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Abstract

Understanding the temporal relationship between key events in an individual’s infection his-

tory is crucial for disease control. Delay data between events, such as infection and symp-

tom onset times, is doubly censored because the exact time at which these key events

occur is generally unknown. Current mathematical models for delay distributions are derived

from heuristic justifications. Here, we derive a new model for delay distributions, specifically

for incubation periods, motivated by bacterial-growth dynamics that lead to the Burr family

of distributions being a valid modelling choice. We also incorporate methods within these

models to account for the doubly censored data. Our approach provides biological justifica-

tion in the derivation of our delay distribution model, the results of fitting to data highlighting

the superiority of the Burr model compared to currently used models when the mode of the

distribution is clearly defined or when the distribution tapers off. Under these conditions, our

results indicate that the derived Burr distribution is a better-performing model for incubation-

period data than currently used methods, with the derived Burr distribution being 13 times

more likely to be a better-performing model than the gamma distribution for Legionnaires’

disease based on data from a known outbreak.

Author summary

In public health, it is important to know key temporal properties of diseases (such as how

long someone is ill for or infectious for). Mathematical characterisation of properties

requires information about patients’ infection histories, such as the number of days

between infection and symptom onset. These methods provide useful insights, such as

how their infectiousness varies over time since they were infected. However, two key

issues arise with these approaches. First, these methods do not have strong arguments for

the validity of their usage. Second, the data typically used is provided as a rounded num-

ber of days between key events, as opposed to the exact period of time. We address both

these issues by developing a new mathematical model to describe the important properties

of the infection process of various diseases based on strong biological justification, and
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further incorporating methods within the mathematical model which consider infection

and symptom onset to occur at any point within an interval, as opposed to an exact time.

Under certain conditions, our approach provides more preferable results, based on AIC,

than existing approaches, enhancing the understanding of properties of diseases such as

Legionnaires’ disease.

Introduction

In epidemiology, the temporal relationship between key events in an individual’s infection his-

tory is important to understand. For example, a disease that has a long delay from infection to

onset of infectiousness may be amenable to contact tracing, and the relationship between these

two events can be important for disease control [1, 2]. Often these events are a simplification

of a continuous process (i.e., infectivity may not start or end at specific times but instead

increase and then decrease over time). For diseases such as Legionnaires’ disease, which spread

via airborne dispersion from environmental sources (rather than person-to-person contact),

characterisation of the incubation period is critical for source identification (or reverse

epidemiology).

Here, we consider the time from infection to symptom onset. The relationship between

viral or bacterial load in one’s body and onset of symptoms can be difficult to describe. In

brief, the presence of a virus or bacteria within an individual results in an inflammatory

immune response that leads to an observable response of symptoms. An exact mathematical

model accurately describing the infection process is not feasible to develop due to the large

number of different cytokines and cell interactions involved in the immune response, as well

as a lack of a clear understanding of how the pro-inflammatory cytokines relate to the appear-

ance of symptoms and a lack of data to parameterise each specific process in the immune

response. Previous models for the incubation period provide parsimonious simplifications of

the infection process and include in-host models (often assuming symptom onset is propor-

tional to bacterial load [3]) through to simpler probability models (justified on model parsi-

mony or computational capacity). In the latter case, popular distributions include the gamma,

log-normal and Weibull distributions [4–6].

Application of these common distributions is primarily based on heuristic justification.

These common distributions share similarities in that they are right-skewed, defined on a posi-

tive support and flexible so that they can model a wide range of incubation-period datasets.

More specific arguments for common distributions can be described as follows. The gamma

distribution is a generalisation of the Erlang distribution with non-integer shape, n. In which

case, the Erlang distribution is the sum of n exponentially distributed random events, and so

fitting to data can help inform the structure of compartmental models [7]. The log-normal dis-

tribution is a skewed distribution often applied to biological processes in which the process

mean time is relatively low, but its variance is large and results from taking the exponential of

a series of normally distributed events. Finally, the Weibull distribution is a classic reliability-

theory distribution where the hazard of an event occurring is strictly monotonic over time.

To illustrate the heuristic justification of distributions, we consider Legionnaires’ disease

and the statistical analysis that has been conducted in the literature for studying the incubation

period. In this case, several papers have used a range of days (2–10) prior to symptom onset

and considered all days in this period as a potential infection date [8–14]. Alternatively, others

have assumed a median incubation period of either five days [15] or seven days [16], with

infection dates obtained by subtracting the median from the symptom onset date. Another
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common approach is to consider a gamma-distributed incubation period [17]. All papers that

take this approach have followed the ideas and method proposed in [4] using a gamma distri-

bution to describe an outbreak in Melbourne [18].

One issue arising is that incubation-period data are given as an integer number of days,

implying that each case becomes infected at the same moment from the exposure, and that

symptoms develop in an integer amount of days. To illustrate this issue, take two cases in

which symptom onset occurs the day after infection. The individual could have been infected

at 11:59pm and became symptomatic at 00:01am the next day, or alternatively they could have

been infected at 00:01am and became symptomatic at 11:59pm the next day. These two scenar-

ios are 2 minutes and 1 day, 23 hours, 58 minutes long, respectively, but they both correspond

to one integer day in the dataset. These simplifications give a lower resolution of the time delay

between these events due to lack of knowledge of the exact infection and symptom onset

times. Essentially, continuous distributions are being fitted to discretized versions of continu-

ous data, and the result is interval data with censored start and end times.

This type of discretized data are commonly used for analysis without consideration for the

censoring issue. Using standard probability distributions, as well as censored incubation-

period data in statistical analysis, is likely to produce biased inference. In reality, the individual

was likely not infected at the beginning of their infection date. Similarly, symptoms likely did

not appear at the end of their symptom onset date. Therefore, recorded incubation-periods are

likely to be inflated with a positive bias. Using incubation-period data expressed as an integer

number of days will likely lead to a false understanding of delays between key events for spe-

cific diseases, such as the incubation period, and produce incorrect conclusions. A model

describing the incubation period of Legionnaires’ disease has been built with this type of data

[4], but the model is flawed and can be improved upon by accounting for the issues mentioned

above. There are various ways to handle the censoring issue, which we discuss in the next

section.

