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Abstract

Amortized simulation-based neural posterior estimation provides a novel machine learning
based approach for solving parameter estimation problems. It has been shown to be compu-
tationally efficient and able to handle complex models and data sets. Yet, the available
approach cannot handle the in experimental studies ubiquitous case of missing data, and
might provide incorrect posterior estimates. In this work, we discuss various ways of encod-
ing missing data and integrate them into the training and inference process. We implement
the approaches in the BayesFlow methodology, an amortized estimation framework based
on invertible neural networks, and evaluate their performance on multiple test problems. We
find that an approach in which the data vector is augmented with binary indicators of pres-
ence or absence of values performs the most robustly. Indeed, it improved the performance
also for the simpler problem of data sets with variable length. Accordingly, we demonstrate
that amortized simulation-based inference approaches are applicable even with missing
data, and we provide a guideline for their handling, which is relevant for a broad spectrum of
applications.

Author summary

In biomedical research, mechanistic models describe dynamic processes, yet inferring their
underlying parameters can often be challenging. Bayesian statistics provides an established
framework for this by integrating prior knowledge with observed data, and naturally
enables uncertainty quantification as a distribution of parameter values is returned. How-
ever, classical case-based methods for Bayesian inference can be computationally expen-
sive, particularly when the same model needs to be fitted to different data sets. Recently,
deep-learning-based approaches have been developed to streamline the inference proce-
dure, allowing the upfront training cost to amortize when applied to multiple data sets. In
this manuscript, we explore approaches to extend the setup to data sets with missing data.
In summary, an encoding scheme which exploits data augmentation with binary indicators
of presence or absence performs the most robustly across different test problems.
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1 Introduction

Mechanistic models are used to describe and understand dynamical systems in a variety of
research fields ranging from life and physical sciences to economics [1, 2]. Commonly, these
models depend on unknown parameters, which can be estimated by assessing the likelihood of
observed data given parameters [3, 4]. Classical parameter estimation methods (e.g. optimiza-
tion, Markov-chain Monte-Carlo, approximate Bayesian computation [4, 5]) are case-based.
That is, they work on the level of individual data sets, such that the entire computationally
expensive inference procedure needs to be repeated for every new data set.

However, often the same structural model is fitted to different data sets with potentially dif-
ferent parameters, e.g. to describe experiments under different stimuli, epidemic dynamics in
different communities, or treatment response for different patients. In such cases, amortized
inference methods are of interest. These first learn a mapping from synthetic data sets to e.g.
likelihood or posterior distribution, which can subsequently be cheaply queried for many
observed data sets [6, 7]. A successful method, which is particularly applicable for the study of
time series models, is BayesFlow. BayesFlow uses conditional invertible neural networks
(cINN) to learn, conditioned on data, a reversible transformation from parameters to a tractable
latent space, and has been shown to be superior to alternative approaches capable of amortized
simulation-based inference, as well as to case-based methods when facing multiple data sets [8].

A problem persistent in many research areas is that data are incomplete, i.e. parts of the
entries are missing. There are many possible reasons, including incomplete entry, data loss,
device malfunction, or study participant non-response. Further, in clinical studies measure-
ments are often not taken at the exact time intervals or for different time spans, across patients
or participants. There exist various missingness mechanisms as well as strategies to deal with
them, e.g. by deletion or imputation [9]. In case-based inference, at its simplest, a likelihood or
cost function can be formulated based on only the available data. However, amortized infer-
ence typically requires inputs to be of consistent structure and size across samples, and needs
to know what entries are available, in order to learn the underlying data-parameter relation-
ships correctly. For the specific case of data sets of different sizes, BayesFlow already allows to
use summary networks yielding a fixed-size representation. However, this mechanism permits
only e.g. time series of different length, but not entries to be missing at random intermediate
points (see also S1 Supplementary Information, Section 1, for an illustration of how the estab-
lished approach fails in this situation).

In this work, we propose and discuss three approaches of encoding missing data via fill-in
values and augmenting the data. We integrate these into the BayesFlow workflow, and evaluate
and compare their performance on three test problems. We find that an approach in which the
data matrix is augmented with binary indicators of presence or absence of values performs the
most robustly. Further, we demonstrate how this approach performs advantageously also in
the simpler case of time series of different length, thereby showing how BayesFlow perfor-
mance might be even improved in the absence of missing data.

1.1 Related work

There exist various possible missing data mechanisms, (not) missing (completely) at random
(MCAR, MAR, NMAR, see [10]). Strategies to deal with missing data can be broadly divided
into methods discarding entries with missing values, and approaches replacing missing values
with imputed values. Imputation strategies include e.g. mean, maximum-likelihood, and multi-
ple imputation, and deep learning approaches using e.g. LSTM networks [11] and autoencoders
[12], see [13, 14] for a review. In the context of neural posterior estimation, [15] developed an
integrated approach to simultaneously learn a model predicting parameters with failing
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simulations, and impute missing data. However, the faithful reconstruction of missing data using
(multiple or weighted) imputation approaches relies on the accuracy of the used imputation
method (see also a discussion of the inadequacy of overly simple, e.g. linear, imputation methods
in S1 Supplementary Information, Section 2). Moreover, when the uncertainty of imputed values
is properly accounted for, by considering their distribution that depends on the available values
and prior knowledge leveraged for imputation, parameter estimation from imputed data should
yield the same effective posterior distribution as parameter estimation considering only the avail-
able data, provided the underlying missingness mechanism is captured accurately in the model
(see S1 Supplementary Information, Section 3). Therefore, in such a Bayesian sense, there should
be no conceptual advantage of using imputation over approaches discarding missing data, as
long as they do not discard further data. Unfortunately, as many established inference methods
cannot deal with missing (not-available, NA) entries, methods discarding missing entries often
discard entire cases, such as listwise deletion [16], in which case they lose information. Our
approach also discards missing values; however, importantly, it does not discard any non-miss-
ing data, and therefore neither loses information nor introduces a potential bias due to inade-
quacy of an imputation method. To the best of our knowledge, missing data discarding
approaches for amortized inference have so far not been systematically studied.

