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Biologie et Pharmacologie Appliquée, École Normale Supérieure Paris-Saclay, Gif-sur-Yvette, France

* lucy.lanju@googlemail.com (LLJ); helen.alexander@ed.ac.uk (HKA)

Abstract

Exposure to environmental stressors, including certain antibiotics, induces stress responses

in bacteria. Some of these responses increase mutagenesis and thus potentially accelerate

resistance evolution. Many studies report increased mutation rates under stress, often using

the standard experimental approach of fluctuation assays. However, single-cell studies

have revealed that many stress responses are heterogeneously expressed in bacterial pop-

ulations, which existing estimation methods have not yet addressed. We develop a popula-

tion dynamic model that considers heterogeneous stress responses (subpopulations of

cells with the response off or on) that impact both mutation rate and cell division rate,

inspired by the DNA-damage response in Escherichia coli (SOS response). We derive the

mutant count distribution arising in fluctuation assays under this model and then implement

maximum likelihood estimation of the mutation-rate increase specifically associated with the

expression of the stress response. Using simulated mutant count data, we show that our

inference method allows for accurate and precise estimation of the mutation-rate increase,

provided that this increase is sufficiently large and the induction of the response also

reduces the division rate. Moreover, we find that in many cases, either heterogeneity in

stress responses or mutant fitness costs could explain similar patterns in fluctuation assay

data, suggesting that separate experiments would be required to identify the true underlying

process. In cases where stress responses and mutation rates are heterogeneous, current

methods still correctly infer the effective increase in population mean mutation rate, but we

provide a novel method to infer distinct stress-induced mutation rates, which could be impor-

tant for parameterising evolutionary models.

Author summary

How does environmental stress, especially from antibiotics, affect mutation rates in bacte-

ria? This question has often been examined by estimating mutation rates using fluctuation

assays, an experiment dating back to Luria and Delbrück in the 1940s. In this study, we

consider variation in stress responses within bacterial populations, as revealed by recent
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single-cell studies, which is neglected in currently available mutation-rate estimation

methods. Our approach involves a population dynamic model inspired by the DNA-dam-

age response in E. coli (SOS response). It accounts for a subpopulation with high expres-

sion of the stress response, which increases the mutation rate and decreases the division

rate of a cell. We use computer simulations to generate synthetic fluctuation assay data.

Notably, we find that over a wide range of scenarios, existing models and our heteroge-

neous-response model cannot be distinguished using fluctuation assay data alone. This

emphasises the need for separate experiments to uncover the true underlying processes.

Nevertheless, when stress responses are known to be heterogeneous, our study offers a

novel method for accurately estimating mutation rates specifically associated with the

high expression of the stress response. Uncovering the heterogeneity in stress-induced

mutation rates could be important for predicting the evolution of antibiotic resistance.

Introduction

Bacteria are commonly exposed to adverse conditions, such as starvation, sub-optimal temper-

atures or toxins, including antibiotics. To cope with these conditions, bacteria have evolved a

range of stress responses that enhance viability under stress, often at the expense of a lower

growth rate. Some of these response pathways also increase mutagenic mechanisms by, for

example, increasing the expression of error-prone DNA polymerases or down-regulating

error-correcting enzymes [1, 2]. It has been proposed that this so-called ‘stress-induced muta-

genesis’ (SIM) in bacterial cells could accelerate the evolution of populations that are poorly

adapted to their environment [3–6]. Consequently, inhibiting bacterial stress responses has

been suggested to prevent antibiotic resistance evolution and gained some experimental sup-

port [7–9].

Several studies report increased mutation rates in bacterial populations exposed to sub-

lethal antibiotic concentrations [8, 10–15]. These mutation rates have been typically measured

with fluctuation assays. This experiment (see, for example, [16] for a protocol) involves inocu-

lating several parallel cultures at a small population size and growing them under permissive

conditions for several hours, typically overnight. During this growth phase, mutations occur

randomly, and the experiment is designed to minimise selection on mutant cells. Subse-

quently, each culture is plated on strong selective media such that only mutant cells can grow

and form a colony. The mutation rate to the chosen selective marker is estimated from the dis-

tribution of the number of mutant colonies on the plates, the mutant count distribution; see

[17] for a summary of estimation methods. The experiment is repeated to quantify the muta-

tion-rate increase associated with stress, by exposing the cultures to a stressor during the

growth phase. Then, the stress-induced mutation rate is estimated and compared with the

mutation rate under permissive conditions. However, stress impacts the growth of bacterial

cells in several ways, which are neglected in commonly applied estimation methods, potentially

leading to biased estimates of the mutation rate. For instance, increased cell death leads to

overestimating the mutation rate [18]. Another effect that has not yet been addressed is

within-population heterogeneity in stress responses.

In recent years, single-cell experiments have revealed extensive heterogeneity in the expres-

sion of stress responses in bacterial populations [8, 19–28]. Heterogeneity can arise for various

reasons, including stochastic expression of genes involved in stress responses, especially where

the corresponding proteins are initially present in small numbers [20–22], phenotypic variabil-

ity in the stability of key regulators [25], or micro-environmental variation in cell-to-cell
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interactions [28]. Positive and negative feedback loops are common features of stress response

regulatory networks, which can generate, amongst other features, cell-to-cell variation [29]. In

some cases, a subpopulation of cells showing elevated stress responses has been directly associ-

ated with a higher rate of DNA mismatches or higher mutant frequency [8, 20–22, 24, 26].

In addition to mutagenic mechanisms, stress responses can alter cell division and death

rates. For example, the widely studied SOS response, which leads to the transcriptional induc-

tion of approximately 40 genes after exposure to DNA damage, involves inhibition of cell divi-

sion, filamentation and induction of error-prone DNA polymerases that could increase

mutation rate [30, 31]. Single-cell studies using fluorescent reporters for the SOS response in

E. coli have revealed that its expression is highly heterogeneous. Under certain conditions, a

subpopulation of cells with a very high level of SOS compared to the rest of cells with lower

expression levels has been observed, and this heterogeneity can be approximated as a bimodal

response [19, 21, 27]. Overall, heterogeneously expressed stress responses are, therefore, likely

to impact both bacterial population dynamics and mutational input during the growth phase

of a fluctuation assay, and it is unclear whether estimation methods that neglect heterogeneity

in stress responses produce reliable results.

In this study, we present a population dynamics model that considers within-population

heterogeneity in stress responses. Motivated by the SOS response, we describe two discrete

subpopulations of cells, where high expression of the stress response is associated with both a

higher mutation rate and a lower division rate than in cells with low expression. We derive the

resulting mutant count distribution in the total population and implement maximum likeli-

hood estimation of the mutation-rate increase associated with the induction of the stress

response. We test the performance of our method using stochastic simulations of fluctuation

assays under permissive and stressful conditions, including robustness to biologically realistic

model deviations such as mutant fitness costs and cell death. We also apply formal model com-

parison to assess whether within-population heterogeneity could be detected from fluctuation

assays alone.

Model and methods

Studying stress-induced mutagenesis with fluctuation assays requires a pair of experiments:

one with a growth phase under permissive conditions (as a baseline for comparison) and one

under ‘stressful’ conditions, where a stressor such as a low dose of antibiotic (which is sup-

posed to induce a mutagenic stress response in the cells) is added during the growth phase. In

addition to performing the experiments, researchers have to decide on a mathematical model

of the underlying dynamics, including the population dynamics of non-mutants and mutants

during the growth phase, and how these dynamics change under exposure to stress. This then

allows them to estimate the model parameters, most importantly mutation rates, and assess

increases in mutation rates due to stress. Many studies of SIM to date, for example [8, 11, 14],

have implicitly assumed that the stress response is homogeneous, i.e. the stressful condition

results in a population-wide elevation of the mutation rate. In contrast, our new model consid-

ers within-population heterogeneity in stress responses and mutation rates.

In the following, we recap what we call the standard model used in a classical fluctuation

assay and extensions particularly relevant to stress. Then, we formalise the homogeneous-
response model, a version of which is considered in the aforementioned studies of SIM, and

introduce our new heterogenenous-response model with a detailed description of the population

dynamic model under heterogeneous stress responses and the derivation of the resulting

mutant count distribution. Next, we describe our model fitting and parameter estimation

approach using maximum likelihood estimation and summarise the inference parameters.
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Finally, we describe the simulations to generate synthetic mutant count data, and how we eval-

uate the estimation methods using these data.