In this paper, a new model for incubation periods is derived with potentially stronger justi-

fication for its validity than methods currently used in the literature. We apply our new model

to a variety of diseases and provide statistically significant changes in the mean incubation

period, specifically for Legionnaires’ disease, compared to results obtained from using cur-

rently accepted and used models. We also apply techniques that remove the bias from fitting

models to censored data and allow for reliable model-fitting, providing a new understanding

of the incubation periods of various diseases. We apply these methods to anthrax, salmonello-

sis and campylobacteriosis, as well as taking a specific focus on Legionnaires’ disease to illus-

trate the typical kind of improvement achievable with these methods. For the successful

models, we develop some distribution theory, calculating their moments and quantile func-

tions, which can be found in S1 Appendix in the Supplementary Material.

Materials and methods

In this section, we develop methods for handling both of the problems discussed in the intro-

duction. First, we adapt the methods developed in [19] for use on incubation-period data in

order to account for its censored nature. Second, we consider a probabilistic approach to

develop a new model for incubation periods of diseases. We assume exponential growth of

bacteria early after infection, as well as a further assumption of the probability of symptom

onset being proportional to the bacterial load within an individual until saturating once some

load has been reached. Third, we discuss the methods for analysing our fitted models and how

we determine which model performs better, so that we can conclude whether or not our devel-

oped model offers more reliable results than using methods currently developed in the
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literature. Finally, we introduce the data used for incubation-period analysis and discuss the

reasons why this data are considered censored.

Doubly interval-censored modelling

Methods for handling censored data in epidemiological studies have been proposed in the lit-

erature to develop discrete analogues of continuous distributions that preserve properties of

their continuous counterparts [20]. However, most of these methods either focus on preserv-

ing one property, do not result in valid probability mass functions, or assume that infection

occurs exactly at midnight. These discrete analogues are not designed to account for the nature

in which the continuous-time incubation-period process is recorded as discrete data.

The exact time at which symptoms occur in an individual cannot be determined based on

when they reported their illness to authorities. Similarly, the exact time that an individual

becomes infected is also difficult to ascertain. We need a method for handling the fact that

these times are unknown (i.e., to account for the uncertainty within a model), so that analysis

of any subsequent models is reliable. To consider doubly censored data, a natural approach is

to forget the assumption that the exact infection and symptom onset times are known and

introduce a time period in which these two events may occur, with a probability distribution

for the occurrence within this period [19]. The method proposed in [19], which considers dou-

bly interval-censored (DI) data, is described as follows.

Define T and S to be the time of infection and symptom onset respectively (with t and s
being realisations of these random variables respectively), and Z = S − T as the incubation

period of the infection. Consider two intervals where T and S could lie within because the

exact times of T and S are not known. In other words, let T 2 (TL, TR) and S 2 (SL, SR). The

incubation period Z is given as a random variable with p.d.f. f(s − t) (Fig 1).

The p.d.f. of T is defined as fT(t) and the p.d.f. of S is defined as fS(s). The time at which a

person becomes infected and the time taken from infection to symptom onset are indepen-

dent, which leads to fS(s | t) = f(s − t | t) = f(s − t). Finally, define the joint p.d.f. of T and S as

pðt; sÞ ¼ pðtÞpðs j tÞ ¼ fTðtÞfSðs j tÞ ¼ fTðtÞf ðs � tÞ:

From this, the likelihood for a doubly interval-censored observation x is derived.

LðxÞ ¼
Z TR

TL

Z SR

SL

fTðtÞf ðs � tÞ ds dt:

To implement methods found in [19] to incubation-period data, the following approach is

taken. Because the data are rounded to the nearest day, a natural assumption is that TL = 0 and

TR = 1, so infection occurs at any point on the infection date. Defining x to be the number of

days from exposure to symptom onset, set SR = x and SL = x − 1, so that the symptoms develop

at some point on the stated date of symptom onset. There is not much evidence to indicate

what distribution fT(t) might be, so a reasonable assumption would be to let fT(t) be uniform

Fig 1. Diagram visualising the doubly interval-censoring method [19], highlighting the data typically observed,

but accounting for the fact that infection and symptom onset times are not observed exactly and intervals of

possible times must be considered.

https://doi.org/10.1371/journal.pcbi.1012041.g001
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(i.e., fT(t) = 1 on t 2 (0, 1), 0 otherwise). Other options could be to permit a lower chance dur-

ing nighttime or a higher chance when people are outdoors, but these will depend on specific

release scenarios and are not likely particularly identifiable in data. As f(s − t) is the p.d.f. of the

incubation period, the log-likelihood is calculated as follows:

‘ðXÞ ¼
Xn

j¼1

log
Z 1

0

Z xj

xj � 1

f ðs � tÞ ds dt

" #

¼
Xn

j¼1

log
Z xj

xj � 1

FðuÞ � Fðu � 1Þ du

" #

: ð1Þ

In the next section, we develop various distributions to describe the incubation period, and

later fit the doubly interval-censored model to these distributions to determine which one pro-

vides the most optimal fit.

Derivation of the incubation period model

Incubation period data describes the cases who become symptomatic. Given the knowledge

that all individuals in the data will become symptomatic, this section discusses different mathe-

matical models for the occurrence of symptoms onset within a population. We explore how

the results for these different methods link, and we develop a new model for incubation peri-

ods, by starting from a probabilistic approach of symptom-onset occurrence.

A probability-based approach. A continuous-time mathematical model can be built con-

sidering the hazard rate of symptom-onset occurrence. We first consider the option of using

an exponential survival model with time-varying hazard. Define N(t) as the population of indi-

viduals who are infected, but are not yet symptomatic at time t, and Q(t) as the population of

individuals who are symptomatic at time t with N(0) = N0 and Q(0) = 0 and Q(t) + N(t) = N0,

8t 2 Rþ. Next, assume that a hazard rate function λ(t) describes the risk that a not-yet-symp-

tomatic individual will start to experience symptoms at a point in time t, given that they have

not already succumb to symptoms by time t. Then 1 − δtλ(t) will be the probability that the

individual will remain asymptomatic within a small interval (t, t + δt), where in this context δt
represents a small time increment in time. Hence (1 − δtλ(t))N(t) is the probability that nobody

who is not-yet-symptomatic will start experiencing symptoms within a small increment δt
from t, and (1 − δtλ(t))N(t)δt is the probability that nobody new will experience symptoms in a

small increment δt from t. Following this, define δQ (1 − δtλ(t))N(t)δt to be the probability that

there is at least one individual who starts to experience new symptoms in a small increment δt
from t. By writing μ(t) = −log(1 − δtλ(t)), the probability of any new symptom onset appear-

ance can be written as δQ(t) = 1 − e−μ(t)N(t)δt. Using a Taylor expansion on the exponential

term, dividing by δt, and taking the limit δt! 0 changes this probability to a rate as follows:

dQðtÞ
dt
¼ mðtÞNðtÞ ¼ mðtÞðN0 � QðtÞÞ: ð2Þ

This approach leads to a separable ordinary differential equation analogous to the cumulative

distribution of the exponential distribution with a time-varying rate parameter.