2 Methods
2.1 Background

2.1.1 Amortized simulation-based neural posterior estimation. A mechanistic model
induces a likelihood function 6 — 7(x|6) of measuring data x € R"™ given model parameters
0 € R™. Parameter inference deals with the problem of estimating the unknown model
parameters 0, given experimentally observed data x*™ € R"™. In a Bayesian setting, the likeli-
hood is combined with prior information 77(6) on the parameters, giving by Bayes’ Theorem

the posterior distribution
7(0]x°) o< m(x°*|0)7(0). (1)

There are two major challenges to working with (1): (i) In many applications, the mechanis-
tic model is only available as a simulator, allowing to generate synthetic data x ~ 7(x|6), but
not to evaluate the likelihood function 7T(x°bs|6) [17, 18]. (ii) Often, the same model needs to
be fitted to different data sets x°*%, d = 1, . . ., n, requiring the costly analysis of multiple pos-
terior distributions.

BayesFlow approximates the posterior by a tractable distribution 74(6|x) ~ 7(6|x) for any
(x, 0) ~ n(x|0)7(6). The approximate posterior is parameterized in terms of a conditional
invertible neural network (cINN) f;, : R — R™, 0+ z, conditioned on data x, which defines
a normalizing flow [19] between the posterior over the parameters 6 and a standard multivari-
ate normal latent variable z,

0~mn,0lx) < 0=f"(zx) with z~mr(z)=N, (£0,1I,).

The neural network parameters ¢ are trained to minimize the Kullback-Leibler (KL) diver-
gence between posteriors over all possible data sets x,

(Aﬁ =argminE

)

'x~7(x)

[KL(7(01x)[|7,(6]x))] = arg max B, ) . [log 7, (0]x)].

Via change of variable, it is 7, (0[x) = =, (f,(0; x)) - [det ], (0;x)|, with straightforward calcula-

tion of the Jacobian J; (0;x) = QH £,(0; x) due to the cINN architecture. In practice, a Monte-
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Carlo approximation

M
(ES ~~ arg;nin ]\—14; (% Hf¢ (G(m);x(”’)) Hj —log |det]f@ (H(m);x(’")) )

of the expectation is employed, with samples { (0", x™) ~ (0, x)}1r_,.

2.1.2 Invertible architecture. The basic unit of the cINN in BayesFlow is the affine cou-
pling layer [8, 20]. A layer comprises four internal functions sy, t1, sy, t,, each realized as fully
connected neural networks with exponential linear units. In the forward direction, the input
vector u is split into two halves u; and u,, which then undergo a sequence of operations to give
the output v = (vy, v,):

vi=u, O exp(s,(uy)) + (1), vy =1, © exp(sy(v))) + t,(v,)

Here, ® denotes the Hadamard product and exp(-) the elementwise exponential function. The
non-linear mapping u — v is bijective, with the inverse given by:

uy = (v, = t,(v)) © exp(=s,(v))), u, = (v, —t,(u,)) © exp(—s,(u,))

In practice, multiple layers are stacked to craft an invertible chain with sufficient expressive-
ness. The input to the first layer are the parameters 0 of interest, and the output of the final
layer are the latent variables z. To condition the mapping on the data x, either x or summary
statistics h = hy(x) thereof are additionally fed as input into all internal networks. The chain of
conditional layers yields the cINN fy, which is trained to learn the normalizing flow from 6 to z
using information from the data. The complete forward and inverse pass through the cINN
can be written as z = fy(6; h) and 0 = f,'(z; h), respectively.

2.1.3 Summary networks. Instead of feeding the raw data directly into the cINN, sum-
mary statistics & = h(x) can be employed. This has two advantages [8]: First, tailored dimen-
sion reduction methods can adequately summarize redundant data and account for
symmetries. Second, this enables the method to work with varying data set sizes x € R™ with
random n, € N, by transforming them into fixed-size representations. For example, an LSTM
[21] can handle time series x of different length.

To avoid manual crafting, [8] propose to learn maximally informative statistics from the
data, by training the summary network parameters y jointly with the invertible network
parameters, giving the joint objective

. ~ argmin -3 (%
~ arg min — —
WA M2\ 2

2
o 0 sh () [ = togldens, (07, ()T) 2

It can be shown that, provided sufficient training and expressiveness of f, and h,,
7, (0]hy (x)) = m(0]x) almost surely, i.e. the learned posterior perfectly approximates the actual
one.

The upfront training phase can be expensive, as it might require many model simulations.
Once the approximate posterior 7, (0|h; (x)) has been trained, for the inference phase,
observed data x°** are passed through the summary network, h°** = h,,(x°™). Then, latent vari-

ables 2 ~ N, (0,1, ),1=1,..., L are sampled and transformed to samples 0" =

A
[ (205 b)) ~ my (0]hy (x)) from the target distribution, by passing them through the cINN in
inverse direction.
BayesFlow tackles both challenges (i) and (ii) above: It does not require likelihood evalua-
tions and can thus be applied to any simulator. Further, it gives posterior approximations for
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any possible parameters and data. The inference phase is relatively cheap, as it does not require
simulations of the mechanistic model, allowing to amortize the training phase when applied to

different data sets x°°.

2.2 Encoding missing data

In many applications, not all data sets are complete. A prime example are clinical data, in
which patients might have missed an appointment or dropped out of a study. In the case of
incomplete data, the vector x°* is not available completely, but some of its entries are missing,
giving observed data x, € (R U {NA})™. Explicitly, defining the binary availability mask
% € {0,1}"™, where 0 indicates absence and 1 presence of a data point, we consider

X = x @ 1% 4+ NA - (1 — °**), where the convention NA - 1 = NA and NA - 0 = 0 is used.

There can be many causes and patterns of missingness, e.g. completely at random or depen-
dent on the parameters. We are agnostic of the exact underlying mechanisms, and interested

obs
avai

in the posterior 7(6|x°.) conditioned only on the available data. A different problem would be
posed by the posterior 7(6]x°*) with x°® the full data, which would however require a (faithful,
multiple) reconstruction.

Missing values (“not available”, “not a number”) cannot be handled by neural networks, as
they result in failing cost function and gradient evaluations. Simply dropping them from the
data vector is no solution in the context of amortized inference, as the information about
which data were present would be lost. Further, the BayesFlow cINN fj requires inputs of fixed
size across samples. A summary network h,, that permits inputs of variable size and transforms
them into fixed-size representations constitutes one solution. This renders the method applica-
ble to e.g. time series of different length, which can be mapped by an LSTM to a fixed-size
latent state. However, this does not extend to random intermediate missing entries.