For schematics of the models used in simulation and inference, see Fig 1. The complete

documentation of the computational methods can be found in the README at https://github.

com/LucyL-J/Quantifying-SIM.

The standard model of fluctuation assays and extensions relevant to stress

Classically, fluctuation assays have been described using what we refer to as the standard
model (Fig 1A). In the standard model, the non-mutant population is assumed to grow expo-

nentially during the growth phase, while the occurrence of mutations and the division of

mutant cells are treated stochastically. On selective plates, it is assumed that every mutant cell

(but no non-mutant cell) forms a visible colony. Many extensions of this standard model have

been developed, briefly reviewed, for example, in [32]. Here, we describe two extensions par-

ticularly relevant to stress: accounting for cell death and allowing mutant cells to have a differ-

ent fitness than non-mutant cells during the growth phase. The latter can become important

when resistance allowing growth on the selective plates also confers an advantage to the

stressor (for example, due to cross-resistance) or when mutants carry a fitness cost. Together,

these two extensions result in the following population dynamic model. The non-mutant pop-

ulation grows exponentially,

NðtÞ ¼ Nielt ð1Þ

with initial population size Ni and population growth rate λ. Mutations occur according to a

Fig 1. Schematic illustrating the standard model of fluctuation assays and models of homogeneous and heterogeneous responses to stress. In the

standard model (A), non-mutants are assumed to grow exponentially (rate γ), mutations to arise randomly (rate ν per cell per unit time), and mutants

to divide stochastically (birth rate γ). In models of homogeneous stress responses (B), it is assumed that both fluctuation assays under permissive

(superscript p, light blue) and stressful (superscript s, light red) conditions can be described by the standard model, with optional differential fitness of

mutants compared to non-mutants (factor ρ). In our model of heterogeneous stress responses, on the other hand, we assume that the induction of the

stress response (rate α) results in the separation into two subpopulations: response-off (subscript off, dark purple) and response-on (subscript on, red).

When simulating under the heterogeneous-response model, we use the exact model (C), optionally extended by cell death (rate δ) and differential

mutant fitness (ρ), where explicitly specified. For inference, we fit the approximate heterogeneous-response model (D). For the homogeneous-response

model, we use the same version for both simulation and inference.

https://doi.org/10.1371/journal.pcbi.1012146.g001
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time-inhomogeneous Poisson process with rate νN(t). Note that ν describes the mutation rate

to the phenotype of interest selected on the plates in the fluctuation assay (mutations per cell

per unit time, also called instantaneous mutation rate). The dynamics of each mutant cell M
are captured by a continuous-time linear birth-death process [33] with birth rate b and death

rate d:

M ! MM; rate b

M ! ⌀; rate d;

(

ð2Þ

implying that mutants have a different fitness than non-mutants if b − d 6¼ λ.

For such dynamics, defining the per-generation mutation rate as m≔ n

l
, the differential fit-

ness of mutants as r≔ b� d
l

and the extinction probability of mutants as �≔ d
b, the resulting dis-

tribution of the number of mutants when the population reaches a final population size Nf has

been derived [34]: Assuming Nf� Ni (neglecting initial population size effects), the probabil-

ity-generating function (PGF) G(z), a mathematically-convenient representation of the mutant

count distribution, is given by

GðzÞ ¼ exp � mNf 1 � �ð ÞF
1;

1

r

1þ
1

r

;
z � �
z � 1

0

B
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C
C
A

2
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6
4
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5 ð3Þ

with F being the hypergeometric function. Note that z is a dummy variable in the PGF with no

physical meaning, and G(z) does not directly give the probability of observing a specific

mutant count, but the probabilities can be calculated from G(z) [34]. In the case where mutants

have the same fitness as non-mutants and do not undergo cell death, the equation simplifies

to:

GðzÞ ¼ exp mNf
ð1 � zÞlogð1 � zÞ

z

� �

; for r ¼ 1; � ¼ 0 ð4Þ

Formalisation of the homogeneous-response model

The homogeneous-response model assumes that stress and stress responses impact mutation,

division and death rates on a population-wide level. This implies that the dynamics under

stressful conditions can, as under permissive conditions, be captured by the standard model

(with optional extensions) as described above, simply substituting different parameter values

(Fig 1B). Under permissive conditions (parameters denoted with a superscript p), assuming no

cell death, the non-mutant population grows exponentially, np(t) = np(0)eγpt, with division rate

γp; mutations occur at rate νpnp(t) and mutants develop according to a pure birth process with

rate ρp ⋅ γp.
Under stressful conditions (parameters denoted with a superscript s), the population grows

as ns(t) = ns(0)e(γs − δs)t with a different growth rate caused by a change in division rate γs or a

non-zero death rate δs or both. Mutations also occur at a different rate νsns(t), and the dynam-

ics of mutants are given by a birth-death process with birth rate ρs ⋅ γs and death rate δs.
Therefore, the stress response results in a population-wide change in the per-division muta-

tion rate, mp ¼ np

gp
! ms ¼ ns

gs
; potentially the differential fitness of mutants, ρp! ρs; and poten-

tially a non-zero extinction probability of mutants, �s ¼ ds

gs
. The PGFs for the mutant count

distributions under permissive and stressful conditions in the homogeneous-response model
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are thus given by

Gp
homðzÞ ¼ exp � mpNp

f F
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By applying standard mutation-rate estimation methods to both the fluctuation assay under

permissive and the one under stressful conditions, studies of SIM to date have implicitly

applied such a homogeneous-response model.

Detailed description of the heterogeneous-response model

In contrast, our heterogeneous-response model considers within-population heterogeneity in

the expression of the stress response under stressful conditions. Specifically, we suppose the

population can be divided into two subpopulations: one with a low expression level of the

stress response (here referred to as response switched off, even if strictly speaking the response

is not fully off but very low) and the other with a high expression level (here referred to as

response switched on). Each sub-population is associated with its own mutation rate and divi-

sion rate. We adopt most of the same assumptions of the standard model while focusing on

the specific effect of within-population heterogeneity upon induction of stress responses (Fig

1C).

Under permissive conditions, we assume that all cells have the response switched off,
neglecting any stochastic switching in the absence of a stressor, and therefore, continue to use

the standard model (with optional differential mutant fitness). In particular, the population

grows exponentially, np
off ðtÞ ¼ eg

p
off t

with growth rate given by the division rate g
p
off , mutations

arise at rate n
p
off n

p
off ðtÞ and mutants develop according to a pure birth process with rate

r
p
off � g

p
off . The PGF of the mutant count distribution is given by

Gp
hetðzÞ ¼ exp � moff N

p
f F

1;
1

r
p
off

1þ
1

r
p
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;
z

z � 1

0
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@

1
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C
A

2

6
6
4

3

7
7
5; ð7Þ

where moff ≔
n
p
off

g
p
off

describes the per-division mutation rate, which equals the per-generation rate

as, under permissive conditions, the population growth is solely determined by cell division.

Population dynamic model under heterogeneous stress responses. Upon exposure to

stressful conditions, cells induce a stress response with a constant switching rate α, leading to

the emergence of a response-on subpopulation. Inducing the stress response alters the muta-

tion rate of the cells but potentially also their division and death rates. We assume that, as long

as the stress persists, cells do not switch the response off again.

Non-mutant population dynamics. We model the population sizes over time of the non-

mutant response-off and response-on subpopulations, ns
off and non, respectively, with coupled
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differential equations:

_ns
off ¼ ðg

s
off � d

s
off � aÞn

s
off ; ð8Þ

_non ¼ ans
off þ ðgon � donÞnon; ð9Þ

Here, gsoff is the division rate of the response-off subpopulation under stress (which can be dif-

ferent than under permissive conditions, g
p
off ) and d

s
off its death rate, γon and δon are the division

and death rates of the response-on subpopulation, and α is the switching rate. The solution to

these equations is given by

ns
off ðtÞ ¼ ns

off ð0Þe
ðgsoff � d

s
off � aÞt ð10Þ

nonðtÞ ¼
anoff ð0Þ

gsoff � d
s
off � a � ðgon � donÞ

eðg
s
off � d

s
off � aÞt � eðgon� donÞt

� �
þ nonð0Þe

ðgon � donÞt ð11Þ

with ns
off ð0Þ and non(0) denoting the initial numbers of response-off and response-on cells,

respectively.