It can be deduced that FðtÞ ¼ 1 � expð�
R t

0
mðtÞ dtÞ and that

R t
0
mðtÞ dt is the accumulated

hazard. Hence the rate of symptom onset, μ(t), is the hazard function of an individual becom-

ing symptomatic. Therefore, the hazard of an individual becoming symptomatic at a point in

time is equal to the rate of symptom onset at that time. The scenario discussed here can be con-

sidered from an inhomogeneous Poisson-process perspective, and the results of the hazard are

identical to the inhomogeneous exponentially distributed model. It can be noted here that if

μ(t) is constant that this would lead to the exponential distribution and if μ(t)/ ta for some

constant a this would suggest the incubation period is a Weibull distributed random variable.
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The Erlang distribution arises by assuming the incubation period is the sum of a number of

stages of constant length μ.

However, various studies have shown that the bacterial load within an individual is posi-

tively correlated with the probability of symptom onset [3, 21]. The relationship between bac-

terial load and probability of symptom onset is complex and varies from bacteria-to-bacteria

[21]. Additionally, a positive correlation between load and probability of symptom onset has

been observed for viral infections [22]. For parsimony, we assume that symptom onset is likely

proportional to bacterial (or viral) load at low loads (i.e., the early stages of infection) before

saturating at large loads. The bacterial population early after infection will be approximately

some exponential function of time [3, 23, 24]. Therefore, the left tail of the c.d.f. of the incuba-

tion-period distribution is given by some function eG1ðtÞ, whilst in the later stage, the c.d.f.

should tend to 1 exponentially given by a function G2(t), as is the case of the hazard function

above. Mathematically, with a median T, and considering the case where G(t) = G1(t) = G2(t),
an equation for the c.d.f. that satisfies these conditions is given as follows:

dFðtÞ
dt
¼ FðtÞð1 � FðtÞÞgðtÞ; ð3Þ

where GðtÞ ¼
R t

0
gðsÞ ds for some function g(s). The ODE that arises in (3) defines the Burr

family of distributions and is discussed in further detail in the next section.

Burr distribution. A Burr distribution is a distribution whose c.d.f., F(t),

FðtÞ ¼
eGðtÞ

1þ eGðtÞ
¼

1

1þ e� GðtÞ
ð4Þ

is the solution of (3). Theoretically, there are no constraints on G(t) in (4). Twelve main distri-

butions within the Burr family have been characterized [25], named as Burr type I, Burr type

II, up-to Burr type XII, but we only consider Burr distributions defined over a domain of

(0,1).

Some delay distributions arising in epidemiology do permit negative values. For example,

the time from symptom onset in infector to symptom onset in infectee could be negative. In

this paper, we limit consideration to strictly positive cases. A negative incubation period is not

possible, nor is a fixed upper-limit constraint expected. The only biologically feasible distribu-

tions are types III, X and XII. The type III distribution could be derived from the flexible

generalized gamma distribution with the scale parameter following an inverse Weibull distri-

bution [26]. Similarly, the type XII distribution could be derived from the Weibull distribution

where the scale parameter follows an inverse generalized gamma distribution [26].

The Burr distributions and the gamma distribution have parameters that share the same

symbols for notational simplicity, although they have different interpretations and their fitted

estimates cannot be directly compared. To avoid confusion, we provide a subscript for each

parameter to clarify which distribution this parameter corresponds to (i.e., αIII for the α
parameter in the type III Burr model) in the text but drop this in tables and figures for brevity.

Further, the type III, X and XII distributions used in this research are a generalization of types

III, X and XII Burr distributions used in the literature [25], where the time variable is scaled by

an additional parameter. Type X is defined with two variables that provide models as parsimo-

nious as the three distributions previously trialled: gamma, log-normal, and Weibull. Further,

both type III and XII distributions have two shape parameters αIII,XII and βIII,XII. Finally, the

type III distribution has a scale parameter γIII,XII and the type XII distribution has a location

parameter, the median T.
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General derived Burr distribution. In (3), g(t) has a physical interpretation; the

function tends to the rate of symptom onset μ(t) in individuals at a time t as t increases.

Given F(t) = (1 + e−G(t))−1, in general, then G(t)! t/βD (or g(t)! 1/βD) for some constant βD
as t!1 on the basis that the hazard rate approaches constant over time for relatively long

incubation periods. In principle, F(0) = 0, so G(t)! −1 for t! 0 (or G(0) is very large if not

actually infinite). Taking the above into account, we propose g(t) = 1/βD + αD/t, and as such G
(t) = t/βD + αD log(t) + C, where C is a constant of integration. We define TD as the median,

which satisfies G(TD) = 0. Hence, C = −TD/βD − αD log(TD) and thus

GðtÞ ¼
t � TD

bD
þ aD log

t
TD

� �

:

Equations for the c.d.f. and p.d.f. for the derived Burr distribution, as well as the gamma

and other Burr distributions, are given in Table 1. As discussed, TD is the median of the

distribution. The reciprocal of βD is the eventual constant rate of symptom onset in individuals

for t� TD. Additionally, there are two details worth noting when analysing the physical

interpretation of αD. First, αD is an exponent of t that controls the increase in probability den-

sity, as FðtÞ � ðt=TDÞ
aDeðt� TDÞ=bD for t� TD. Second, the general derived Burr distribution

approaches the exponential distribution for t� TD. The rate at which the derived Burr

distribution approaches a constant hazard (as for an exponential distribution) increases for

decreasing αD. Finally, all parameters must be strictly greater than zero.

Model comparison

We fit each type of Burr distribution to the data, and assess all the models in terms of their

goodness of fit in comparison to the more widely used gamma distribution. The most com-

monly used methods for model selection are the Akaike information criterion (AIC) and

Bayesian information criterion (BIC) [27]. Generally, AIC puts more emphasis on good model

prediction, whereas BIC favours model parsimony [27]. Because our goal is good model pre-

diction, the AIC will be used in deciding desirable model fits. Additionally, we calculate the

Akaike weights ω for each model fit, which can be used for further model comparison [28].

Akaike weights are used to compare the validity of a Burr distributed model over the

gamma distributed model once fit to data. The ratio wi/wG, where wi is the weight for the ith

model and wG is the weight of the gamma distributed model. This ratio may be interpreted as

Table 1. The Burr distributions valid over (0,1) and previously trialled distributions [4] with their corresponding

p.d.f and c.d.f.