Here, we propose three ways of handling data sets x,,,; with missing entries, to enable infer-
ence on the posterior 71(60|x,y.;). For simplicity, assume that the mechanistic model produces
data sets of fixed size n,. This is in practice no restriction, as we can embed data sets of differ-
ent size into one of maximum dimension n™™, considering entries n, < i < n™ as missing
too. We propose the following ways of encoding missing data into a vector x,.g such that the
neural network can learn to detect and ignore them (see Fig 1 for an illustration of the result-

ing full workflow and examples):

+ E1 (“Insert ¢”): Insert a constant value ¢ € R in place of missing data points. That is, set Xy,
= 1 (Xavai) = Xavai @ T+ ¢+ (1 = 7),1.e. t(NA) = ¢, and 1(x) = x for x € R.

o E2 (“Augment by 0/17): As in E1, insert a constant value ¢ € R in place of missing data
points. In addition, augment the data x,,; by the availability mask = € {0, 1}"™ to a com-
bined matrix x,g = [tc(Xavai)> 7]-

« E3 (“Time labels”): Restrict the data x,,,; to available entries, yielding a reduced vector

(Xpi); € R, Augment this vector by a mask of time point indices | € R, or alterna-
tive positional encodings, giving a combined data matrix x,ug := [(Xayai)» 1.

2.3 Training algorithm with missing data

In order to facilitate recognizing the encoding of incomplete experimentally observed data
during the inference phase, we train BayesFlow on data sets containing missing entries. There-

fore, given complete simulated data x'™ ~ 7(x|6), we explicitly simulate an availability pattern
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Training phase Inference phase

Example

Sample from prior Sample simulated full data
—

0 ~ (0) z ~ (x]9) z=[18 09 01 33 4.1]

Prior

Example
T |
Sample missing entries S [1 01 1 0] Experiment £ ® Available
Tiro 1‘.(7_) o X Missing
Missingness encoding l l Time
Insert ¢ Simulated incomplete data Incomplete data bs .
rog = [L8 —10 01 33 —L0] i = 2O T+ NA-(1—7) Tawi = 1.8 NA 0.1 33 NA] obs. 2o =[NA 3.9 25 34 NAJ
Augment by 0/1 l l
1.8 1.0 0.1 3.3 1.0
Taug 1 0 11 0 Encode missing data 18 —1.0 0.1 33 —1.0] Encode missing data . 1.0 39 25 34 0]
Tang — Tpug (Tavai) 1 0 11 0 T2 = Ty (Toom) h 0 111 0
Time labels
1.8 0.1 3.3 l l
Tag =11 3 4
Sample from BayesFlow
Train BayesFlow networks «—— Pe w(&\r"'i )
“Lavai
| loss, gradient l o
o
Posterior approximation g
{6}z, <

0

Fig 1. Illustration of the workflow combining BayesFlow with missing data encoding. Upfront training phase (left): Parameters 6 ~ 7(6) are sampled from the prior to
simulate complete data sets x;.y. Then, missing entries are randomly selected and encoded according to one of the three approaches “Insert ¢” (here ¢ = -1), “Augment by
0/1” (here ¢ = —1), and “Time labels”. The BayesFlow network is trained on such data sets with missing values using an online learning algorithm. Amortized inference
(right): Experimentally observed incomplete data x°* are processed using the preferred encoding approach (here “Augment by 0/1”, ¢ = —1) and passed through the pre-
trained BayesFlow network in its inverse direction. This leads to representative samples from the posterior conditioned on the available data 7(0 | x",). The upfront
training amortizes over inference on arbitrarily many incomplete data sets.

https://doi.org/10.1371/journal.pchi.1012184.g001

™ ~ 7(1) € {0,1}™ in order to generate artificially incomplete data
(m)

avai

X = x™ @ 7™ + NA - (1 — t™). These are then passed through one of the missingness

encoders, giving augmented data x{7), which are fed into summary and invertible network.
The distribution of available entries 71(7) should incorporate any prior knowledge on missing-
ness patterns, in order to train the network on realistic scenarios. At its simplest, we consider

uniformly missing entries, i.e. with #*™* < n,_the maximum number of missing entries, we

sample n" ~ U(0, n2*), and then sample without replacement n;” indices out of 1, . . ., ,].

In order to vectorize the propagation of samples through summary and invertible network,
as well as gradient calculation via backpropagation, all samples within a batch must be of the
same size. Thus, for approach E3 above, a single number n4 of missing data points needs to be
sampled per batch, like in the original BayesFlow implementation when considering time
series of different length. The exact distribution of the n4 missing entries over the data set can
still be individual-specific. Meanwhile, in E1+2 the augmented data dimension is fixed and
independent of the number of missing entries, such that the number of missing data points
can be sampled for each sample individually. Sampling the number of missing data points on
individual instead of batch level reduces the variance of the cost function approximation across
batches (i.e. iterations), which can be hoped to improve the stability of gradient descent when
training the network parameters.

The entire algorithm for training and inference using BayesFlow with missing data is pre-
sented in Algorithm 1. We use an online learning approach similarly to [8], meaning that a
batch of new data is simulated in each iteration. This is reasonable, since model simulations in
our test problems are relatively fast, and effective to prevent overfitting. If simulations are
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more expensive, one should consider approaches where simulated data are reused to speed up
training, possibly combined with regularization techniques.
Algorithm 1 Amortized Bayesian inference for incomplete data using BayesFlow
1: Training phase (online learning using data sets with artificially
induced missing values) :
2: Input: Prior m(6), simulator m(x|6), missingness pattern m(r71),
batch size M.

3: repeat
4: If using encoding E3, sample number of missing entries ng ~ m(ngl
n,) (or the entire availability pattern 7 ~ m(71)).

5: form=1, ..., Mdo

6: Sample model parameters from the prior: o™ ~ m(0).

7 Generate a synthetic complete data set: x™ o (x| 9("’)) .

8: If using encoding E1 or E2, sample availability pattern ™~ &
(7).

9: If using encoding E3, sample availability pattern " ~ n(1|ng)
(or set 1™ = 7).

10: Mask missing entries: x, = x™ ©1™ 4+ NA- (1 — ™).

11: Encode x(a'?al via E1-3, yielding augmented data X(a@q.

12: Pass the augmented data through the summary network:
A" = hw(Xg?g) .

13: Pass (6, h'™) through the inference network in forward
direction: z'™ = f¢(6(m); Ry

14: end for
15: Compute the loss L(¢,¥) according to (2) from the training batch
{(0, 1", 2"},

16: Update neural network parameters ¢, ¥ via backpropagation.

17: until convergence to é,@

18: Return é,&.

19:

20: Inference phase (given an incomplete observed data set):

21: Input: Observed incomplete data x2°2,, number of posterior
samples L.