This approach assumes that the non-mutants, including the initially small response-on sub-

population, can be treated deterministically. We test the validity of this assumption using sto-

chastic simulations (section A in S1 File): we simulate switching on of the response as a time-

inhomogeneous Poisson process and the growth dynamics of the response-on subpopulation

as a continuous-time linear birth-death process. Then, we compare the resulting population

size with Eq 11. We find that deviations from the deterministic prediction are negligible for a

wide range of switching rates and division rates of response-on cells and for zero and small ini-

tial sizes of the response-on subpopulation (Fig A in S1 File). Therefore, throughout the rest of

this study, we treat non-mutants deterministically.

Mutant population dynamics. We consider mutations in the response-off and the

response-on subpopulation to occur according to time-inhomogeneous Poisson processes and

treat the dynamics of the resulting mutants stochastically. Mutations arise in each subpopula-

tion at rates nsoff n
s
off ðtÞ and νonnon(t), respectively. Importantly, mutation is not linked to cell

division, but rather to chromosome replication. Expression of the SOS response, for example,

inhibits cell division, but cells continue growing, leading to filamentation. Due to the continu-

ation of chromosome replication, filamented cells may contain multiple chromosomes [35].

We neglect the possibility that these intracellular dynamics introduce heterogeneities amongst

cells within the response-on subpopulation or over time and assume that the per-cell mutation

rate (νon) is constant. Experiments show that under prolonged low-level stress, multinucleated

filamented cells can ‘bud’ viable, normal-sized progeny cells from their tips, some of which

contain mutated chromosomes [35]. Although our model remains a simplification of this pro-

cess, the experimental evidence indicates that response-on cells, even if largely non-dividing,

can generate mutant offspring.

At the same time, since the selective agent on the plates is normally chosen to be unrelated

to the stressor applied in the growth phase (e.g. two different antibiotics with no cross-resis-

tance), we assume that mutation itself does not alter the stress response. For response-off cells,

this implies that mutants can induce the response equivalently to non-mutants. Nonetheless,

mutations might affect the fitness during the growth phase. Together, these assumptions result

in a continuous-time two-type branching process describing the mutant response-off and

response-on subpopulations, defined by the respective birth rates rs
off g

s
off and ρonγon, respective
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death rates d
s
off and δon, and switching at rate α:

Moff ! Moff Moff ; rate rs
off g

s
off

Moff ! ⌀; rate dsoff

Moff ! Mon; rate a

Mon ! Mon Mon; rate rongon

Mon ! ⌀; rate don:

8
>>>>>>>>>><

>>>>>>>>>>:

ð12Þ

On selective plates, where the stressor (which was applied during the growth phase) is no

longer present, we assume that response-on mutant cells can resume division. Therefore, we

continue to adopt the standard model assumption that every mutant cell forms a visible colony

upon selective plating.

Derivation of the mutant count distribution. To derive an analytical expression for the

mutant count distribution, we make several approximations, resulting in the approximate het-

erogeneous-response model depicted in Fig 1D. First, we approximate Eq 11 as

n̂onðtÞ ¼
ans

off ð0Þ

gsoff � d
s
off � a � ðgon � donÞ

eðg
s
off � d

s
off � aÞt: ð13Þ

This approximation is valid when the initial population size of the response-on subpopula-

tion is comparably small, non(0)� noff(0), and its growth is slower than the growth of the

response-off subpopulation, gon � don � gsoff � d
s
off � a. As a consequence of this approxima-

tion, the total population grows exponentially with a population growth rate of

l
s
¼ gsoff � d

s
off � a; ð14Þ

and the response-on subpopulation makes up a constant fraction of

fonðtÞ ¼
nonðtÞ

nonðtÞ þ noff ðtÞ
¼

a

gsoff � d
s
off � ðgon � donÞ

¼: f ∗on ð15Þ

In the exact model given by the Eqs 10 and 11, the fraction of the response-on subpopula-

tion changes with time until the stationary fraction f ∗on is reached, but we assume that the frac-

tion at the end of the growth phase, fon(tf), is a good approximation of f ∗on and for the rest of

this study, we refer to it as simply the fraction of response-on cells fon. Note that, even if

response-on cells have zero division rate, the response-on subpopulation grows exponentially

with the population growth rate λs due to the induction of the stress response in response-off
cells.

We define the relative switching rate as

~a≔
a

gsoff � d
s
off

ð16Þ

and the relative fitness of response-on compared to response-off cells under stressful conditions

as

ron≔
gon � don
gsoff � d

s
off

ð17Þ
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and thereby obtain

fon ¼
~a

1 � ron
: ð18Þ

This allows us to rewrite the population growth rate as a function of the division rate gsoff

and the extinction probability �soff ≔
dsoff
gsoff

of response-off cells, and the fraction fon and relative

fitness ron of the response-on subpopulation

l
s
¼ gsoff � d

s
off � a ¼ g

s
off ð1 � �

s
off Þð1 � fonð1 � ronÞÞ; ð19Þ

and to calculate the per-generation mutation rates of response-off and response-on cells

nsoff

l
s ¼

nsoff

gsoff ð1 � �
s
off Þð1 � fonð1 � ronÞÞ

¼
moff

ð1 � �soff Þð1 � fonð1 � ronÞÞ
ð20Þ

non
l
s ¼

non
gsoff ð1 � �

s
off Þð1 � fonð1 � ronÞÞ

¼
mon

ð1 � �soff Þð1 � fonð1 � ronÞÞ
ð21Þ

with mon≔
non
gsoff

. Importantly, we assume here that the per-division mutation rate of response-off

cells is the same under stressful as under permissive conditions, moff ¼
nsoff
gsoff
¼

n
p
off

g
p
off

.

In an additional approximation to derive the mutant count distribution, we neglect the

induction of the stress response in the mutants and assume that mutations have no fitness

effect. For mathematical convenience, we consider switching as a reduction in the division rate

of response-off mutants by α instead (birth rate equal to gsoff � a). With this assumption, the

dynamics of response-off and response-on mutant lineages are independent birth-death pro-

cesses. For response-on cells, the relative fitness of mutants ρon (relative to the population

growth rate) can be expressed via

ron ¼
gon � don

l
s ¼

ron
1 � fonð1 � ronÞ

: ð22Þ

With these approximations (see Fig 1D), the mutant counts in the response-off and

response-on subpopulations are two independent stochastic processes, each following the stan-

dard model, with differential mutant fitness in the case of the response-on cells. Therefore, we

can substitute the appropriate parameters into Eq 3 to obtain PGFs for the mutant counts,

Gs
off ðzÞ and Gon(z), respectively:

Gs
off ðzÞ ¼ exp

moff

1 � fonð1 � ronÞ
ð1 � fonÞN

s
f

ð1 � zÞlog 1� z
1� �soff

� �

z � �soff

2

6
6
4

3

7
7
5 ð23Þ

GonðzÞ ¼ exp �
mon

1 � fonð1 � ronÞ
1 � �on
1 � �soff

fonN
s
f F

1;
1 � fonð1 � ronÞ

ron
1þ

1 � fonð1 � ronÞ
ron

;
z � �on
z � 1

0

B
B
@

1

C
C
A

2

6
6
4

3

7
7
5: ð24Þ
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Finally, the total mutant count distribution is given by the sum of the contributions of

response-off and response-on subpopulations, with its PGF Gs
hetðzÞ given by the product

Gs
off ðzÞ � GonðzÞ.

In the case of γon = 0, the contribution to the mutant count from the response-on subpopu-

lation follows a Poisson distribution, and (without cell death, implying ron = 0) the PGF of

total mutant count distribution reduces to

Gs
hetðzÞ ¼ exp moff N

s
f
ð1 � zÞlogð1 � zÞ

z

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
Response-off contribution

þ mon
fon

1 � fon
Ns

f ðz � 1Þ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
Response-on contribution2

6
6
4

3

7
7
5

ð25Þ

¼ exp moff Ns
f
ð1 � zÞlogð1 � zÞ

z
þ

monfon
moff ð1 � fonÞ

ðz � 1Þ

 !" #

: ð26Þ

Gs
hetðzÞ no longer depends on the mutation rate (μon) and fraction (fon) of response-on cells

separately, but rather on the composite parameter

S≔
monfon

moff ð1 � fonÞ
ð27Þ

which gives the ratio of mutation supply coming from the response-on compared to the

response-off subpopulation, with S ¼ 0 implying no heterogeneity in mutation rates.