Distribution p.d.f. c.d.f. Parameter Range

Log-normal 1

ts
ffiffiffiffi
2p
p e�

ðlogðtÞ� mÞ2

2s2
1

2
1þ erf log ðtÞ� m

s
ffiffi
2
p

� �h i
m 2 R; s > 0

Weibull k
l

t
l

� �k� 1e� ðt=lÞk 1 � e� ðt=lÞk k, λ > 0

Gamma b� a

GðaÞ
ta� 1e�

t
b

1

GðaÞ
gða;btÞ α, β > 0

Type III ab

t
t
g

� �� a
1þ t

g

� �� a� �� b� 1

1þ t
g

� �� a� �� b α > 1, β, γ > 0

Type X
2at
g2
e�

t
gð Þ

2

1 � e�
t
gð Þ

2� �a� 1

1 � e�
t
gð Þ

2� �a α, γ > 0

Type XII aðb� 1Þ

T 2
1

b� 1 � 1
� �

1þ 2
1

b� 1 � 1
� �

t
T

� �a
� �� b

t
T

� �a� 1
1 � 1þ 2

1
b� 1 � 1

� �
t
T

� �a
� �1� b α, β, T > 0

Derived t
b
það Þ T

tð Þ
a
eðT� tÞ=b

t 1þ T
tð Þ
a
eðT� tÞ=bð Þ

2

1

1þ T
tð Þ
a
e� ðt� TÞ=b

α, β, T > 0

https://doi.org/10.1371/journal.pcbi.1012041.t001
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how much more likely model i is a better fitting model than the gamma model. Alternatively,

we also derive the normalized probability that the ith model is preferable to the gamma model,

given by wi/(wi + wG).

The final method of comparison considered is the Bayes factor [29]. The maximum likeli-

hood estimates that we obtain can be considered maximum a posteriori estimates with a uni-

form prior and are used in this context for conducting the Bayes Factor calculations. Larger

Bayes factor values indicate stronger evidence to support one model over another.

Incubation-period data

To test these models, we employ incubation-period data from an outbreak of Legionnaires’

disease in Melbourne in April 2000 [18]. The data for the Melbourne outbreak contains the

number of days taken for each Legionnaires’ disease case to develop symptoms from their

exposure date, and several potential distributions for fitting the data have been compared [4].

The case data only contains individuals that visited the known source once within the weeks

before the outbreak and have a known date of symptom onset. Therefore, the timing of infec-

tion and symptom onset events are known correctly to a single day. The results indicated that

the gamma distribution provided the best fit [4] out of their proposed models.

Further, we gather incubation-period data for anthrax, campylobacteriosis and salmonello-

sis for analysis. The anthrax outbreak in 1979 contains data for the known incubation-periods

of patients [30]. Investigations into the outbreak, climate conditions and human/animal pres-

ence highlighted a single exposure on 2 April 1979. The date of symptom onset was provided

as known in most cases. However, for the few remaining cases, an estimated symptom onset

date was obtained by subtracting 3 days (the mean delay between symptom onset and death)

from the date of death. A literature review has been conducted analysing different salmonello-

sis studies that contain full data of the incubation periods [31]. Awofisayo-Okuyelu et al. [31]

noticed that the incubation periods varied between studies. They grouped studies into subsets

using a clustering process, in which the grouped studies did not have any statistically signifi-

cant difference in their incubation-period data. Similarly, Awofisayo-Okuyelu et al. [32] con-

ducted a review for campylobacteriosis in which the incubation periods varied between

studies, and they combined datasets which were not statistically significantly different using a

clustering process similar to [31]. For both the salmonellosis and campylobacteriosis datasets,

a quality assessment was carried out during their literature review [31, 32]. Incubation period

data obtained was assessed based on whether cases were linked to a clearly defined exposure

and accuracy of the reported symptom onset time, with the lowest level of resolution in the

symptom onset being a period of 24 hours [31, 32]. We provide an Excel sheet of the incuba-

tion-period data for these other diseases in S1 Data in the Supplementary Material.

The data gathered for these diseases share a similarity with the Legionnaires’ disease data,

in that the data contains the integer number of days taken for each case to develop symptoms.

The fact the data for all of these diseases contains integer days implies that each case takes an

exact multiple of 24 hours from infection to the appearance of symptoms, which is not realis-

tic. If we assume that the dates of infection and symptom onset are accurate, then we know the

date of these events, but the specific times on the given days are unknown. We are dealing with

doubly censored data.

Results

Now that we have developed the Burr distribution as an incubation-period model based upon

biological justifications, the next step is to fit these models to the incubation-period data of var-

ious diseases. We begin by fitting the incubation-period models to the Legionnaires’ disease
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data, to draw comparisons between the models’ performance. Next, we conduct the same anal-

ysis on other diseases such as anthrax, campylobacteriosis and salmonellosis. Finally, we con-

duct two simulations in which incubation-period data are fabricated. First, we compare the

results from fitting the incubation-period models to fabricated data, as we compare the param-

eter estimates obtained from fitting the gamma and derived Burr distributions to this data in

an attempt to assess the relationship between these parameters. Second, we fabricate doubly-

censored data and fit the derived Burr distribution using the DI likelihood fitting method to

this data. We aim to assess bias in the parameter estimates and the appropriate coverage of

95% confidence intervals of the parameter estimates.

Analysis of the Melbourne data

The gamma distribution is currently most frequently used to model Legionnaires’ disease

incubation periods [4]. Therefore, we produce models using a gamma-distributed incubation

period to allow for comparison between models. Models are fitted using both the standard and

doubly interval-censored maximum likelihood fitting methods to offer comparison between

the two methods.

We begin this section by providing the results from fitting the incubation-period models to

the data (Table 2). We compare the incubation-period models, as well as model-fitting

approaches, and the effect that they have on our understanding of Legionnaires’ disease incu-

bation periods. We provide analysis of the moments of these Legionnaires’ disease incubation-

period models in S1 Appendix in the Supplementary Material. Further, in this appendix, we

provide visual comparison of the accumulated hazard of these models for large time, to exam-

ine their ability to accurately display a Markovian property of long incubation periods. The

Table 2. Results from fitting the gamma and four Burr distribution models to the Melbourne incubation-period data using both the standard and DI likelihood fit-

ting methods.