22: Encode x2%, via E1-3, yielding augmented data x27.

23: Pass the augmented data through the summary network, yielding
B = by (223).

24: for 1 =1, ..., L do

25: Sample a latent variable instance: z!) ~ N, (2]0,1,).

26: Pass (z(l’, hObS) through the inference network in inverse direc-
tion, yielding 0" = £1(2%; h%e).

27: end for

28: Return {#"}" | as a sample from m(f]x°.).

avai

2.4 Implementation

Unless otherwise stated, we used the default settings of BayesFlow (version 0.0.0b1). For all
problems, we ran the training phase for 300 epochs, each consisting of 1000 iterations, with
one iteration denoting one batch of samples, over which the loss was calculated and backpro-
pagation performed. The batch size was 64 or 128, depending on the complexity of model sim-
ulations. As summary network, we used an LSTM with the number of hidden units being a
power of two close to the data dimension. Unless otherwise specified, we used the actual time
points as positional encoding in the “Time labels” method. The analyses were performed on a
single CPU (AMD EPYC 7443 2.85 GHz) with 48 cores and 1 TB RAM. The full code
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underlying this study can be found at https://github.com/emune-dev/Data-missingness-paper,
a snapshot of code and data is available on Zenodo at https://doi.org/10.5281/zenodo.7515458.

3 Results

We evaluated and compared the performance of the proposed missing data encodings E1-3
on five test problems—a simple conversion reaction model, a sinusoidal model, the FitzHugh-
Nagumo (FHN) neuron model, and ODE and SSA versions of the SIR epidemiological model.
Details on all test problems can be found in S1 Supplementary Information, Section 4. In S1
Supplementary Information, Section 5, we provide further analyses e.g. on convergence for all
models, beyond the main results shown here in the main manuscript. When comparing results

obs
avai

to the “true posterior”, we imply the distribution 7(8]x°™,) given only actually observed data,
ignoring missing entries, as we assume ignorable missingness in the considered problems.
This reference was computed analytically for the conversion reaction, sinusoidal and SIR ODE
model, approximated numerically using Markov Chain Monte Carlo for the FHN model, and

using approximate Bayesian computation for the SIR SSA model.

3.1 Conversion reaction model

We considered an ordinary differential equation (ODE) model of a simple conversion reaction
A = B, a common building block in many biochemical systems and a widely used test problem
(see e.g. [22, 23]). We assumed additive normally distributed measurement noise and that up
to ny™ = 2 of the overall n, = 3 observations are missing. The aim is to infer the posterior of
the two log-scale rate parameters k;, k.

3.1.1 All approaches perform well on simple test problem. To assess the performance of
different encodings, we trained for each a 5-layer cINN with an LSTM with 8 hidden units as
summary network. For “Insert ¢” and “Augment by 0/1”, we used a fill-in value of c = -1, as
the model only allows positive trajectories.

Our assessment of the results revealed that for this simple problem, all three encodings led
to accurate posterior approximations, even though the true posterior can be clearly non-
Gaussian (Fig 2, Data set 1). In addition, in the special case that both values at ¢, and t; are
missing and only the initial time point ¢, is available, we are dealing with a completely uninfor-
mative data set, and all three approaches correctly returned the Gaussian prior distribution
(Fig 2, Data set 2). This indicates that BayesFlow can conceptually comprehend each of the
encodings, and focus on the available data points while ignoring masked missing entries.

3.1.2 Binary indicator augmentation increases robustness. In some applications no suit-
able dummy imputation value might be known a-priori, e.g. when the model is flexible enough
to simulate unbounded trajectories, when the prior range encompasses experimentally implau-
sible regimes, or when noise levels can be large. In this case, the network might have difficulties
to distinguish between the imputed and the really occurring value, and the approaches “Aug-
ment by 0/1” and “Insert ¢” may have difficulties in distinguishing between signal and dummy
imputation values representing missing data. To assess this, we tested them on the conversion
reaction model with an ambiguous dummy value of ¢ = 0.5. We observed that the approach
“Insert 0.5” misinterprets measured values in a neighborhood of 0.5 as missing data. In con-
trast, the approach “Augment 0/1”, additionally employing binary indicator augmentation, is
capable of deciding correctly whether a value around 0.5 represents signal or missing value

(Fig 3).
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Fig 2. Posterior approximations for the conversion reaction model with n, = 3 observations. Two test data sets at parameters [-0.98, —0.66] (Data set 1, top, g = 1) and
[-0.71, —0.54] (Data set 2, bottom, ng = 2) are shown. In Data set 2, no informative data are available, such that the posterior must equal the prior. All three encodings
yield near-perfect posterior approximations for this simple problem.

https://doi.org/10.1371/journal.pchi.1012184.g002

3.2 Oscillatory models

As a class of more complex test problems, we studied two oscillatory models. Oscillations play
an important role in many biochemical systems, e.g. in the context of metabolism [24] and cell
cycle [25]. From a mathematical perspective, models producing oscillatory data are in general
hard to fit, as the landscape of the cost function can be highly irregular with multiple local min-
ima [26]. We first considered a simple sinusoidal model given by the function sin(27a - t) + b,
in which we aim to infer frequency a and offset b.

3.2.1 Improved performance on variable data set size as a special case of missing data.
The original BayesFlow implementation [8] can already deal with time series models produc-
ing data sets of different length, by preprocessing the data with a suitable LSTM summary net-
work, which reads in a given time series sequentially and summarizes it into a fixed-size
representation, before feeding it into the cINN. Our missing data encoding also naturally cov-
ers this, as time series of different length can always be interpreted as data in which the last
n™ — n, time steps are missing.

To study this, we assumed the number of observations in the sinusoidal model to vary uni-
formly between n™™ = 2 and n™* = 41. For both the original BayesFlow method and the
approach “Augment by 0/1 (c = —5)”, we trained a 5-layer cINN jointly with an LSTM with
128 hidden units as summary network. Comparing the losses over 300 epochs (Fig 4A), we
observed that for “Augment by 0/1” the loss converged faster, more smoothly and towards a
slightly lower final value, which corresponds to a better approximation of posterior
distributions.

