.1634/theoncologist.5-suppl_1-32 PMID: 10804089

	13.	 Wiley HE, Krivosic V, Gaudric A, Gorin MB, Shields C, Shields J, et al. Management of retinal hemangioblastoma in von hippel-lindau disease. 
Retina. 2019;39(12):2254–63. https://doi.org/10.1097/IAE.0000000000002572 PMID: 31259811

	14.	 Hwang CK, Chew EY, Cukras CA, Keenan TDL, Wong WT, Linehan WM, et al. Intravitreous treatment of severe ocular von Hippel-Lindau disease 
using a combination of the VEGF inhibitor, ranibizumab and PDGF inhibitor, E10030: Results from a phase 1/2 clinical trial. Clin Exp Ophthalmol. 
2021;49(9):1048–59. https://doi.org/10.1111/ceo.14001 PMID: 34549489

	15.	 Chauviere AH, Hatzikirou H, Lowengrub JS, Frieboes HB, Thompson AM, Cristini V. Mathematical Oncology: How Are the Mathematical and Phys-
ical Sciences Contributing to the War on Breast Cancer? Curr Breast Cancer Rep. 2010;2(3):121–9. https://doi.org/10.1007/s12609-010-0020-6 
PMID: 21151486

	16.	 Altrock PM, Liu LL, Michor F. The mathematics of cancer: integrating quantitative models. Nat Rev Cancer. 2015;15(12):730–45. https://doi.
org/10.1038/nrc4029 PMID: 26597528

https://doi.org/10.1007/s40618-017-0683-1
http://www.ncbi.nlm.nih.gov/pubmed/28589383
https://doi.org/10.1016/j.semcancer.2012.05.005
http://www.ncbi.nlm.nih.gov/pubmed/22659535
https://doi.org/10.1038/nrc3844
http://www.ncbi.nlm.nih.gov/pubmed/25533676
https://doi.org/10.1038/srep12605
http://www.ncbi.nlm.nih.gov/pubmed/26211615
https://doi.org/10.1080/08820530500350712
http://www.ncbi.nlm.nih.gov/pubmed/16912012
https://doi.org/10.18502/jovr.v15i1.5950
https://doi.org/10.18502/jovr.v15i1.5950
http://www.ncbi.nlm.nih.gov/pubmed/32095212
https://doi.org/10.7759/cureus.5319
https://doi.org/10.7759/cureus.5319
http://www.ncbi.nlm.nih.gov/pubmed/31588386
https://doi.org/10.14670/HH-27.975
http://www.ncbi.nlm.nih.gov/pubmed/22763871
https://doi.org/10.1097/01.iae.0000244659.62202.ee
https://doi.org/10.1097/01.iae.0000244659.62202.ee
http://www.ncbi.nlm.nih.gov/pubmed/17218907
https://doi.org/10.1023/a:1008213320642
http://www.ncbi.nlm.nih.gov/pubmed/9402176
https://doi.org/10.1158/0008-5472.CAN-17-1718
http://www.ncbi.nlm.nih.gov/pubmed/29301791
https://doi.org/10.1634/theoncologist.5-suppl_1-32
http://www.ncbi.nlm.nih.gov/pubmed/10804089
https://doi.org/10.1097/IAE.0000000000002572
http://www.ncbi.nlm.nih.gov/pubmed/31259811
https://doi.org/10.1111/ceo.14001
http://www.ncbi.nlm.nih.gov/pubmed/34549489
https://doi.org/10.1007/s12609-010-0020-6
http://www.ncbi.nlm.nih.gov/pubmed/21151486
https://doi.org/10.1038/nrc4029
https://doi.org/10.1038/nrc4029
http://www.ncbi.nlm.nih.gov/pubmed/26597528


PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012799  September 11, 2025 18 / 19

	17.	 Strobl MAR, Gallaher J, Robertson-Tessi M, West J, Anderson ARA. Treatment of evolving cancers will require dynamic decision support. Ann 
Oncol. 2023;34(10):867–84. https://doi.org/10.1016/j.annonc.2023.08.008 PMID: 37777307