Method Analysis Distribution

Log-normal Weibull Gamma Burr III Burr X Burr XII Derived

Standard Parameter estimates (s.e) μ = 1.740

(0.046)

σ = 0.488

(0.032)

λ = 2.447

(0.171)

k = 7.129

(0.288)

α = 4.963

(0.636)

β = 1.275

(0.171)

α = 5.664

(0.970)

β = 0.444

(0.126)

γ = 7.690

(0.642)

α = 1.525

(0.203)

γ = 6.054

(0.335)

α = 2.954

(0.365)

β = 4.452

(2.305)

T = 6.031

(0.259)

α = 1.725

(0.751)

β = 2.738

(0.989)

T = 6.050

(0.254)

ML –278.27 –272.83 –272.66 –270.92 –271.81 –271.15 –270.84

AIC 560.55 549.67 549.32 547.83 547.62 548.29 547.67

ω/ωG 0.003 0.839 1 2.106 2.340 1.674 2.282

ω/(ω + ωG) 0.004 0.456 - 0.678 0.701 0.626 0.695

Bayes factor –2.436 –0.074 - 0.756 0.369 0.656 0.790

DI Parameter estimates (s.e) μ = 1.531

(0.055)

σ = 0.576

(0.042)

λ = 2.058

(0.153)

k = 6.003

(0.291)

α = 3.479

(0.477)

β = 0.653

(0.095)

α = 5.475

(1.023)

β = 0.334

(0.096)

γ = 7.229

(0.645)

α = 1.065

(0.141)

γ = 5.848

(0.366)

α = 2.249

(0.288)

β = 8.642

(9.904)

T = 4.982

(0.265)

α = 0.880

(0.566)

β = 2.110

(0.561)

T = 5.075

(0.260)

ML –281.24 –272.63 –274.33 –271.42 –272.59 –272.27 –270.75

AIC 566.49 549.26 552.66 548.84 549.18 550.54 547.50

ω/ωG 0.001 5.474 1 6.753 5.697 2.886 13.197

ω/(ω + ωG) 0.001 0.846 - 0.871 0.851 0.743 0.930

Bayes factor –3.001 0.738 - 1.264 0.756 0.895 1.555

https://doi.org/10.1371/journal.pcbi.1012041.t002
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analysis and production of plots was conducted on R, with the code provided in S1 Code in

the Supplementary Material.

When fitting using the standard maximum likelihood method, type III, X, XII distribu-

tions and the derived Burr distribution perform better than the gamma distribution regard-

less of which scoring criterion is used. Because the type X distribution is a two-parameter

distribution, the fact that its maximized log-likelihood is higher than gamma’s automatically

means that its minimized AIC will be lower. Types III, XII and the derived Burr distributions

perform better than the gamma distribution depending on how harshly they are penalized

for their extra parameter. Based on AIC, our ideal information criterion for model selection,

these perform better than the gamma distribution. On the whole, all Burr distributions per-

form better than the gamma distribution. From considering the Akaike weights ratio w/wG,

the derived Burr, type III, and type X distributions are at least two times as likely to be a

better-performing model than the gamma distributed model. Additionally, each Burr model

provides at least a 62% chance of being a better fitting model than the gamma-distributed

model, with the derived Burr model being 70% more likely to be better than the gamma

model. Looking at the Bayes factor, there is no substantial evidence to favour the type X dis-

tribution over the gamma distribution. However, this criterion gives substantial evidence

that both type III, XII distributions as well as the derived Burr distribution are all favourable

over the gamma distribution.

Next, when fitting using doubly interval-censoring methods, the type X distribution again

outperforms the gamma distribution. Types III, XII and the derived Burr distributions per-

form better than the gamma model, based on AIC, even with one extra parameter. When con-

sidering the Akaike weights, all the Burr distributed models perform much better than the

gamma distribution, with the derived Burr distribution being over 13 times more likely to be

the better-fitting model. Additionally, when considering w/(w + wG), all Burr models are more

likely to be perform better than the gamma distribution, with the derived Burr distribution

being 93% likely. Finally, the Bayes factor for the types X and XII distributions both show sub-

stantial evidence of a better fit than the gamma distribution. Further, the Bayes factor for type

III and the derived Burr distributions both show strong evidence of a better fit than the

gamma model.

The same conclusions are drawn regardless of maximum likelihood fitting method; all the

distributions provide a better fit than the gamma distribution. Results using the DI method

agree with the standard likelihood method in that βXII in the Burr type XII model has large

standard errors. For this distribution, T centers the curve about the median and α scales the

curve. The large standard errors for β indicate that β is not as important in the model fitting

procedure.

When fitted using standard maximum likelihood methods, all Burr distributions consid-

ered offer a similar curve when plotted, as expected, but do vary slightly as to the model value

or the value of the p.d.f. at the mode (Fig 2). The Weibull distribution provides a similar modal

value for the incubation period, but is more variable than the Burr models. The gamma distri-

bution provides a slightly lower modal value than the Burr models. The log-normal model pro-

vides a noticeably different curve to the Burr models and provides a much lower modal

incubation period, with a lighter left tail and heavier right tail than all the other distributions.

The maximised log-likelihood decreases when switching to the DI method for some distri-

butions, such as the log-normal and gamma. On the other hand, the maximised log-likelihood

increases for other distributions, such as the derived Burr distribution. For distributions fitted

using the standard maximum likelihood fitting method that have a lower modal value lower

than the modal value of the data, changing to the DI method reduces the modal value further.

This larger difference results in a distribution further from the data. Therefore, lower
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maximised log-likelihood values are typically obtained using the DI method when the mode of

the distribution is lower than the mode of the data. However, this reasoning does not hold true

for the type III distribution.

The mean of each fitted distribution along with a bootstrapped 95% confidence interval is

calculated under both the standard method and the doubly interval-censored method to iden-

tify any differences across distributions and across methods, and is provided in S1 Appendix

in the Supplementary Material. A common theme exists, which is that, for each distribution,

the mean for the doubly interval-censored model is approximately a day less than the standard

model (5.3 days compared to 6.3 days), with the confidence intervals for each model having no

overlap across all the distributions. We bootstrap from the distributions and apply a two-

sample t-test to assess investigate whether, for each distribution, the mean incubation period

obtained from the doubly interval-censored method is statistically-significantly lower than the

mean incubation period obtained from the standard method. These calculations and the asso-

ciated p-values are provided in S1 Appendix in the Supplementary Material. These results are

statistically significant and provide support for using a doubly interval-censored model to

more accurately represent the incubation period of Legionnaires’ disease.