This can be explained by the fact that in the original BayesFlow method the number of
available data points is sampled only once per batch, to enable vectorized operations. This
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Fig 3. Increased robustness through binary indicator augmentation in case of ambiguous dummy values c = 0.5 for the conversion reaction model with n, =3
observations. Left: The approach “Insert 0.5” sees a data set in which only the second observation is missing. However, the network misinterprets the signal 0.501 as
another missing value. Hence, the estimated posterior is wrong, and the third available data point is not fitted by the re-simulated trajectories. Middle: The approach
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interprets the value 0.5 in the second and third entry as missing, despite 0.5 being a plausible data value for the third entry.

https://doi.org/10.1371/journal.pchi.1012184.9003

results in a loss function estimate with substantially higher variance (although it remains unbi-
ased). Its severe fluctuation over iterations (Fig 4B) may then affect the convergence of the sto-
chastic gradient descent algorithm (Fig 4A). Contrarily, the approach “Augment by 0/1” yields
augmented data sets of fixed size, thus it is possible to sample the number of available data

(a) 10 — (b) —
—— Original BayesFlow =54 —— Original BayesFlow
sin(2nat)+b —— Augment by 0/1 —— Augment by 0/1
_6 4
6 x 10°
o =7
3
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S S -9
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_11 -
2 x10°
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Fig 4. Comparison of loss behavior for the sinusoidal model with variable data set length. (a) Epoch-averaged loss over all 300 training epochs. (b) Loss in the last 20
iterations of the final epoch. Our missing data handling approach based on binary indicator augmentation achieves superior convergence to the original BayesFlow
method, both globally (a) and on the level of individual iterations (b).

https://doi.org/10.1371/journal.pchi.1012184.g004

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012184  June 17, 2024 10/17


https://doi.org/10.1371/journal.pcbi.1012184.g003
https://doi.org/10.1371/journal.pcbi.1012184.g004
https://doi.org/10.1371/journal.pcbi.1012184

PLOS COMPUTATIONAL BIOLOGY

Missing data in amortized simulation-based neural posterior estimation

N/

sin(2mat)+b

Posterior distribution

Posterior predictive check

—0.38 -

Parameter b

—0.44 -

Measurement y

—0.40

-0.421

-1.51

Data set 1 Data set 2
Augment by 0/1 Time labels Augment by 0/1 Time labels
. 0.175 -
—0.38
0.12 4 0.150
—0.40 0.125
01047 0.1001 &8 —— True posterior
_ _ e ’ = BayesFlow
0.42 0.084 % 0075 e
—0.44 0.06 1 0.050 -
] ' 0.025
0199 0.200 0.201 0198 0200 0.202 0.9490.9500.951 0.95 1.00
Parameter a Parameter a Parameter a Parameter a
] ] 1 W | L4 s gk
AN 1A A 1'°ﬁ?:ﬂﬂ:‘:|’l?-“-"|l TR
| ) ] i Inl 1
| " ‘* f *' 007 ’* ‘* / 1 O'S-H '“”' i l‘ :h“:' OSHFHEH “": h”” ——- True trajectory
R Y B oy i 'I,."I: l““ el 'I“'IE"I”' Nl o Available data
I T I S osd® V48 1 'IH' |“l ! I S -
\ ] 0.5 \ ] \ 0.0 ||““|“f ,'n' 0.0 ||‘l‘”=1 i Simulated mean
L % f LI % , TR TR , W e i 90% Cl
\ . i \ _|.'l|ll|,|||‘ R
VoA e A "'4"'\"‘"' | -os 1‘::.;::;::‘- H
&5 e ¥ Wl i ‘
% v -1.51 . v -1.01 ! ! 'i -1.01 1 °
0 5 10 0 5 10 0 5 10 0 5 10
Time t Time t Time t Time t
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https://doi.org/10.1371/journal.pcbi.1012184.9005

points, or here rather the time series length, on the level of individual data sets and thereby cal-
culate loss estimates with reduced variance.

3.2.2 “Time labels” encoding performs poorly on sinusoidal model. Assuming uniform
missingness with a maximum number of missing time steps of n3™ = 21 in the sinusoidal
model, we compared the performance of the two encodings “Augment by 0/1” and “Time
labels”. We trained a 5-layer cINN with an LSTM with 128 hidden units as summary network.
A dummy value of ¢ = -5 was employed for the former encoding.

Across test data sets generated for different ground truth parameters and exhibiting differ-
ently many missing values, we consistently observed the approach “Augment by 0/1” to
approximate the true posterior better than the approach “Time labels” (Fig 5). The latter
approach suffers, similarly to the original BayesFlow algorithm in the previous section, from
sampling the number of missing values only once per iteration and not per individual simula-
tion. Consequently, its cost function exhibited substantially more fluctuations compared to
“Augment by 0/1” (see S1 Supplementary Information, Fig K). Similarly increased fluctuations
could be observed when sampling the number of missing observations on batch level for the
“Augment by 0/1” approach. However, in addition “Time labels” converged to an altogether
worse cost function value. A similar value was obtained by “Augment by 0/1” already after
about 25 epochs. Comparing its posterior approximation at this early training stage with the
final posterior approximation obtained by “Time labels”, we saw qualitatively similar results
(S1 Supplementary Information, Fig L). Also using an alternative attention-based transformer
summary network, designed to work with positional encodings, did not improve the perfor-
mance of “Time labels” (S1 Supplementary Information, Fig P and Fig Q). While further anal-
yses would be needed, this could indicate that the BayesFlow network misinterpreted the time
labels and could thus not converge to the true distribution.
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3.2.3 Similar behavior on FitzHugh-Nagumo model. To check our findings on the sinu-
soidal model, we studied another oscillatory model, the FitzHugh-Nagumo (FHN) model, an
ODE model with three parameters describing excitable systems [26]. Assuming a variable data
set size between n™ = 2 and n™ = 21, we compared the original BayesFlow method with
the approach “Augment by 0/1 (c = —5)” by training a 5-layer cINN with an LSTM with 64 hid-
den units as summary network. Although the original BayesFlow method again showed a
more fluctuating loss than “Augment by 0/1”, this time both converged comparably well (S1
Supplementary Information, Fig R).

Assuming that data are missing uniformly at up to n}™* = 11 of the overall n, = 21 time
steps, we compared “Augment by 0/1” and “Time labels” by training a 5-layer cINN each with
an LSTM with 64 hidden units as summary network. Qualitatively similar results were
achieved compared to the sinusoidal model, i.e. worse loss function convergence and worse
posterior approximations by “Time labels” than by “Augment by 0/17, albeit less pronounced
(S1 Supplementary Information, Fig T to Fig W).

In summary, the “Time labels” encoding appears to have problems with oscillatory models,
whereas “Augment by 0/1” performed robustly. The underlying reason remains to be
investigated.