	18.	 Lorenzo G, Ahmed SR, Hormuth II DA, Vaughn B, Kalpathy-Cramer J, Solorio L. Patient-specific, mechanistic models of tumor growth incorporat-
ing artificial intelligence and big data. Annu Rev Biomed Eng. 2024. https://doi.org/10.1146/ANNUREV-BIOENG-081623-025834

	19.	 McDonald TO, Cheng Y-C, Graser C, Nicol PB, Temko D, Michor F. Computational approaches to modelling and optimizing cancer treatment. Nat 
Rev Bioeng. 2023;1(10):695–711. https://doi.org/10.1038/s44222-023-00089-7

	20.	 Wölfl B, Te Rietmole H, Salvioli M, Kaznatcheev A, Thuijsman F, Brown JS, et al. The Contribution of Evolutionary Game Theory to Understanding 
and Treating Cancer. Dyn Games Appl. 2022;12(2):313–42. https://doi.org/10.1007/s13235-021-00397-w PMID: 35601872

	21.	 Travasso RDM, Castro M, Oliveira JCRE. The phase-field model in tumor growth. Philosophical Magazine. 2011;91(1):183–206. https://doi.org/10.
1080/14786435.2010.501771

	22.	 Xu J, Vilanova G, Gomez H. Phase-field model of vascular tumor growth: Three-dimensional geometry of the vascular network and integration with 
imaging data. Computer Methods in Applied Mechanics and Engineering. 2020;359:112648. https://doi.org/10.1016/j.cma.2019.112648

	23.	 Lorenzo G, Scott MA, Tew K, Hughes TJR, Zhang YJ, Liu L, et al. Tissue-scale, personalized modeling and simulation of prostate cancer growth. 
Proc Natl Acad Sci U S A. 2016;113(48):E7663–71. https://doi.org/10.1073/pnas.1615791113 PMID: 27856758

	24.	 Lorenzo G, Hughes TJR, Dominguez-Frojan P, Reali A, Gomez H. Computer simulations suggest that prostate enlargement due to benign 
prostatic hyperplasia mechanically impedes prostate cancer growth. Proc Natl Acad Sci U S A. 2019;116(4):1152–61. https://doi.org/10.1073/
pnas.1815735116 PMID: 30617074

	25.	 Travasso RDM, Corvera Poiré E, Castro M, Rodríguez-Manzaneque JC, Hernández-Machado A. Tumor angiogenesis and vascular patterning: a 
mathematical model. PLoS One. 2011;6(5):e19989. https://doi.org/10.1371/journal.pone.0019989 PMID: 21637756

	26.	 Moure A, Vilanova G, Gomez H. Inverting angiogenesis with interstitial flow and chemokine matrix-binding affinity. Sci Rep. 2022;12(1):4237. 
https://doi.org/10.1038/s41598-022-08186-0 PMID: 35273299

	27.	 Srinivasan A, Moure A, Gomez H. Computational modeling of flow-mediated angiogenesis: Stokes–Darcy flow on a growing vessel network. Eng 
Comput. 2023;1:1–19. https://doi.org/10.1007/S00366-023-01889-6/FIGURES/10

	28.	 Sagar P, Rajesh R, Shanmugam M, Konana VK, Mishra D. Comparison of optical coherence tomography angiography and fundus fluorescein angi-
ography features of retinal capillary hemangioblastoma. Indian J Ophthalmol. 2018;66(6):872–6. https://doi.org/10.4103/ijo.IJO_1199_17 PMID: 
29786009

	29.	 Levine HA, Pamuk S, Sleeman BD, Nilsen-Hamilton M. Mathematical modeling of capillary formation and development in tumor angiogenesis: 
penetration into the stroma. Bull Math Biol. 2001;63(5):801–63. https://doi.org/10.1006/bulm.2001.0240 PMID: 11565406

	30.	 Phillips CM, Lima EABF, Woodall RT, Brock A, Yankeelov TE. A hybrid model of tumor growth and angiogenesis: In silico experiments. PLoS One. 
2020;15(4):e0231137. https://doi.org/10.1371/journal.pone.0231137 PMID: 32275674

	31.	 Xu J, Vilanova G, Gomez H. A Mathematical Model Coupling Tumor Growth and Angiogenesis. PLoS One. 2016;11(2):e0149422. https://doi.
org/10.1371/journal.pone.0149422 PMID: 26891163