Fig 2. A plot of the Melbourne case data with the four fitted Burr distributions included, which offer a visual representation of the incubation-period

distributions trialled.

https://doi.org/10.1371/journal.pcbi.1012041.g002
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For all of the distributions, the density under the doubly interval-censored approach is

shifted more towards the left, indicating that the incubation period is shorter than when just

taking the incubation period as exact integer days (Fig 3). Indeed, the doubly interval-censored

methods account for a potential delay between the start of the infection day and the time dur-

ing the infection day that infection occurs as well as a delay between the time during the symp-

tom-onset day that symptoms appear and the end of the symptom-onset day, whereas the

standard model does not account for either delay, resulting in longer times for the incubation

periods.

Application to other diseases

To further check the validity of the Burr distribution, we fit the doubly interval-censored mod-

els to data of the incubation periods for different diseases: anthrax [30], campylobacteriosis

[32] and salmonellosis [31]. Figures of resulting model fits provided in S1 Fig, along with the

obtained parameter estimates and standard errors of these estimates contained in S1 Fig in the

Supplementary Material. We use both the standard and the doubly interval-censored methods

to fit the gamma and the Burr distributions, to compare which model provides a better fit

(Table 3).

For Burr types III, XII and the derived Burr distribution, a difference in AIC between 0 and

+2 indicates that the Burr model provides a preferable fit based on maximum likelihood esti-

mation, but the extra parameter results in a higher AIC. Burr type III and X distributions offer

mixed results across datasets and do not consistently outperform the gamma distribution.

Based on maximum likelihood, the derived Burr distribution outperforms the gamma distri-

bution for every dataset other than the third campylobacteriosis dataset. However, based on

AIC, the gamma distribution becomes preferable for the anthrax dataset and the first salmo-

nellosis dataset regardless of maximum likelihood fitting method. Additionally, based on AIC,

the gamma distribution becomes preferable to the derived Burr distribution when fitting to

the second and fifth campylobacteriosis datasets with the doubly interval-censored and stan-

dard maximum likelihood methods respectively. Instances in which the gamma distribution

provides preferable results based on AIC is typically due to the penalty from the derived Burr

distribution’s extra parameter. Therefore, these datasets result in relatively close model fits

between the gamma and derived Burr distributions. These conclusions hold, to a lesser extent,

for the type XII distribution.

No clear pattern exists between any of the fitted αD and βD parameter estimates and the per-

formance of the derived Burr distribution. Additionally, there is no clear pattern from the

anthrax, campylobacteriosis and salmonellosis datasets as to whether the estimate of the

median TD relates to the performance of the derived Burr model. However, the lack of sensitiv-

ity for TD is logical as TD solely scales the distribution about the median, and the ability of the

derived Burr distribution to fit well to incubation period data will depend more on the tails in

the curve and around the median, as opposed to the median itself.

We can draw conclusions on which scenarios the derived Burr distribution will outperform

the gamma distribution based on plots provided in S1 Fig of the Supplementary Material. The

third campylobacteriosis dataset was the only dataset in which the derived Burr distribution

did not outperform the gamma distribution based on either maximized likelihood or on AIC.

This dataset is unique in that the incubation period ranges from one to five days. As a result,

the effect of the censoring bias will be much larger, due to the fact that this incubation period

is much shorter. Therefore, this is not an ideal dataset to use to assess model performance.

Next, we consider the datasets in which the derived Burr distribution outperformed the

gamma distribution based on maximized likelihood but not on AIC, regardless of model
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Fig 3. Plots of the Melbourne data with the standard model fits in red and the doubly interval-censored model fit

as a step function in yellow. Each step of the function is a horizontal line from t 2 (a, b] where a = btc and b = dte.

https://doi.org/10.1371/journal.pcbi.1012041.g003
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fitting procedure. The anthrax dataset has a high density after the mode and does not tail off,

and the probability distribution of the first salmonellosis dataset does not have a clearly

defined mode and is negatively skewed. The derived Burr distribution offers close results to

the gamma distribution when it comes to modelling incubation periods without a clear mode

or tail off in probability of illness, but is a better-performing distribution when this structure is

clearer defined.

Finally, fitting to the second and fifth campylobacteriosis datasets resulted in the derived

Burr distribution outperforming the gamma distribution on maximized likelihood but not on

AIC. The incubation period for these datasets is relatively small, meaning that the bias from

the censoring issue is large when fitting models to these datasets. The campylobacteriosis data-

sets that resulted in the derived Burr distribution outperforming the gamma distribution were

the ones in which the modal time was clearly defined and not a wide range of times at the peak

of the distribution. These results further supports the hypothesis that the derived Burr distribu-

tion becomes more preferable when either the mode is more apparent, or the range of incuba-

tion periods in the datasets is not too short that the censoring becomes a larger issue.

Results of model-fitting to simulated data

We now further assess the validity of the Burr distributions by comparing their fits, along with

those of the gamma distribution, to fabricated data. Specifically, we aim to analyse how the

parameter estimates of the gamma distribution relate to the parameter estimates of the derived

Table 3. Comparing Burr, log-normal and Weibull models with the gamma model on anthrax, salmonellosis and campylobacteriosis datasets. For brevity, we define

the datasets as A, S or C to represent anthrax, salmonellosis and campylobacteriosis datasets respectively. The numbers in the dataset column indicate which dataset for a

given disease is being referred to, as we have multiple incubation-period datasets for Salmonella and Campylobacter. The value provided is the difference between the

recorded AIC between a given model and the gamma distribution. Negative values indicate lower AIC, which is preferable. Similarly, positive values indicate higher AIC,

which implies a worse model fit.

Distribution

Dataset Method Log-normal Weibull Burr III Burr X Burr XII Derived

A Standard −4.54 +4.29 −2.05 +6.23 −0.50 +0.98

DI −3.92 +3.43 −0.40 +5.92 +0.84 +1.37

S1 Standard +4.06 −3.39 +1.59 −1.24 −1.35 +1.91

DI +4.51 −3.77 +0.96 −1.57 −1.77 +1.50

S2 Standard +7.99 +0.54 −2.29 −1.42 −0.99 −1.45

DI +9.34 −1.09 −3.51 −2.11 −1.55 −3.01

S3 Standard −26.70 +32.34 −51.44 +31.84 −61.51 −27.10

DI −26.55 +27.46 −47.29 +34.02 −55.51 −30.69

S4 Standard −18.83 +21.16 −38.31 +21.79 −45.71 −15.88

DI −18.78 +17.09 −35.02 +23.30 −40.07 −17.40

C1 Standard −9.38 +34.06 −2.94 +30.03 −3.97 −2.95

DI +6.79 +1.51 −3.03 +17.38 +0.10 −0.84

C2 Standard −6.75 +46.08 −0.61 +38.78 −2.30 −3.14

DI +14.11 +3.97 +5.70 +21.61 +2.24 +1.32

C3 Standard +0.50 +4.67 +9.02 +0.57 +6.48 +8.18

DI +1.45 +0.52 +6.98 -0.03 +2.53 +5.67

C4 Standard +6.65 +25.24 −15.69 +6.27 −14.74 −5.41

DI +1.23 +14.11 −9.02 +11.85 −7.72 −8.82

C5 Standard +12.00 +0.22 −0.50 −0.71 −0.23 +1.47

DI +19.44 −5.22 −8.67 −6.30 −3.22 −8.97

https://doi.org/10.1371/journal.pcbi.1012041.t003
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Burr distribution for different datasets, to gain a further understanding of how the derived

Burr distribution’s parameters can be interpreted.