3.3 SIR epidemiological models

Compartmental models have been widely used to describe the course of the COVID-19 pan-
demic [27, 28]. However, infectious disease data are almost always subject to missing values.
Therefore, we next studied two SIR-type models, the first one modeling the involved compart-
ments as an ODE [29], and the second one as a discrete Markov process via the stochastic sim-
ulation algorithm (SSA) [8]. In both cases, we aimed to estimate transmission and recovery
rate parameters. We assumed uniform missingness of at most n;** = 15 of the overall n, = 21
time steps, and trained a 5-layer cINN with an LSTM with 128 hidden units as summary
network.

For the encoding “Augment by 0/1” with a dummy value of ¢ = -1, we obtained precise pos-
terior approximations and data fits. This shows that this approach can deal with both more
complex models and a high degree of missingness (Fig 6 for the ODE model; and S1 Supple-
mentary Information, Section 5.6 for the SSA model). In particular, this renders possible simu-
lation-based inference for stochastic models with missing data in an amortized fashion. See
further S1 Supplementary Information, Sections 5.5 and 5.6 for “Insert —1”, which performed
comparably, and “Time labels”, which converged slightly worse on these problems.

3.4 Parameter-dependent missingness can be captured

In the above test problems, missing entries were always sampled uniformly and independently
of the parameters. This may however not be the case in real-world applications, e.g. the fre-
quency of case numbers being reported in an epidemic may depend heavily on the disease
severity.

Therefore, as a prototype for dynamical models exhibiting parameter-dependent missing-
ness, we modified the conversion reaction model with up to n, = 11 observations by adding a
missingness parameter p ~ U(0, 0.8) that determines the portion of missing values via ng =
|p - 1] Then, ng values of the n, are uniformly sampled to be missing (Fig 7). For simplicity,
we fixed the rate parameter k,. Employing the encoding “Augment by 0/1” with a dummy
value of ¢ = —1, we trained a 5-layer cINN with an LSTM with 32 hidden units as summary net-
work to jointly estimate k; and p.
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Across different test data, we observed that our method not only correctly identified the

interval of parameter values for p that leads to the observed number of missing values, but also
captured the independence between the dynamics parameter k; and the missingness parame-
ter p (Fig 7). This shows that our approach is conceptually able to unravel parameter-missing-

ness dependencies.

4 Discussion

Motivated by the fact that missing data are ubiquitous in experimental studies, in this work we
presented approaches that allow to adequately handle them while performing inference over

Fig 7. Parameter-depend.
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for a modified conversion reaction model. Left: Visualization of the data generation process. Right: Posterior approximations

using the encoding “Augment by 0/1” for three data sets at ground truth parameters [-0.75, 0.6] (Data set 1), [-0.6, 0.3] (Data set 2) and [-1.1, 0.7] (Data set 3).

https://doi.org/10.1371/journal.pcbi.1012184.9007
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many observed data sets simultaneously. We achieved this by encoding the missing entries by
fill-in values (“Insert ¢”) and augmenting the data by a binary mask indicating absence or pres-
ence (“Augment by 0/17), or a mask identifying the available data points globally (“Time
labels”), and using the established BayesFlow framework.

In particular, we found the approach “Augment by 0/1” to perform robustly across different
problems. Unlike “Insert ¢”, it provides a binary indicator which can be easily interpreted by
the neural network. This renders the approach particularly useful in case of ambiguous fill-in
values. However, this comes at the cost of increased effective data set size. Thus, in cases a clear
fill-in value can be found, “Insert ¢” may suffice and perform more efficiently. On the consid-
ered examples, we observed no substantial run time differences between the approaches.

In the original BayesFlow implementation, time series lengths were sampled only once per
batch. This was in order to facilitate vectorized operations when propagating through the net-
work. We showed that sampling the missingness pattern per individual, rather than once per
batch, improves convergence, as it leads to a more stable Monte-Carlo approximation of the
cost function. In particular, this renders “Augment by 0/1” a superior alternative to the “Time
labels” approach, and also to the original BayesFlow implementation in the simplified case of
time series of different lengths. The approaches are broadly applicable to various missingness
scenarios. In particular, they allow also to handle irregular time series data, via projecting onto
a high grid resolution with missing entries.

While we obtained some first promising results on how to combine amortized inference
with missing data, several questions remain open:

It remains to be studied how the suggested missingness encodings perform comparatively
on more challenging application problems. Such problems would allow to realistically bench-
mark the approaches, e.g. on the trade-off of augmented data set size and accuracy, and to fur-
ther evaluate the ability to unravel parameter-dependent missingness patterns.

Instead of sampling the missingness pattern individually per model simulation, one could
generate multiple data sets with missing entries from a single full simulation. Especially for
expensive mechanistic models, this could be useful. Moreover, this could be easily combined
with an offline training approach, where, in contrast to the online training approach employed
throughout this study, simulated data using the mechanistic model are generated only once
before the analysis. In such an offline approach, missing entries for each full simulation (and
more generally parts of the model simulation that are computationally inexpensive) could be
generated anew in each generation to avoid overfitting while keeping the computational
advantages of offline training. However, the resulting trade-off of simulation cost and accuracy
or convergence needs to be investigated.

Further, attention-based networks such as transformers are designed to work with posi-
tional encodings, such as the here-used time labels. However, on oscillatory data we observed
inferior performance, which remains to be studied in detail.

Moreover, while we here provided an integration into the BayesFlow methodology, the
encodings may also prove useful for other amortized inference approaches, such as [30], which
however remains to be studied.

Further, as we discussed briefly, an alternative to ignoring missing data is to impute faithful
values. An investigation of the applicability of such approaches and a comparison to the here
presented missingness encodings in terms of the obtained posterior approximation would be
of interest.

Last, in this study we have considered entries missing completely at random (MCAR), or
with the portion of missing entries dependent on latent parameters. Inspection of the deriva-
tion of our approach in Section 2.3 however reveals that no assumptions on the missingness
distribution 7(7) need to be made, as it is completly simulation-based. In particular, this
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conceptually allows the consideration of general data-dependent missingness patterns 7(z|x)
(MNAR). However, the practical feasibility of this remains to be tested. As common in missing
data problems, an application to MNAR can be challenging, as it requires an accurate specifi-
cation of the distribution of missing values given observable data. In general for neural poste-
rior estimation, adequacy of the learned posterior distribution across the domain of possible
observed data and parameters, as well as adequacy of the employed model to describe the
observed data must be carefully assessed. For this, there exist established systematic
approaches, whose application in the context of missing data would however remain to be
checked [8, 31].