For the purpose of comparison, we also define the increase in population mean mutation

rate under stressful compared to permissive conditions:

�M≔
ð1 � fonÞmoff þ fonmon

moff
; ð28Þ

which is directly comparable to the increase in mutation rate in the homogeneous-response

model, m
s

mp
, since μp and μs are population-wide rates.

Example mutant count distributions for the homogeneous and heterogeneous-response

models are shown in Fig B in S1 File.

Model fitting and parameter estimation using maximum likelihood

We use a maximum likelihood approach to estimate the model parameters from fluctuation

assay data. For a given model (homogeneous or heterogeneous), we find the set of model

parameters θ for which the observed mutant counts are most likely. Importantly, we consider

mutant count data concurrently from a pair of fluctuation assays: one under permissive and

the other under stressful conditions. In our heterogeneous-response model, there is at least

one shared parameter between conditions (μoff); therefore, we consider the joint likelihood

function. Note, however, that if there are no shared parameters between conditions (as is the

case for some of the homogeneous-response models), the inference can be carried out

separately.

We define a log-likelihood function

lnLðy j xp; xsÞ ¼
Xmp

i¼0

xpðiÞ ln½pp
i ðyÞ� þ

Xms

i¼0

xsðiÞ ln½ ps
iðyÞ� ð29Þ

as the natural logarithm of the probability of observing the mutant count distributions xp and
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xs under permissive and stressful conditions, respectively, for a given model with parameters θ.

Here, mp and ms represent the maximal observed numbers of mutant colonies, and xp(i) and

xs(i) are the number of plates with i mutant colonies under permissive and stressful conditions,

respectively. The pp
i and ps

i give the probabilities to observe i mutant colonies under permissive

and stressful conditions, respectively, calculated from the PGFs of the mutant count distribu-

tions using recursive formulas described in [34]. Then, we use the default optimisation algo-

rithm implemented in the Julia [36] package Optim.jl (https://julianlsolvers.github.io/Optim.

jl/stable/), to find the parameters that maximise this log-likelihood function. The parameters

that are estimated depend on the specific model that is considered, as described below and

summarised in Table 1.

The complete documentation of all inference algorithms can be found in the file called

inference.jl at https://github.com/LucyL-J/Quantifying-SIM.

Parameters in the inference.

Homogeneous-response model. In the homogeneous-response model, the mutant count

distributions (Eqs 5 and 6) depend on the per-division mutation rates, final population sizes,

and, optionally, differential mutant fitness under permissive and stressful conditions, as well as

the extinction probability of mutants under stress. All parameters must either be set as infer-

ence parameters, or set to a fixed value, which could be the default value or as measured in a

separate experiment. In our implementation, the per-division mutation rates, μp and μs, are

inferred to calculate the increase in mutation rate associated with the stress, that is, m
s

mp
. The

final population sizes under permissive and stressful conditions, Np
f and Ns

f , are set to fixed

Table 1. Parameters in the inference.

Symbol Definition Cond. Model In the inference

Np
f Final population size P (a-e) Fixed

Ns
f Final population size S (a-e) Fixed

μp Population-wide mutation rate P (a-c) Inferred

μs Population-wide mutation rate S (a-c) Inferred

ρp Differential mutant fitness P (a) Fixed = 1

(c) Inferred

ρs Differential mutant fitness S (a) Fixed = 1

(c) Inferred

ρp = ρs Differential mutant fitness P+S (b) Jointly inferred

�s Extinction probability mutants S (a-c) Fixed = 0

μoff Mutation rate response-off cells P+S (d-e) Jointly inferred

S Mutation-supply ratio S (d-e) Inferred

fon Fraction response-on cells S (d) Fixed

(c) Inferred if ron 6¼ 0

ron Relative fitness response-on cells S (d) Fixed (= 0)

(e) Inferred

μon Mutation rate response-on cells S (d-e) Calculated*
�soff , �on Extinction probabilities mutants S (d-e) Fixed = 0

The different inference models are homogeneous-response (a) without, (b) with constrained or (c) with unconstrained differential mutant fitness, and heterogeneous-

response with (d) zero or (e) non-zero division rate of response-on cells. In the inference, each parameter is either set to a fixed value or inferred, with the exception of

the mutation rate of response-on cells, which is calculated from S, μoff and fon. Parameters which appear in both permissive (P) and stressful (S) conditions are jointly

inferred.

https://doi.org/10.1371/journal.pcbi.1012146.t001
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values, as they would typically be measured through plating a few cultures on non-selective

media and colony counting. Moreover, we set the extinction probability of mutants under

stress, �s, to zero because we neglect cell death in the inference, which is in common with most

existing approaches, but see [18].

For the differential fitness of mutants compared to non-mutants, ρp and ρs, we consider

three cases corresponding to different versions of the homogeneous-response model: (a)

mutants have the same fitness as non-mutants, ρp = ρs = 1; (c) mutants have a different fitness

than non-mutants (unconstrained) and two separate values, ρp and ρs, are inferred; or (b)

mutants have a different fitness than non-mutants, but the effect is constrained to be equal

under permissive and stressful conditions, ρp = ρs. For the models (a) and (c), the mutant

count distributions under permissive and stressful conditions have no joint parameters and

can, therefore, be considered separately by using existing estimation methods: (a) corresponds

to the standard model and (c) to the standard model with differential mutant fitness (imple-

mented, for example, in [37]). Studies to date have followed such an approach to estimate the

increase in mutation rate. Model (b), on the contrary (with constrained differential mutant fit-

ness, arguably a reasonable null model), represents a new version of the homogeneous-

response model, which is first implemented here. In this case, we estimate the model parame-

ters by jointly maximising the log-likelihood function given in Eq 29. In the main Results, we

consider all three homogeneous-response models (a-c); in section M in S1 File, we repeat the

analysis for constrained mutant fitness only, i.e. models (a-b).

Heterogeneous-response model. In the heterogeneous-response model, the mutant

count distributions under permissive (Eq 7) and stressful conditions (Eqs 23 and 24), depend

on the per-division mutation rates of response-off and response-on cells, the extinction proba-

bilities of response-off and response-on mutants under stress, the fraction and relative fitness

of response-on compared to response-off cells, and the total final population sizes under per-

missive and stressful conditions. The mutation rate of response-off cells, μoff, appears as a

parameter in both the mutant count distributions under permissive and under stressful condi-

tions, and the joint inference crucially relies on our assumption that, even though the division

rate itself might change under stress, the per-division mutation rate of response-off cells is the

same under both conditions. As for the homogeneous-response model, we assume that the

final population sizes, Np
f and Ns

f , are known from plating on non-selective medium. More-

over, we neglect cell death, which implies �soff ¼ �on ¼ 0, but test the robustness of this

assumption.

For the relative fitness of response-on cells, we consider two different model versions of the

approximate heterogeneous-response model: (d) as a default, we set ron = 0, inspired by the

SOS response in E. coli, which inhibits cell division, or to a small non-zero value that we

assume is measured in a separate experiment (section H in S1 File); and (e) we infer ron. Simi-

larly, for the fraction of the response-on subpopulation, we (i) assume that it is a known quan-

tity measured in a separate experiment (e.g. microscopy or flow cytometry), or (ii) set it as an

inference parameter.

Ultimately, we are interested in quantifying the relative increase in mutation rate associated

with induction of the stress response, that is,
mon
moff

. To do so we need to estimate the mutation

rate of response-on cells, μon. However, we do not directly infer this parameter; instead, we

infer the composite parameter of the mutation-supply ratio S defined in Eq 27, from which we

calculate μon. The reason for this approach is that for ron = 0, the mutant count distribution

under stress does not depend separately on μon and fon but only on S (together with μoff and

Ns
f ); see Eq 26. This also implies that, for ron = 0 and when the fraction of the response-on
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subpopulation is unknown, μon and thus
mon
moff

cannot be calculated. In this case, we report esti-

mates of S instead as an indicator of heterogeneity.