	32.	 Finley SD, Dhar M, Popel AS. Compartment model predicts VEGF secretion and investigates the effects of VEGF trap in tumor-bearing mice. Front 
Oncol. 2013;3:196. https://doi.org/10.3389/fonc.2013.00196 PMID: 23908970

	33.	 Ye DY, Bakhtian KD, Asthagiri AR, Lonser RR. Effect of pregnancy on hemangioblastoma development and progression in von Hippel-Lindau 
disease. J Neurosurg. 2012;117(5):818–24. https://doi.org/10.3171/2012.7.JNS12367 PMID: 22937928

	34.	 Stokes CL, Lauffenburger DA, Williams SK. Migration of individual microvessel endothelial cells: stochastic model and parameter measurement. 
1991.

	35.	 Blinder YJ, Freiman A, Raindel N, Mooney DJ, Levenberg S. Vasculogenic dynamics in 3D engineered tissue constructs. Sci Rep. 2015;5:17840. 
https://doi.org/10.1038/srep17840 PMID: 26648270

	36.	 Harper K, Yatsyna A, Charbonneau M, Brochu-Gaudreau K, Perreault A, Jeldres C, et al. The Chicken Chorioallantoic Membrane Tumor Assay 
as a Relevant In Vivo Model to Study the Impact of Hypoxia on Tumor Progression and Metastasis. Cancers (Basel). 2021;13(5):1093. https://doi.
org/10.3390/cancers13051093 PMID: 33806378

	37.	 Guedez L, Rivera AM, Salloum R, Miller ML, Diegmueller JJ, Bungay PM, et al. Quantitative assessment of angiogenic responses by the directed 
in vivo angiogenesis assay. Am J Pathol. 2003;162(5):1431–9. https://doi.org/10.1016/S0002-9440(10)64276-9 PMID: 12707026

	38.	 Na X, Wu G, Ryan CK, Schoen SR, di’Santagnese PA, Messing EM. Overproduction of vascular endothelial growth factor related to von Hippel- 
Lindau tumor suppressor gene mutations and hypoxia-inducible factor-1 alpha expression in renal cell carcinomas. J Urol. 2003;170(2 Pt 1):588–
92. https://doi.org/10.1097/01.ju.0000074870.54671.98 PMID: 12853836

	39.	 Li X-F, O’Donoghue JA. Hypoxia in microscopic tumors. Cancer Lett. 2008;264(2):172–80. https://doi.org/10.1016/j.canlet.2008.02.037 PMID: 
18384940

	40.	 Vasudev NS, Reynolds AR. Anti-angiogenic therapy for cancer: current progress, unresolved questions and future directions. Angiogenesis. 
2014;17(3):471–94. https://doi.org/10.1007/s10456-014-9420-y PMID: 24482243

	41.	 Otero-Marquez O, Chui TY, Pinhas A, Castanos Toral MV, Zhou DB, Migacz J, et al. 3-D OCT angiographic evidence of Anti-VEGF therapeutic 
effects on retinal capillary hemangioma. Am J Ophthalmol Case Rep. 2022;25:101394. https://doi.org/10.1016/j.ajoc.2022.101394 PMID: 35198818