In conclusion, in this work we presented and compared approaches to handle missing data
in the amortized simulation-based neural posterior estimation framework BayesFlow. We
believe that this will substantially improve its applicability on a wide range of problems.

Supporting information

S1 Supplementary Information. Additional analyses and information supplementing this
manuscript.
(PDF)

Acknowledgments

We thank Ullrich Kothe, Stefan Radev, and Marvin Schmitt for fruitful discussions, and Dilan
Pathirana for assistance with computational resources.

Author Contributions

Conceptualization: Jan Hasenauer, Yannik Schilte.

Formal analysis: Zijian Wang, Yannik Schalte.

Methodology: Zijian Wang.

Project administration: Jan Hasenauer.

Supervision: Jan Hasenauer, Yannik Schilte.

Validation: Zijian Wang.

Visualization: Zijian Wang,.

Writing - original draft: Zijian Wang, Jan Hasenauer, Yannik Schélte.

Writing - review & editing: Zijian Wang, Jan Hasenauer, Yannik Schalte.

References
1. Gershenfeld Neil A and Gershenfeld Neil. The nature of mathematical modeling. Cambridge university
press, 1999.

2. Kitano H. Systems biology: A brief overview. Science, 295(5560):1662—1664, 03 2002. https://doi.org/
10.1126/science.1069492 PMID: 11872829

3. Tarantola A. Inverse Problem Theory and Methods for Model Parameter Estimation. SIAM, 2005.

Raue A., Schilling M., Bachmann J., Matteson A., Schelke M., Kaschek D., Hug S., Kreutz C., Harms B.
D., Theis F. J., Klingmuller U., and Timmer J. Lessons learned from quantitative dynamical modeling in
systems biology. PLoS ONE, 8(9):e74335, 9 2013. https://doi.org/10.1371/journal.pone.0074335
PMID: 24098642

5. Pritchard Jonathan K, Seielstad Mark T, Perez-Lezaun Anna, and Feldman Marcus W. Population
growth of human y chromosomes: a study of y chromosome microsatellites. Molecular biology and

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012184  June 17, 2024 15/17


http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1012184.s001
https://doi.org/10.1126/science.1069492
https://doi.org/10.1126/science.1069492
http://www.ncbi.nlm.nih.gov/pubmed/11872829
https://doi.org/10.1371/journal.pone.0074335
http://www.ncbi.nlm.nih.gov/pubmed/24098642
https://doi.org/10.1371/journal.pcbi.1012184

PLOS COMPUTATIONAL BIOLOGY Missing data in amortized simulation-based neural posterior estimation

evolution, 16(12):1791-1798, 1999. https://doi.org/10.1093/oxfordjournals.molbev.a026091 PMID:
10605120

6. Papamakarios George and Murray lain. Fast e-free inference of simulation models with bayesian condi-
tional density estimation. Advances in neural information processing systems, 29, 2016.

7. Jan-Matthis Lueckmann, Jan Boelts, David Greenberg, Pedro Goncalves, and Jakob Macke. Bench-
marking simulation-based inference. In International Conference on Atrtificial Intelligence and Statistics,
pages 343-351. PMLR, 2021.

8. Radev Stefan T, Mertens UIf K, Voss Andreas, Ardizzone Lynton, and Kéthe Ullrich. Bayesflow: Learn-
ing complex stochastic models with invertible neural networks. IEEE transactions on neural networks
and learning systems, 2020.

9. Enders Craig K. Applied missing data analysis. Guilford Publications, 2022.

10. Cheema Jehanzeb R. A review of missing data handling methods in education research. Review of
Educational Research, 84(4):487-508, 2014. https://doi.org/10.3102/0034654314532697

11. Song Wei, Gao Chao, Zhao Yue, and Zhao Yandong. A time series data filing method based on Istm—
taking the stem moisture as an example. Sensors, 20(18):5045, 2020. https://doi.org/10.3390/
520185045 PMID: 32899485

12. Shyam Krishna Khadka and Subarna Shakya. Imputing block of missing data using deep autoencoder.
In International Conference on Mobile Computing and Sustainable Informatics, pages 697-707.
Springer, 2020.

13. Nazabal Alfredo, Olmos Pablo M, Ghahramani Zoubin, and Valera Isabel. Handling incomplete hetero-
geneous data using vaes. Pattern Recognition, 107:107501, 2020. https://doi.org/10.1016/j.patcog.
2020.107501

14. Joel Luke Oluwaseye, Doorsamy Wesley, and Paul Babu Sena. A review of missing data handling tech-
niques for machine learning. International Journal of Innovative Technology and Interdisciplinary Sci-
ences, 5(3):971-1005, 2022.

15.  Lueckmann Jan-Matthis, Goncalves Pedro J, Bassetto Giacomo, Ocal Kaan, Nonnenmacher Marcel,
and Macke Jakob H. Flexible statistical inference for mechanistic models of neural dynamics. Advances
in neural information processing systems, 30, 2017.

16. Pepinsky Thomas B. A note on listwise deletion versus multiple imputation. Political Analysis, 26
(4):480—-488, 2018. https://doi.org/10.1017/pan.2018.18

17. Tavaré Simon, Balding David J, Griffiths Robert C, and Donnelly Peter. Inferring coalescence times
from DNA sequence data. Genetics, 145(2):505-518, 1997. https://doi.org/10.1093/genetics/145.2.
505 PMID: 9071603

18. Jagiella N., Rickert D., Theis F. J., and Hasenauer J. Parallelization and high-performance computing
enables automated statistical inference of multi-scale models. Cell Systems, 4(2):194-206, 02 2017.
https://doi.org/10.1016/j.cels.2016.12.002 PMID: 28089542

19. Papamakarios George, Nalisnick Eric T, Rezende Danilo Jimenez, Mohamed Shakir, and Lakshminar-
ayanan Balaji. Normalizing flows for probabilistic modeling and inference. J. Mach. Learn. Res., 22
(57):1-64, 2021.

20. LaurentDinh, Jascha Sohl-Dickstein, and Samy Bengio. Density estimation using real NVP. In 5th Inter-
national Conference on Learning Representations, ICLR 2017, Toulon, France, April 24-26, 2017, Con-
ference Track Proceedings. OpenReview.net, 2017. URL https://openreview.net/forum?id=HkpbnH9lx.