Confidence intervals using profile likelihood. In addition to the maximum-likelihood

estimates, we calculate 95% confidence intervals using a profile likelihood approach (section E

in S1 File). The confidence interval for each parameter contains all values such that, after opti-

misation over the remaining inference parameters, the likelihood does not significantly drop

according to a likelihood ratio test.

Evaluating inference methods on simulated data

We test our estimation method using simulated fluctuation assay data: For chosen ranges of

parameter values, we perform stochastic simulations of the population dynamics during the

growth phases of a pair of fluctuation assays, one under permissive and the other under stress-

ful conditions. From the resulting mutant count distributions, we infer the respective parame-

ters under heterogeneous and homogeneous-response models and compare the estimated

with the true simulated parameters, as well as perform model selection. For most of this study,

we simulate under the heterogeneous-response model, but we repeat part of the analysis for

simulation under the homogeneous-response model (sections K and N in S1 File).

The complete documentation of all population dynamic functions can be found in the file

called population_dynamics.jl at https://github.com/LucyL-J/Quantifying-SIM.

Simulation methods. To simulate the growth phase under permissive conditions, we con-

sider exponential growth of the non-mutant population (Eq 1) and implement the occurrence

of mutations as a time-inhomogeneous Poisson process with rate proportional to the popula-

tion size using a standard approach described, for example, in [38]. We treat mutant cells sto-

chastically by using Gillespie’s algorithm [39] to simulate the pure birth process described by

Eq 2 with zero death rate. In the case of the homogeneous-response model, the population

growth rate is given by the division rate, γp, the mutation rate per cell per unit time by νp and

the birth rate of mutants by ρp ⋅ γp. Similarly, for the heterogeneous-response model, the rates

are given by the respective rates of response-off cells (g
p
off , n

p
off and r

p
off � n

p
off ).

For the homogeneous-response model, we simulate the growth phase under stressful condi-

tions using the same algorithm but with different rates (γs, νs, ρs ⋅ γs). To simulate stressful con-

ditions under the heterogeneous-response model, we use Eqs 10 and 11 (setting non(0) = 0) to

describe the growth of the response-off and response-on subpopulations, and implement the

occurrence of mutations as two independent time-inhomogeneous Poisson processes with

rates proportional to the subpopulation sizes (ns
off ðtÞ and non(t), respectively) and the mutation

rates per cell per unit time (nsoff and νon). We simulate the mutant dynamics stochastically as a

two-type branching process described by Eq 12 using Gillespie’s algorithm.

In all simulations, we set the duration tf of the growth phase such that the expected number

of mutations (not mutants) is constant across the considered parameter ranges (section C in

S1 File). In our main results, we take c = 50 parallel cultures per assay, which is readily feasible

if culturing on a 96-well plate; see, for example, [16] for a protocol. In sections D and N in S1

File, we also examine the sensitivity of the results to the number of parallel cultures by consid-

ering smaller numbers c.
Accuracy and precision of parameter estimates. Generally, we evaluate the accuracy and

precision of all estimation methods by simulating pairs of fluctuation assays, estimating the

parameters of the inference model and comparing the respective estimates with the true values;

repeated R = 100 times for each parameter set simulated. We consider the deviation from the

true value of the median estimate across the simulations as a measure of the accuracy of the

estimation and the variation as a measure of the precision. In particular, we calculate the
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median of the relative error across the R replicates,

RE ¼
median mon

moff

n o

est
�

mon
moff

� �

true

� �

mon
moff

� �

true

: ð30Þ

Here, a positive or negative relative error implies over- or underestimation, respectively.

Moreover, we calculate the coefficient of variation across the R replicates,

CV ¼
std mon

moff

n o

est

� �

mean mon
moff

n o

est

� � : ð31Þ

where ‘std’ denotes standard deviation. Where we calculate confidence intervals (section E in

S1 File), we also use the median width of the confidence intervals as a measure of precision.

To plot the estimated parameters across the R = 100 simulations, we use boxplots, where

each box shows the median and interquartile range with whiskers extending to 1.5 times the

interquartile range and any outliers outside that range represented as dots. To summarise the

confidence intervals on each of the R = 100 estimates, we plot the median maximum likelihood

estimate with error bars extending to the medians of the lower and upper bounds of the 95%

confidence intervals.

Model selection: Heterogeneous versus homogeneous response. We also evaluate

whether it is possible to identify the heterogeneity of stress responses from mutant count data

alone. In this case, we suppose we do not have separate experimental data showing heterogene-

ity and, therefore, do not have an estimate of fon. For this purpose, we simulate fluctuation

assays under the (exact) heterogeneous-response model and under the homogeneous-response

model (sections K and N in S1 File) and, then, fit the different homogeneous (a-c) and

(approximate) heterogeneous-response models (d-e). For model selection, we use a combina-

tion of likelihood-ratio test (LRT) and Akaike information criterion (AIC). The AIC is defined

as

AIC ¼ 2ðk � lnLÞ ð32Þ

where k is the number of inferred parameters of the model. Within the set of models (a-c) and

within the set (d-e), the models are nested and we use LRTs to determine the best heteroge-

neous/homogeneous-response model within each set first. However, we cannot use LRT to

select between the sets (a-c) and (d-e) because these models are not nested. Therefore, between

the two best models, we select the one with the lowest AIC. However, if the difference in AIC

is within ±2, we say that the AICs are comparable, and neither of the models can be selected.

We also consider the Bayesian information criterion (BIC) as an alternative second selection

step (section N in S1 File).

Results

We aim to estimate the increase in mutation rate associated with the induction of the stress

response when this response is heterogeneously expressed across the bacterial population. In

particular, we consider cases in which the population can be divided into two discrete subpop-

ulations: one with a low expression level (response off) and the other with a high expression

level (response on). The key principle of our method is to jointly infer their mutation rates

from mutant count data obtained from a pair of fluctuation assays under permissive and

stressful conditions. For the latter, we need to disentangle the contributions from the
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response-off and response-on subpopulations. The success of this method relies on the chang-

ing shape of the mutant count distribution under stress, which occurs if there is a highly

mutating but slowly dividing response-on subpopulation (Fig B in S1 File).

To evaluate the performance of our method, we use simulated mutant count data to com-

pare the estimated parameters with the true simulated ones. First, we explore how the accuracy

and precision of our method depend on the model parameters by simulating and inferring

under the same model. Then, we test the robustness of our method to model deviations by

simulating under a more complex model than used in the inference. Finally, we determine

under what conditions the heterogeneous-response model can be distinguished from the

homogeneous-response model assumed in currently available methods by inferring under

both models and comparing how well they fit simulated data.

In all simulations, we set the initial population size to 104 and the initial fraction of the

response-on subpopulation to zero. Moreover, we consider the duration of the growth phase

such that the expected number of mutations equals one. This way, the resulting number of

resistant mutant colonies on each selective plate is usually within an experimentally countable

range of zero to a couple hundred (section C in S1 File). Table 2 summarises the default

parameters used in the simulations, while parameters that vary are specified in the relevant

Results section. For each parameter combination, we simulate R = 100 pairs of fluctuation

assays under permissive and stressful conditions, with c = 50 parallel cultures per assay. We

also test the sensitivity of our method’s performance to the number of parallel cultures (section

D in S1 File) and repeat the model selection analysis for smaller numbers of parallel cultures

(c = 20, 10) in section N in S1 File. Generally, we assume that the final population sizes in per-

missive and stressful conditions (Np
f and Ns

f , respectively) and the fraction of the response-on
subpopulation under stress (fon) are known from separate experimental measurements, except

for the last Results section where we infer without a separate estimate of fon.

Estimation of the mutation-rate increase is accurate and precise for

sufficiently large response-on mutation supply

First, we evaluate our novel inference method’s performance in the best-case scenario; that is,

we simulate and infer under the same model: a model of heterogeneous stress responses with-

out cell death, with mutant fitness equal to non-mutant fitness, and with zero division rate of

response-on cells. We simulate for a range of mutation rates in response-on cells, νon 2 [10−5,

10−8] h−1 and switching rates α 2 [0.001, 0.1] h−1. Note that the per-division mutation rate μon
and the per-unit-time rate νon are equivalent here because we set the division rate gsoff to one.