Initially, we generate a sample of size 1000 from a gamma distribution with given shape αΓ

and mean μΓ (scale βΓ = μΓ/αΓ). Then, the derived Burr distribution parameter estimates are

obtained from fitting to this dataset by standard maximum likelihood, so that analysis can be

conducted on the effect that varying αΓ 2 (0.5, 5) or μΓ 2 (1, 20) has on these estimates. First,

this simulation focuses on analysing the relationship between the parameters of the gamma

and derived Burr distributions. Therefore, we fit by standard maximum likelihood as opposed

to the doubly interval-censored methods. A heatmap is produced to visualise this effect (Fig 4).

Additionally, we repeat the same simulation with doubly-censored data to compare the param-

eter relationships under more realistic conditions. We simulate doubly-censored data by sam-

pling an infection time from the uniform distribution on the infection day and adding this to a

sample from a gamma distribution with αΓ 2 (0.5, 5) and μΓ 2 (1, 20). We take the ceiling of

this sum to produce the doubly-censored incubation period. Repeating this for a sample of size

1000, we fit the derived Burr distribution using the DI method to obtain the corresponding

parameter estimates.

The parameter estimates for βD and TD are invariant under the maximum likelihood fitting

procedure. Fitting the derived Burr distribution using the DI methods to doubly-censored

data generated from the gamma distribution results in similar parameter estimates to those

obtained from fitting the derived Burr distribution using standard maximum likelihood fitting

methods to non-censored data generated from the gamma distribution.

However, a discrepancy exists for estimates of αD between methods. Fitting to doubly-

censored gamma-distributed data with the DI method results in larger estimates of αD than

fitting to gamma-distributed data with the standard method. No clear pattern exists for αD esti-

mates for small μΓ� 1. Because μΓ� 1, the gamma-distributed incubation-period data are

small in value, which means that the uniform infection time and ceiling function have a larger

effect on the data than the distribution that generates the true incubation period. Therefore, in

this circumstance the noise introduced in these two windows affects the estimation process for

αD with the DI method. The shape parameter αD of the derived Burr distribution is more sensi-

tive to small changes in the doubly-censored data when the mean incubation periods are rela-

tively small.

In general, parallels exist between the interpretations of αΓ and αD. Increasing αΓ results in

a larger discrepancy between the gamma distribution and the exponential distribution. Thus,

larger αΓ values result in a longer period of time required for the distribution to become Mar-

kovian. Therefore, a positive correlation between αΓ and αD is expected (Fig 4a and 4b). The

results indicate that μΓ does not have an effect on the rate at which the gamma distribution

becomes Markovian.

Similarly, parallels exist between the interpretations of βΓ and βD. The hazard rate for the

gamma distribution tends to 1/βΓ as t!1. Hence, 1/βΓ is the eventual rate of symptom onset

for the gamma distribution. Thus, a positive correlation between βΓ and βD is logical (Fig 4c

and 4d). Therefore, the effect that varying either μΓ or αΓ in μΓ = αΓβΓ has on βΓ is likely to

inform the effect that varying either μΓ or αΓ has on βD.

Finally, a positive correlation between μΓ and TD is expected, as they both represent a form

of average. For large αΓ, the gamma distribution becomes symmetric, hence TD! μΓ. How-

ever, the correlation becomes less linear as αΓ decreases. In this case, μΓ − TD and equivalently

the skewness (defined by 1=
ffiffiffiffiffi
aG
p

for the gamma distribution) increases (Fig 4e and 4f).

Following this simulation, we provide a second simulation in which we further assess the

performance of the doubly interval-censored maximum likelihood fitting methods with the
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Fig 4. Heatmaps of the results from the first simulation. The sub-figures (a), (c) and (e) (left column panels) represent the results

from the standard likelihood fitting simulation, whereas (b), (d) and (f) (right column panels) represent the results from the DI

likelihood fitting simulation. The sub-figures (a) and (b) represent the αD estimates obtained. Next, (c) and (d) represent the βD
estimates obtained. Finally, (e) and (f) represent the TD estimates obtained.

https://doi.org/10.1371/journal.pcbi.1012041.g004
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derived Burr distribution. Doubly-censored data are generated in the same way as the previous

simulation, with the derived Burr distribution used instead of the gamma distribution for the

true incubation period. We fit the derived Burr distribution to this fabricated data using the

DI method to gain parameter estimates for this dataset. We record the bias of the parameter

estimates and appropriate coverage for the 95% confidence intervals of the parameter esti-

mates to assess the performance of the doubly interval-censored maximum likelihood fitting

procedure.

We opt to vary one parameter and keep the other two fixed for this simulation due to the

computational demand of varying two parameters and producing heatmaps as done in the

first simulation (Fig 5). The two fixed parameters are fixed at the estimates obtained from fit-

ting to the Legionnaires’ disease dataset.

For the αD-varying simulation, the bias for αD and βD estimates increase as the true αD

increases. Increasing the true αD results in a more spiked true incubation-period distribution.

Further, taking the convolution of the spiked incubation-period distribution with a uniform

infection window distribution and taking the ceiling results in a less-spiked doubly-censored

distribution. The DI maximum likelihood fitting method fails to fully capture the original

spike and estimates a flatter distribution, which results in positive bias in the estimates of αD

and βD.

Further, for the βD-varying simulation, the bias for βD increases, whereas the bias for αD

decreases as the true βD increases. Increasing the true βD results in a less spiked true incubation

period and in which case the DI method is able to extract estimates of αD close to the true

value. However, in this case, the relative bias of βD remains constant as βD varies.