21. YuYong, Si Xiaosheng, Hu Changhua, and Zhang Jianxun. A review of recurrent neural networks:
LSTM cells and network architectures. Neural computation, 31(7):1235-1270, 2019. https://doi.org/10.
1162/neco_a_01199 PMID: 31113301

22. Maier C., Loos C., and Hasenauer J. Robust parameter estimation for dynamical systems from outlier-
corrupted data. Bioinformatics, 33(5):718-725, 03 2017. https://doi.org/10.1093/bicinformatics/btw703
PMID: 28062444

23. Schélte Yannik and Hasenauer Jan. Efficient exact inference for dynamical systems with noisy mea-
surements using sequential approximate Bayesian computation. Bioinformatics, 36(Supplement 1):
i551-i559, 7 2020. ISSN 1367-48083. https://doi.org/10.1093/bioinformatics/btaa397 PMID: 32657404

24. Olsen Lars F., Kummer Ursula, Kindzelskii Andrei L., and Petty Howard R. A model of the oscillatory
metabolism of activated neutrophils. Biophysical Journal, 84(1):69-81, 2003. ISSN 0006-3495. URL
https://www.sciencedirect.com/science/article/pii/S0006349503748334. https://doi.org/10.1016/
S0006-3495(03)74833-4 PMID: 12524266

25. Ingolia Nicholas T. and Murray Andrew W. The ups and downs of modeling the cell cycle. Current Biol-
ogy, 14(18):R771-R777,2004. ISSN 0960-9822. URL https://www.sciencedirect.com/science/article/
pii/S0960982204006943. https://doi.org/10.1016/j.cub.2004.09.018 PMID: 15380091

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012184  June 17, 2024 16/17


https://doi.org/10.1093/oxfordjournals.molbev.a026091
http://www.ncbi.nlm.nih.gov/pubmed/10605120
https://doi.org/10.3102/0034654314532697
https://doi.org/10.3390/s20185045
https://doi.org/10.3390/s20185045
http://www.ncbi.nlm.nih.gov/pubmed/32899485
https://doi.org/10.1016/j.patcog.2020.107501
https://doi.org/10.1016/j.patcog.2020.107501
https://doi.org/10.1017/pan.2018.18
https://doi.org/10.1093/genetics/145.2.505
https://doi.org/10.1093/genetics/145.2.505
http://www.ncbi.nlm.nih.gov/pubmed/9071603
https://doi.org/10.1016/j.cels.2016.12.002
http://www.ncbi.nlm.nih.gov/pubmed/28089542
https://openreview.net/forum?id=HkpbnH9lx
https://doi.org/10.1162/neco_a_01199
https://doi.org/10.1162/neco_a_01199
http://www.ncbi.nlm.nih.gov/pubmed/31113301
https://doi.org/10.1093/bioinformatics/btw703
http://www.ncbi.nlm.nih.gov/pubmed/28062444
https://doi.org/10.1093/bioinformatics/btaa397
http://www.ncbi.nlm.nih.gov/pubmed/32657404
https://www.sciencedirect.com/science/article/pii/S0006349503748334
https://doi.org/10.1016/S0006-3495(03)74833-4
https://doi.org/10.1016/S0006-3495(03)74833-4
http://www.ncbi.nlm.nih.gov/pubmed/12524266
https://www.sciencedirect.com/science/article/pii/S0960982204006943
https://www.sciencedirect.com/science/article/pii/S0960982204006943
https://doi.org/10.1016/j.cub.2004.09.018
http://www.ncbi.nlm.nih.gov/pubmed/15380091
https://doi.org/10.1371/journal.pcbi.1012184

PLOS COMPUTATIONAL BIOLOGY

Missing data in amortized simulation-based neural posterior estimation

26.

27.

28.

29.

30.

31.

Pitt Jake Alan and Banga Julio R. Parameter estimation in models of biological oscillators: an auto-
mated regularised estimation approach. BMC Bioinformatics, 20(1):82,2019. ISSN 1471-2105. https:/
doi.org/10.1186/512859-019-2630-y PMID: 30770736

Bertozzi Andrea L., Franco Elisa, Mohler George, Short Martin B., and Sledge Daniel. The challenges
of modeling and forecasting the spread of COVID-19. PNAS, 117(29):16732—-16738, July 2020. ISSN
0027-8424, 1091-6490. https://doi.org/10.1073/pnas.2006520117 PMID: 32616574

Raimundez Elba, Dudkin Erika, Vanhoefer Jakob, Alamoudi Emad, Merkt Simon, Fuhrmann Lara, Bai
Fan, and Hasenauer Jan. COVID-19 outbreak in Wuhan demonstrates the limitations of publicly avail-
able case numbers for epidemiological modeling. Epidemics, 34:100439, 2021. ISSN 1755-4365. URL
https://www.sciencedirect.com/science/article/pii/S1755436521000037. https://doi.org/10.1016/j.
epidem.2021.100439 PMID: 33556763

Kuhl Ellen. The classical SIR model, pages 41-59. Springer International Publishing, Cham, 2021.
ISBN 978-3-030-82890-5. URL https://doi.org/10.1007/978-3-030-82890-5_3.

Tejero-Cantero Alvaro, Boelts Jan, Deistler Michael, Lueckmann Jan-Matthis, Durkan Conor, Gongal-
ves Pedro J., Greenberg David S., and Macke Jakob H. sbi: A toolkit for simulation-based inference.
Journal of Open Source Software, 5(52):2505, 2020. https://doi.org/10.21105/joss.02505

Marvin Schmitt, Paul-Christian Buerkner, Ullrich Koethe, and Stefan T Radev. Detecting model misspe-
cification in amortized Bayesian inference with neural networks. In DAGM German Conference on Pat-
tern Recognition, pages 541-557. Springer, 2023.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012184  June 17, 2024 17/17


https://doi.org/10.1186/s12859-019-2630-y
https://doi.org/10.1186/s12859-019-2630-y
http://www.ncbi.nlm.nih.gov/pubmed/30770736
https://doi.org/10.1073/pnas.2006520117
http://www.ncbi.nlm.nih.gov/pubmed/32616574
https://www.sciencedirect.com/science/article/pii/S1755436521000037
https://doi.org/10.1016/j.epidem.2021.100439
https://doi.org/10.1016/j.epidem.2021.100439
http://www.ncbi.nlm.nih.gov/pubmed/33556763
https://doi.org/10.1007/978-3-030-82890-5_3
https://doi.org/10.21105/joss.02505
https://doi.org/10.1371/journal.pcbi.1012184