For the inference, we consider the same model as used in the simulations with the only excep-

tion that we neglect switching on the stress response in mutants and initial population size effects;

for a comparison of the exact and approximated heterogeneous-response model, see Model and

methods. For each set of mutant count data, we infer the mutation rate of response-off cells (μoff)
and the mutation-supply ratio (S), which defines the relative contribution of response-on cells to

the total mutation supply (Eq 27). From these estimates, we calculate the stress-induced muta-

tion-rate increase, i.e.
mon
moff

. To quantify the accuracy of our method, we calculate the median of the

relative error of our estimated mutation-rate increases (Eq 30). Additionally, we use the coeffi-

cient of variation across the estimates (Eq 31) to quantify our method’s precision.

Comparing the estimated with the true mutation-rate increase
mon
moff

, we find that the accuracy

and precision improve with increasing
mon
moff

and relative switching rate ~a (Fig 2B and 2C). For

example, for ~a ¼ 0:05, when
mon
moff
� 25, 95% of estimates lie within 2−fold of the true mutation-

rate increase and the estimation is unbiased (Fig 2A). For smaller
mon
moff

, on the other hand, the
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variation in the estimates becomes large. Nonetheless, if the mutation-rate increase is esti-

mated to be>25, the true increase is very likely to be>10, and conversely, if the mutation-rate

increase is estimated close to zero (<10−3), it is very likely to be<10.

The mutation-supply ratio, which is defined S≔ mon
moff

fon
1� fon

(approximately given by the prod-

uct of
mon
moff

and ~a for small α and small ron) determines our method’s performance. For S � 1,

the contribution of the response-on subpopulation is dominating. In contrast, for S � 1, the

response-on subpopulation contributes very little to the total mutant count. Overall, in the

best-case scenario and for the parameter regime considered here, S � Oð1Þ or greater is suffi-

cient for an accurate and precise estimate of the mutation-rate increase.

We also evaluate the sensitivity of our method’s performance to the number of parallel cul-

tures (Fig C in S1 File). For smaller c, the precision of our method worsens compared to c = 50,

but the estimation of
mon
moff

remains accurate for sufficiently large S � Oð1Þ or greater.

In addition to the maximum likelihood estimates, we calculate 95% profile likelihood confi-

dence intervals on the estimates of the mutation-rate increase (Fig D in S1 File). We find that

the median width of the confidence intervals increases with decreasing
mon
moff

and ~a, in a similar

way as the CV of the estimates for R = 100 repeated simulations shown in Fig 2C. Moreover,

we confirm that the true value for the mutation-rate increase lies outside of the confidence

interval in < 5% of the simulations.

Cell death has a limited impact on estimates

Our inference model accounts for changes in mutation and division rates upon induction of

the stress response but neglects other potential consequences of the stress, such as cell death.

Table 2. Parameters used in the simulations unless explicitly specified otherwise.

Symbol Cond. Definition Numerical value

g
p
off P Division rate response-off cells 1 h −1

r
p
off P Differential mutant fitness response-off cells 1

n
p
off P Mutations per unit time response-off cells 10−8 h −1

gsoff S Division rate response-off cells 1 h −1

rs
off S Differential mutant fitness response-off cells 1

nsoff S Mutations per unit time response-off cells 10−8 h −1

d
s
off S Death rate response-off cells 0 h −1

γon S Division rate response-on cells 0 h −1

ρon S Differential mutant fitness response-on cells 1

νon S Mutations per unit time response-on cells 10−6 h −1

δon S Death rate response-on cells 0 h −1

α S Switching rate 0.05 h −1

For simplicity, we set the division rate of response-off cells under permissive (P) and stressful (S) conditions to 1 h−1.

The switching rate for the SOS response in E. coli has been estimated using single-cell imaging [27]. The mutation

rate is based on rifampicin resistance, a selective marker commonly used in fluctuation assays. In E. coli, the number

of point mutations conferring rifampicin resistance has been estimated to be 79 [40] and the mutation rate between

0.2 � 10−10 and 5 � 10−10 nucleotides per generation in permissive conditions [41], yielding a mutation rate of

n
p
off ; n

s
off � 10� 8 per unit time for response-off cells. Meanwhile, the mutation rate under induction of the stress

response (νon) is set to a default of 100 times higher, comparable to the increase associated with genetic mutators [41,

42].

https://doi.org/10.1371/journal.pcbi.1012146.t002
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Previous work showed that the occurrence of cell death, if neglected in the inference model,

leads to overestimation of mutation rate [18]. Therefore, we asked whether neglecting cell

death has a similar effect in the case of heterogeneous stress responses. For this purpose, we

simulate fluctuation assays under an extended model of heterogeneous stress responses with

cell death. We consider the cases that (i) only response-off cells are affected by cell death, (ii)

only response-on cells are affected, or (iii) all cells are affected equally, using parameter ranges

of d
s
off ; don 2 ½0:0; 0:5� h−1.

Interestingly, we find that any biases in the estimated mutation-rate increase depend on

which subpopulation is affected by cell death. If only response-off cells die, the mutation-rate

increase is overestimated for sufficiently large death rates (Fig 3A). On the other hand, if only

response-on cells die, the mutation-rate increase is underestimated (Fig 3B). The estimation

remains unbiased if both subpopulations are equally affected by cell death. However, the varia-

tion in the estimates increases for large death rates (Fig 3C). From the contribution of the

response-on subpopulation to the mutant count given in Eq 24, it can be seen that the effects

of cell death in response-off and response-on cells partly cancel each other out. This result also

holds for a smaller switching rate (Fig E in S1 File).

We test another biologically realistic model deviation: the fitness of mutants differs from

non-mutants during the growth phase (Fig F in S1 File). We find that neglecting this effect in

the inference causes very little bias in the estimates for either a fitness advantage or a fitness

cost of mutations.

Estimation remains accurate when response-on cells have a small to

moderate division rate

So far, we considered response-on cells not to divide at all during the growth phase, motivated

by the SOS response. However, the division rate of response-on cells might be non-zero, espe-

cially if cells are exposed to a very low level of DNA damage (in the case of SOS) or for other

stress responses. As a default setting, our inference method sets the relative fitness of response-

Fig 2. Estimation of the mutation-rate increase is accurate and precise when the mutation-supply ratio is sufficiently large. We simulate using the

simplest model of heterogeneous stress responses (without cell death or differential mutant fitness and with zero division rate of response-on cells) and

infer the mutation-rate increase
mon
moff

assuming the same model in the inference. A Estimated compared to true
mon
moff

for a range of values of
mon
moff

and a relative

switching rate of ~a ¼ 0:05. B Median relative error of estimated compared to true mutation-rate increase for a range of
mon
moff

and ~a. Over/

underestimation is shown in red/blue, and diamonds indicate a relative error greater than one. C Coefficient of variation across estimates. The

parameter ranges used in the simulations are νon 2 [10−5, 10−8] h−1 and α 2 [0.001, 0.1] h−1.

https://doi.org/10.1371/journal.pcbi.1012146.g002
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on cells to zero (ron = 0), but it also allows us to estimate ron as an inference parameter. In the

following, we evaluate the performance of our inference method when true ron> 0, specifically

the impact on the estimated mutation-rate increase.

We simulate under the heterogeneous-response model with a non-zero division rate of

response-on cells, considering a parameter range of γon 2 [0, 1] h−1 (with γoff = 1 h−1). Note

that the relative fitness of response-on cells ron is equivalent to their division rate γon because

we consider no cell death here. We consider two different inference approaches. In one case,

we infer the mutation rate μoff, the mutation-supply ratio S and the relative fitness of response-

on cells ron. Alternatively, we infer only μoff and S while setting ron = 0. We estimate the muta-

tion-rate increase
mon
moff

in both cases and compare it to the true value. In the first case, we also

compare the estimated with the true ron.

We find that the estimation of the mutation-rate increase remains accurate for small to

moderate relative fitness ron. For larger ron! 1, on the other hand, the mutation-rate increase

is underestimated, yet more accurate and precise if ron is also inferred (Fig 4A). The estimate

of ron itself is also underestimated for larger ron (Fig 4B).