https://doi.org/10.1016/j.annonc.2023.08.008
http://www.ncbi.nlm.nih.gov/pubmed/37777307
https://doi.org/10.1146/ANNUREV-BIOENG-081623-025834
https://doi.org/10.1038/s44222-023-00089-7
https://doi.org/10.1007/s13235-021-00397-w
http://www.ncbi.nlm.nih.gov/pubmed/35601872
https://doi.org/10.1080/14786435.2010.501771
https://doi.org/10.1080/14786435.2010.501771
https://doi.org/10.1016/j.cma.2019.112648
https://doi.org/10.1073/pnas.1615791113
http://www.ncbi.nlm.nih.gov/pubmed/27856758
https://doi.org/10.1073/pnas.1815735116
https://doi.org/10.1073/pnas.1815735116
http://www.ncbi.nlm.nih.gov/pubmed/30617074
https://doi.org/10.1371/journal.pone.0019989
http://www.ncbi.nlm.nih.gov/pubmed/21637756
https://doi.org/10.1038/s41598-022-08186-0
http://www.ncbi.nlm.nih.gov/pubmed/35273299
https://doi.org/10.1007/S00366-023-01889-6/FIGURES/10
https://doi.org/10.4103/ijo.IJO_1199_17
http://www.ncbi.nlm.nih.gov/pubmed/29786009
https://doi.org/10.1006/bulm.2001.0240
http://www.ncbi.nlm.nih.gov/pubmed/11565406
https://doi.org/10.1371/journal.pone.0231137
http://www.ncbi.nlm.nih.gov/pubmed/32275674
https://doi.org/10.1371/journal.pone.0149422
https://doi.org/10.1371/journal.pone.0149422
http://www.ncbi.nlm.nih.gov/pubmed/26891163
https://doi.org/10.3389/fonc.2013.00196
http://www.ncbi.nlm.nih.gov/pubmed/23908970
https://doi.org/10.3171/2012.7.JNS12367
http://www.ncbi.nlm.nih.gov/pubmed/22937928
https://doi.org/10.1038/srep17840
http://www.ncbi.nlm.nih.gov/pubmed/26648270
https://doi.org/10.3390/cancers13051093
https://doi.org/10.3390/cancers13051093
http://www.ncbi.nlm.nih.gov/pubmed/33806378
https://doi.org/10.1016/S0002-9440(10)64276-9
http://www.ncbi.nlm.nih.gov/pubmed/12707026
https://doi.org/10.1097/01.ju.0000074870.54671.98
http://www.ncbi.nlm.nih.gov/pubmed/12853836
https://doi.org/10.1016/j.canlet.2008.02.037
http://www.ncbi.nlm.nih.gov/pubmed/18384940
https://doi.org/10.1007/s10456-014-9420-y
http://www.ncbi.nlm.nih.gov/pubmed/24482243
https://doi.org/10.1016/j.ajoc.2022.101394
http://www.ncbi.nlm.nih.gov/pubmed/35198818


PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012799  September 11, 2025 19 / 19

	42.	 Lorenzo G, Scott MA, Tew K, Hughes TJR, Gomez H. Hierarchically refined and coarsened splines for moving interface problems, with particular 
application to phase-field models of prostate tumor growth. Computer Methods in Applied Mechanics and Engineering. 2017;319:515–48. https://
doi.org/10.1016/j.cma.2017.03.009

	43.	 Goswami A, Surve A, Venkatesh P. Optical Coherence Tomography Angiography of Early Stage 1a Retinal Hemangioblastoma in Von-Hippel-
Lindau. J Kidney Cancer VHL. 2021;8(3):15–8. https://doi.org/10.15586/jkcvhl.v8i3.158 PMID: 34631390

	44.	 Schindelin J, Arganda-Carreras I, Frise E, Kaynig V, Longair M, Pietzsch T, et al. Fiji: an open-source platform for biological-image analysis. Nat 
Methods. 2012;9(7):676–82. https://doi.org/10.1038/nmeth.2019 PMID: 22743772

	45.	 Arzt M, Deschamps J, Schmied C, Pietzsch T, Schmidt D, Tomancak P. LABKIT: Labeling and Segmentation Toolkit for Big Image Data. Frontiers in 
Computer Science. 2022;4:777728. https://doi.org/10.3389/FCOMP.2022.777728

	46.	 Alnæs MS, Blechta J, Hake J, Johansson A, Kehlet B, Logg A, et al. The FEniCS Project Version 1.5. Arch Numer Softw. 2015;3:9–23. https://doi.
org/10.11588/ans.2015.100.20553

	47.	 Logg A, Mardal KA, Wells G. Automated Solution of Differential Equations by the Finite Element Method: The FEniCS Book. In: Logg A, Mar-
dal K-A, Wells G, editors. Lecture Notes in Computational Science and Engineering. Heidelberg: Springer Berlin Heidelberg; 2012. https://doi.
org/10.1007/978-3-642-23099-8

	48.	 Baratta IA, Dean JP, Dokken JS, Habera M, Hale JS, Richardson CN. DOLFINx: The next generation FEniCS problem solving environment. 
Zenodo; 2023. https://doi.org/10.5281/ZENODO.10447666