We also evaluate the performance when ron is set to the true value in the inference. Interest-

ingly, this increases the accuracy and precision of the estimate of
mon
moff

only slightly compared to

when ron is inferred (Fig G in S1 File). The reason lies in the approximation made to derive the

mutant count distribution (Eq 13), which is no longer valid as ron! 1.

Model selection between heterogeneous and homogeneous response is

often inconclusive

In many cases, it may not be known a priori whether the stress response is heterogeneously

expressed across the population or whether, in contrast, all cells respond similarly. We want to

determine whether distinguishing these two models is possible using mutant count data from

fluctuation assays alone. To do so, we simulate fluctuation assays under the heterogeneous-

response model for a range of relative fitness of response-on cells, ron. For the inference, we use

Fig 3. Cell death has limited impact on the estimation of the mutation-rate increase. We simulate using the heterogeneous-response model (without

differential mutant fitness and with zero division rate of response-on cells) but with cell death. However, we neglect cell death in the model used for

inference. The black solid lines indicate the true mutation-rate increase used in the simulations. A Estimated mutation-rate increase when only

response-off cells are affected by cell death, B when only response-on cells are affected by cell death, and C when all cells are affected by cell death

equally. The parameter ranges used in the simulations are d
s
off ; don 2 ½0:0; 0:5� h−1 (with gsoff ¼ 1 h� 1).

https://doi.org/10.1371/journal.pcbi.1012146.g003
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both the heterogeneous- and homogeneous-response models and compare how well they fit

the data. We use the same simulation data as in the previous section (parameter range γon 2
[0, 1] h−1). However, we suppose that the fraction of the response-on subpopulation fon is

unknown. Therefore, when using the heterogeneous-response model in the inference, we

either set ron = 0 (in which case fon drops out of the equations) and infer only μoff and S, or set

fon and ron as additional inference parameters. Note that, if fon is not inferred, the mutation-

rate increase
mon
moff

can no longer be calculated, see Eq 26.

We perform model selection between the heterogeneous and the homogeneous-response

models using a combination of the likelihood ratio test (LRT) and the Akaike Information Cri-

terion (AIC), which consider how well the models reproduce the data while penalising the

number of model parameters. For the homogeneous-response model, we consider three cases:

(a) without differential mutant fitness (inference parameters: μp and μs), (b) with differential

mutant fitness, but constrained to be equal under permissive and stressful conditions (infer-

ence parameters μp, μs and ρp = ρs) and (c) with unconstrained differential mutant fitness

(inference parameters: μp, μs, ρp and ρs). For the heterogeneous-response model, we consider

two cases: (d) zero relative fitness of response-on cells (inference parameters: μoff and S) and

(e) non-zero relative fitness of response-on cells (inference parameters: μoff, S, fon and ron). We

use LRTs to select the best homogeneous model (a-c) and the best heterogeneous model (d-e)

within each of these sets of nested models. Then, we use the AIC to select between the best

homogeneous and the best heterogeneous-response model, which are not nested. If the differ-

ence in AIC is less than two, we say neither model is clearly selected.

After applying this two-step model selection, we find that the heterogeneous-response

model is selected in the majority of cases (around 75% for ron = 0) when the relative fitness of

response-on cells is small (Fig 5A). For increasing ron, however, the homogeneous-response

model without differential mutant fitness is selected with increasing frequency until it is

selected for the majority of simulations for large ron. The other models are selected for only a

Fig 4. Estimation of the mutation-rate increase remains accurate when response-on cells have a small to moderate

relative fitness. We simulate using the heterogeneous-response model (without cell death or differential mutant

fitness) with ron� 0 being the relative fitness of response-on cells compared to response-off cells. We consider two

cases for the inference: (i) setting ron to zero and only inferring μoff and S, and (ii) inferring ron in addition. A

Estimated mutation-rate increase
mon
moff

for both cases and a range of relative fitness of response-on cells. The solid black

line indicates the true value of
mon
moff

. B Estimated compared to true relative fitness of response-on cells in inference case

(ii). The parameter range used in the simulations is γon 2 [0, 1] in h−1.

https://doi.org/10.1371/journal.pcbi.1012146.g004
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small number of simulations. Over the whole parameter range, there is a substantial fraction of

cases in which no model can be selected, with the highest proportion of�50% for intermediate

ron. This implies that heterogeneity in stress responses with sufficiently large S can in principle

be detected, but only if the division rate of response-on is very small (or zero).

Comparing the mutation-supply ratio S ¼ monfon
moff ð1� fonÞ

estimated by the best heterogeneous-

response model with its true value, we find that the estimate is accurate and precise for small

ron, but with a slight loss in precision for larger ron (Fig 5B). This means that even without a

Fig 5. The heterogeneous-response model is selected only when response-on cells have a small relative fitness. We

simulate under the heterogeneous-response model for a range of relative fitness of response-on cells, ron. In the

inference, we use (d) the heterogeneous-response model with ron = 0 (yellow) and (e) the heterogeneous-response model

with ron and fon as inference parameters (dark green) to infer the mutation rate of response-off cells, μoff, and mutation-

supply ratio, S. We also use the homogeneous-response model (a) without differential mutant fitness (ρp = ρs = 1; light

purple), (b) with constrained differential mutant fitness (ρp = ρs inferred; dark purple) and (c) with unconstrained

differential mutant fitness (ρp, ρs inferred; blue) to infer the population-wide mutation rates under permissive and

stressful conditions, μp and μs, and, for (b) and (c), additionally ρp and ρs. A Model selection using LRT and AIC. B

Estimated mutation-supply ratio, S, by the best heterogeneous-response model. C Estimated increase in mutation rate,
ms

mp
, by the best homogeneous-response model. The black lines in B and C indicate the true values of S and the increase in

population mean mutation rate, �M , respectively. The parameter range used in the simulations is γon 2 [0, 1] h−1.

https://doi.org/10.1371/journal.pcbi.1012146.g005
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separate estimate of fon, the magnitude of the heterogeneity in mutation rates (in the form of

S) can be captured.

We also compare the estimated increase in mutation rate ms

mp
from the best homogeneous-

response model with the true increase in population mean mutation rate under the simulated

heterogeneous-response model, given by �M ¼ ð1� fonÞmoffþfonmon
moff

. Interestingly, the inferred ms

mp
is an

accurate and precise estimate of �M over the whole range of ron, with only a slight underestima-

tion for large ron (Fig 5C). For ron! 1 and assuming no cell death, accurate estimation of �M is

expected because the probability generating function (PGF) of the mutant count distribution

reduces to

Gs
hetðzÞ ¼ exp moff ð1 � fonÞ þ monfon

� �
Ns

f
ð1 � zÞlogð1 � zÞ

z

� �

; ð33Þ

This distribution is equivalent to the homogeneous-response model without differential

mutant fitness (Eq 6), which is selected as the best homogeneous-response model for most

simulations. For small ron, on the other hand, homogeneous-response models with differential

mutant fitness are selected more often, and they (falsely) infer an increasingly severe mutant

cost under stressful conditions as ron! 0 (Fig H in S1 File), despite mutations not having a

cost in the simulations.

We repeat the analysis for a smaller mutation-rate increase,
mon
moff
¼ 10, and find that the het-

erogeneous-response model is selected less often, only in around 25% of the simulations for

ron = 0 (Fig I in S1 File), implying that small mutation-rate increases are most likely not picked

up through model selection. We also perform model selection when using smaller numbers of

parallel cultures (c = 20, 10) in the inference, and find that, overall, model selection is less

informative for smaller c (Fig M in S1 File).

Finally, we check for the rate of false positives where the heterogeneous-response model is

incorrectly selected in the absence of heterogeneity, by simulating under versions of the homo-

geneous-response model and performing model selection. We find that, when simulating

under the homogeneous-response model with constrained mutant fitness, the homogeneous-

response model is selected in almost all cases independent of the increase in mutation rate (Fig

N in S1 File). Therefore, if the mutant fitness is the same under permissive and stressful condi-

tions, the risk of false positives is negligible. When simulating under the homogeneous-

response model with unconstrained mutant fitness, on the other hand, there are more cases in

which no model or the heterogeneous-response model is selected (Fig O in S1 File).