	49.	 Cuervo H, Mühleder S, García-Gónzalez I, Benedito R. Notch-mediated cellular interactions between vascular cells. Curr Opin Cell Biol. 
2023;85:102254. https://doi.org/10.1016/j.ceb.2023.102254 PMID: 37832167

	50.	 Kut C, Mac Gabhann F, Popel AS. Where is VEGF in the body? A meta-analysis of VEGF distribution in cancer. Br J Cancer. 2007;97(7):978–85. 
https://doi.org/10.1038/sj.bjc.6603923 PMID: 17912242

	51.	 Song M, Finley SD. Mechanistic characterization of endothelial sprouting mediated by pro-angiogenic signaling. Microcirculation. 
2022;29(2):e12744. https://doi.org/10.1111/micc.12744 PMID: 34890488

	52.	 Shamloo A, Ma N, Poo M-M, Sohn LL, Heilshorn SC. Endothelial cell polarization and chemotaxis in a microfluidic device. Lab Chip. 
2008;8(8):1292–9. https://doi.org/10.1039/b719788h PMID: 18651071

	53.	 Barkefors I, Le Jan S, Jakobsson L, Hejll E, Carlson G, Johansson H, et al. Endothelial cell migration in stable gradients of vascular endothe-
lial growth factor A and fibroblast growth factor 2: effects on chemotaxis and chemokinesis. J Biol Chem. 2008;283(20):13905–12. https://doi.
org/10.1074/jbc.M704917200 PMID: 18347025

	54.	 Milo R, Jorgensen P, Moran U, Weber G, Springer M. BioNumbers--the database of key numbers in molecular and cell biology. Nucleic Acids Res. 
2010;38(Database issue):D750-3. https://doi.org/10.1093/nar/gkp889 PMID: 19854939

	55.	 Imoukhuede PI, Popel AS. Quantification and cell-to-cell variation of vascular endothelial growth factor receptors. Exp Cell Res. 2011;317(7):955–
65. https://doi.org/10.1016/j.yexcr.2010.12.014 PMID: 21185287

	56.	 UniProt Consortium. UniProt: the universal protein knowledgebase in 2021. Nucleic Acids Res. 2021;49(D1):D480–9. https://doi.org/10.1093/nar/
gkaa1100 PMID: 33237286

	57.	 Kihara T, Ito J, Miyake J. Measurement of biomolecular diffusion in extracellular matrix condensed by fibroblasts using fluorescence correlation 
spectroscopy. PLoS One. 2013;8(11):e82382. https://doi.org/10.1371/journal.pone.0082382 PMID: 24312418

	58.	 Lai X, Friedman A. Mathematical modeling in scheduling cancer treatment with combination of VEGF inhibitor and chemotherapy drugs. J Theor 
Biol. 2019;462:490–8. https://doi.org/10.1016/j.jtbi.2018.11.018 PMID: 30468760

	59.	 Levine HA, Pamuk S, Sleeman BD, Nilsen-Hamilton M. Mathematical modeling of capillary formation and development in tumor angiogenesis: 
penetration into the stroma. Bull Math Biol. 2001;63(5):801–63. https://doi.org/10.1006/bulm.2001.0240 PMID: 11565406

	60.	 Guerra A, Belinha J, Mangir N, MacNeil S, Natal Jorge R. Sprouting Angiogenesis: A Numerical Approach with Experimental Validation. Ann 
Biomed Eng. 2021;49(2):871–84. https://doi.org/10.1007/s10439-020-02622-w PMID: 32974754

	61.	 Vempati P, Popel AS, Mac Gabhann F. Extracellular regulation of VEGF: isoforms, proteolysis, and vascular patterning. Cytokine Growth Factor 
Rev. 2014;25(1):1–19. https://doi.org/10.1016/j.cytogfr.2013.11.002 PMID: 24332926

	62.	 Pradelli F, Minervini G, Tosatto SCE. Mocafe: a comprehensive Python library for simulating cancer development with Phase Field Models. Bioin-
formatics. 2022;38(18):4440–1. https://doi.org/10.1093/bioinformatics/btac521 PMID: 35876789

	63.	 Zhang Z, Qiao Z. An Adaptive Time-Stepping Strategy for the Cahn-Hilliard Equation. Commun comput phys. 2012;11(4):1261–78. https://doi.
org/10.4208/cicp.300810.140411s

	64.	 Saad Y, Schultz MH. GMRES: A Generalized Minimal Residual Algorithm for Solving Nonsymmetric Linear Systems. SIAM J Sci and Stat Comput. 
1986;7(3):856–69. https://doi.org/10.1137/0907058

	65.	 Ahrens J, Geveci B, Law C. ParaView: An End-User Tool for Large-Data Visualization. Vis Handb. 2005:717–31. https://doi.org/10.1016/
B978-012387582-2/50038-1

	66.	 Hunter JD. Matplotlib: A 2D Graphics Environment. Comput Sci Eng. 2007;9(3):90–5. https://doi.org/10.1109/mcse.2007.55

	67.	 Sagar P, Shanmugam PM, Konana VK, Ramanjulu R, Mishra KCD, Simakurthy S. Optical coherence tomography angiography in assessment of 
response to therapy in retinal capillary hemangioblastoma and diffuse choroidal hemangioma. Indian J Ophthalmol. 2019;67(5):701–3. https://doi.
org/10.4103/ijo.IJO_1429_18 PMID: 31007251

https://doi.org/10.1016/j.cma.2017.03.009
https://doi.org/10.1016/j.cma.2017.03.009
https://doi.org/10.15586/jkcvhl.v8i3.158
http://www.ncbi.nlm.nih.gov/pubmed/34631390
https://doi.org/10.1038/nmeth.2019
http://www.ncbi.nlm.nih.gov/pubmed/22743772
https://doi.org/10.3389/FCOMP.2022.777728
https://doi.org/10.11588/ans.2015.100.20553
https://doi.org/10.11588/ans.2015.100.20553
https://doi.org/10.1007/978-3-642-23099-8
https://doi.org/10.1007/978-3-642-23099-8
https://doi.org/10.5281/ZENODO.10447666
https://doi.org/10.1016/j.ceb.2023.102254
http://www.ncbi.nlm.nih.gov/pubmed/37832167
https://doi.org/10.1038/sj.bjc.6603923
http://www.ncbi.nlm.nih.gov/pubmed/17912242
https://doi.org/10.1111/micc.12744
http://www.ncbi.nlm.nih.gov/pubmed/34890488
https://doi.org/10.1039/b719788h
http://www.ncbi.nlm.nih.gov/pubmed/18651071
https://doi.org/10.1074/jbc.M704917200
https://doi.org/10.1074/jbc.M704917200
http://www.ncbi.nlm.nih.gov/pubmed/18347025
https://doi.org/10.1093/nar/gkp889
http://www.ncbi.nlm.nih.gov/pubmed/19854939
https://doi.org/10.1016/j.yexcr.2010.12.014
http://www.ncbi.nlm.nih.gov/pubmed/21185287
https://doi.org/10.1093/nar/gkaa1100
https://doi.org/10.1093/nar/gkaa1100
http://www.ncbi.nlm.nih.gov/pubmed/33237286
https://doi.org/10.1371/journal.pone.0082382
http://www.ncbi.nlm.nih.gov/pubmed/24312418
https://doi.org/10.1016/j.jtbi.2018.11.018
http://www.ncbi.nlm.nih.gov/pubmed/30468760
https://doi.org/10.1006/bulm.2001.0240
http://www.ncbi.nlm.nih.gov/pubmed/11565406
https://doi.org/10.1007/s10439-020-02622-w
http://www.ncbi.nlm.nih.gov/pubmed/32974754
https://doi.org/10.1016/j.cytogfr.2013.11.002
http://www.ncbi.nlm.nih.gov/pubmed/24332926
https://doi.org/10.1093/bioinformatics/btac521
http://www.ncbi.nlm.nih.gov/pubmed/35876789
https://doi.org/10.4208/cicp.300810.140411s
https://doi.org/10.4208/cicp.300810.140411s
https://doi.org/10.1137/0907058
https://doi.org/10.1016/B978-012387582-2/50038-1
https://doi.org/10.1016/B978-012387582-2/50038-1
https://doi.org/10.1109/mcse.2007.55
https://doi.org/10.4103/ijo.IJO_1429_18
https://doi.org/10.4103/ijo.IJO_1429_18
http://www.ncbi.nlm.nih.gov/pubmed/31007251