When simulating under the homogeneous-response model without an increase in mutation

rate (m
s

mp
¼ 1) and with small mutant fitness costs, no model can be selected in most cases, but

both heterogeneous and homogeneous-response models correctly infer that there is no

increase in mutation rate, corresponding to S ¼ 0 and �M ¼ 1, respectively (Fig J in S1 File).

Discussion

Since its introduction 80 years ago, the standard model behind the fluctuation assay has been

extended numerous times to overcome limitations and make it more biologically realistic.

Extensions particularly relevant for quantifying stress-induced mutagenesis include consider-

ing cell death [18, 43] and differential mutant fitness [44]. In this study, we addressed a so-far

overlooked limitation of fluctuation analysis: heterogeneity in the expression of stress

responses, which single-cell studies have recently demonstrated. Our population dynamic

model considers that only a subpopulation of cells (fraction fon) have the stress response
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switched on and the remainder of the population switched off. This allows us to estimate the

relative increase in mutation rate associated with the induction of the stress response,
mon
moff

.

We tested our estimation method with simulated mutant count data, which confirmed

accurate and precise estimation of
mon
moff

for sufficiently large mutation-supply ratio defined as

S≔ fon
1� fon

mon
moff

(Fig 2). S depends on the mutation-rate increase itself and the fraction of the

response-on subpopulation. While
mon
moff

is inherent to the stress response, fon could potentially be

increased through experimental design. For example, increasing the antibiotic concentration

has been shown to increase the rate of switching on the stress response and thus the fraction of

the response-on subpopulation [27]. Our results suggest that mutation rate estimates would be

more accurate at higher antibiotic concentrations, all else being equal. Increasing antibiotic

concentration could, however, also increase cell death. We neglect cell death in our inference,

but we showed that our method is robust to this model deviation up to moderate death rates

when cell death affects response-off and response-on subpopulations equally (Fig 3C).

We used model selection with a combination of likelihood-ratio tests and AIC to evaluate

whether a signal of mutation-rate heterogeneity can be detected from fluctuation assays alone.

The chances of detecting heterogeneity are highest when response-on cells are non- or only

slowly-dividing (ron� 1). For moderate switching rates and a mutation-rate increase of
mon
moff
¼ 100, the heterogeneous-response model is selected over homogeneous-response models

in the majority of the simulated experiments (Fig 5A). However, with increasing ron (> 0.25),

the heterogeneous-response model is only rarely selected. A smaller mutation-rate increase
mon
moff
¼ 10 also cannot effectively be detected by model selection (Fig I in S1 File). Generally,

model selection with fewer than c� 50 parallel cultures per fluctuation assay will be very diffi-

cult to interpret even for the best-case parameter range (Fig M in S1 File).

Our results suggest that heterogeneity in stress responses may have been overlooked when

using fluctuation assays, and these data should be complemented with additional experiments

to support or rule out alternative explanations. For example, mutants arising in the fluctuation

assay can be isolated and their relative fitness compared to non-mutants measured with a pair

of competitive fitness assays under permissive and stressful conditions. This measurement

would allow researchers to check whether mutant fitness values estimated from the homoge-

neous-response model fit (ρp and ρs) are reasonable. In particular, a large difference in esti-

mated ρp and ρs may alternatively indicate the presence of a slowly-dividing and highly-

mutating subpopulation (Fig H in S1 File). Constraining ρp = ρs, arguably a reasonable null

model, increases the fraction of simulated experiments in which the heterogeneous model is

selected (Fig L in S1 File).

If there is reason to suspect heterogeneity in the stress response, experimentalists can test

this hypothesis directly by engineering fluorescent reporters into the bacterial strain of interest

and measuring the response on a single-cell level, e.g. by flow cytometry [8, 9, 24] or micros-

copy [8, 19, 20]. These experiments would provide an independent estimate of the fraction of

the response-on subpopulation to further constrain the heterogeneous-response model and

allow calculation of
mon
moff

. In reality, multiple factors causing deviation from the standard fluctua-

tion assay model (e.g. heterogeneous stress responses, differential mutant fitness, and cell

death) will likely operate simultaneously. Since it is not feasible to reliably estimate a large

number of parameters from fluctuation assay data alone, separate experiments become impor-

tant to decide which deviation(s) are most relevant to incorporate into the fluctuation analysis.

Interestingly, the homogeneous-response model performs well in estimating the increase in

population mean mutation rate (Fig 5C). Therefore, mutation rate estimates from previous
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studies that neglect heterogeneity in stress-induced mutagenesis, such as [8, 11, 14], can simply

be interpreted as population-wide averages. However, these studies may underestimate the

true extent of mutagenesis associated with the expression of the stress response if it is only

induced by a subpopulation of cells. Estimating not only the increase in population mean but

also heterogeneity in mutation rate, as is possible with our method, could be important for

parameterising evolutionary models, such as predictions of antibiotic resistance evolution.

Theoretical modelling suggests that single-locus adaptation can be accurately captured by the

population mean mutation rate, but within-population variation (even for a fixed population

mean) can speed up multi-locus adaptation [45]. However, this previous model did not incor-

porate any coupling of changes in mutation rate to changes in cell division or death rates, as

would be expected in the case of stress responses. Therefore, an important direction for future

work is to assess when the pleiotropic effects of realistic stress responses truly accelerate

evolution.

Our approach to quantifying stress-induced mutagenesis assumes that the expression of the

stress response is bimodal and can reasonably be modelled as either switched off or on. To a

reasonable approximation, this expression pattern has been observed for the SOS response,

particularly in slow-growth conditions [27]. In other conditions or for other stress responses,

it might be more appropriate to model the expression as a unimodal distribution. We expect,

however, that this increase in model complexity would make parameter inference more chal-

lenging. Similarly, for simplicity, we neglect stochastic induction of the stress response under

permissive conditions. Low levels of stress-response expression have been reported, for exam-

ple, due to spontaneous DNA breakage [46, 47]. We expect our method to be robust to low lev-

els of stress response induction under permissive conditions since, in this case, the

subpopulation with elevated stress response level will be negligibly small. This also implies,

though, that with our method we cannot effectively quantify heterogeneity in mutation rates

in unstressed conditions.

To be able to derive an analytical expression for the mutant count distribution, we made a

series of approximations, the most important one being that cells with stress response switched

on have a net growth rate (γon − δon) much lower than that of off cells (gsoff � doff � a). For the

SOS response, this approximation is valid, as induction of the response inhibits cell division.

However, it might be violated for other stress responses, particularly if they protect cells from

death, resulting in δon< δoff. In this case, our approximation is no longer valid, and therefore,

parameter estimation using our method is expected to be less accurate. Nonetheless, the esti-

mated mutation-rate increase is robust to relative fitness of response-on cells ron ¼
gon� don
gsoff � d

s
off

up to

�75% and is only marginally improved by inferring ron rather than setting it to zero (Fig 4A).

We also assume response-on cells do not switch the response off so long as the stress

remains present during a fluctuation assay’s comparably short growth phase. In particular, this

assumption implies that the model cannot capture stress responses that are transiently

expressed and associated with pulse-like mutagenesis even under continued exposure to the

stressor, such as the oxidative stress response [48]. Our model could be adapted for stress

responses where induction of the response is associated with a decrease in mutation rate along

with increased cell viability, such as the adaptive (Ada) response to DNA alkylation damage,

which also exhibits within-population heterogeneity in timing of induction [22, 23]. However,

this situation would require a different parameterisation of the model, in which our current

analytical approximations break down and the potential for parameter inference would need

to be re-tested. Overall, developing models tailored to other stress responses offers an interest-

ing direction for future work.
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In summary, we have presented and validated a new method for inferring stress-induced

increases in mutation rate from fluctuation assays. Importantly, however, both a heteroge-

neous stress response and a homogeneous response with mutant fitness costs can generate

similar patterns in fluctuation assay data (Fig B in S1 File), which calls for further experiments

to distinguish these models. While the homogeneous-response model can estimate the increase

in population mean mutation rate, our new method of inferring heterogeneous mutation rates

would be crucial for accurately characterising the mutagenic effects of stress responses and

parameterising models of multi-locus adaptation. In future work, we aim to incorporate our

new method into user-friendly tools for application to experimental data, similar to existing R

packages [37, 49] and web tools [16, 32, 50, 51] for fluctuation analysis.
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