Finally, for the TD-varying simulation, the bias in αD and βD remains approximately con-

stant, with some variability due to the random sampling when generating datasets. For each

parameter-varying simulation, we obtain almost unbiased estimates for TD, which indicates

that regardless of which parameter is varied in the data-generating process, the DI method is

successful at locating the median of the distribution.

For the appropriate coverage, we repeat 100 iterations of the simulation to record a propor-

tion of times in which the true parameter is contained within the 95% confidence interval. For

the βD and TD-varying simulations, the appropriate coverage for each parameter centers

roughly around 95%. For the αD-varying simulation, the appropriate coverage for TD centers

around 95%. However, as the true αD increases, the coverage for αD increases and the coverage

for βD decreases.

Discussion

This paper has brought attention to and provides solutions to two distinct issues involved in

modelling incubation periods of diseases. First, we derived a new model for delays between

key events in an individual’s infection history, specifically the incubation period, that has justi-

fiable mechanistic reasons for its validity. Second, we adapted methods for using incubation-

period data, that is given as an integer number of days and has issues with bias, to fit models.

We considered the probability of an individual changing from the not-yet-symptomatic

population to symptomatic for deriving our mathematical model. This approach led to obtain-

ing a differential equation equivalent to the equation defining the exponential c.d.f. with a

time-varying rate parameter. We then extended the model with further assumptions to further

develop the differential equation describing the incubation period. We considered the assump-

tion that the probability of symptom onset after infection is proportional to the bacterial load

before saturating at some large load, as well as considering that bacterial population is expected

to grow exponentially. Further, we derived a specific distribution within the Burr family that
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satisfies a Markovian property of long incubation periods. Other trial functions for G(t) may

offer results at least as good as this new model, and some in-host dynamics which affect the

rate of symptom onset in populations could be considered for specific diseases to provide even

more optimal forms of the Burr model.

Fig 5. Bias and appropriate coverage of 95% confidence intervals obtained from fitting the derived Burr distribution using DI methods to doubly-

censored incubation periods generated from the derived Burr distribution. The sub-figures (a), (b) and (c) represent the bias from the αD, βD and TD-

varying simulations respectively. Further, the sub-figures (d), (e) and (f) represent the appropriate coverage from the αD, βD and TD-varying simulations

respectively.

https://doi.org/10.1371/journal.pcbi.1012041.g005
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Further, by considering models that account for unknown infection and symptom onset

times (doubly interval-censored models), we have obtained expected incubation periods for

Legionnaires’ disease that are statistically significantly less than previously thought (by a whole

day) using standard statistical distributions with incubation-period data. The mathematical

derivation of the new model and implementation of this model with doubly interval-censored

methods address both these problems, as we arrive at a mechanistic model for incubation peri-

ods. Our model has few restrictions on which diseases it can be applied to. Additionally, our

research highlights the need to account for the censored nature of the data, since we observe a

statistically significant difference in the mean incubation period of Legionnaires’ disease when

incorporating the DI methods into the model.

Our mathematical derivation leading to the Burr family of distributions provides a valid

incubation-period model. This model does not consider factors such as an individual’s age,

levels of immune response, susceptibility, doses received or the disease-specific in-host dynam-

ics at play that determine if and when an individual becomes ill with an infection. For example,

frailty may mean faster onset of symptoms, as may higher doses. These modelling choices

mean that the exact disease-specific in-host dynamics are not considered. To derive a model

considering the biological processes at play with a given disease, a different model would have

to be derived based on the details of those dynamics. Additionally, our model was derived

from the assumption of proportionality between bacterial (or viral) load and probability of

symptom onset. Our assumption likely oversimplifies this relationship, and alternate models

may be developed to assume different functional forms. However, the exact relationship

between bacterial (or viral) load and probability of symptom onset varies between diseases and

is not clearly understood [21]. If further research was conducted with consistent observations

across diseases for this relationship, one could change the proportionality assumption to derive

an alternate incubation-period model with further justification than the Burr distribution that

we derived here.

Use of the double interval-censored maximum likelihood fitting methods relies on the

assumption that the individual was infected during a single known exposure on the date given

in the data. In reality, some outbreak datasets may not have a clear date of infection for indi-

viduals. In this case, an individual may have been exposed several times over various days or

they may have been subject to a continuous exposure over time. In the former scenario, con-

cern must be placed on whether the low-dose exposure boosts the immune response or has

other effects on the individual. In the latter scenario, one may conduct a sensitivity analysis in

which different dates within the continuous exposure window are trialled to assess which date

provides the best statistical results. One may use the DI framework with an exposure interval

wider than one day. However, a preferable approach would be to investigate these two other

exposure scenarios and develop a method that accounts specifically for these different

assumptions.

In S1 Appendix in the Supplementary Material, we noticed that all Burr distributions valid

over (0,1), apart from the type X distribution, exhibited a Markovian property for long incu-

bation periods. Consequently, we compared the results of using this model to the other Burr

distributions to judge the validity of the Markovian assumption. The type X distribution pro-

vides successful results outperforming the gamma distribution in nearly all of the analysis (we

obtain mixed results when fitting to other diseases). However, when compared to all of the

other Burr distributions, the type X distribution performed the worst when fitting to the origi-

nal Legionnaires’ disease dataset, the original Legionnaires’ disease dataset with doubly inter-

val-censored methods and the other diseases with doubly interval-censored methods. Further,

the type X distribution visually fits the worst to the Legionnaires’ disease data (Fig 2). These

consistent results support our Markovian assumption for long incubation periods. Although
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non-Markovian Burr distributions provide better-performing models to the widely used

gamma model under certain circumstances, the Markovian Burr models provide a further

improvement in terms of distributional modelling.

Our proposed model can be applied in a number of ways in epidemiology and infectious

disease modelling. For example, a common area of research is to study person-to-person trans-

missible diseases, such as COVID-19. In this case, researchers usually develop compartmental

and time-since-infection models where the infectivity of inflicted individuals infecting suscep-

tible individuals in a population is modelled. Typically, an exponential (or Erlang) distribution

from the point in time at which they are infected is used for modelling. This use of ‘Gamma’

related distributions remains necessary for ODE based compartmental models and is an appeal

for modelling with the gamma distribution. In this work, we have limited to time delay distri-

butions with range of times that are strictly positive, as must be the case with the incubation

period. Some epidemiological distributions, such as generation time, are not bound by this

constraint and so care would be needed in application.

Furthermore, we may consider diseases that do not have a person-to-person transmissible

property such as Legionnaires’ disease, which has been the focus of this research. Researchers

typically track backwards from symptom onset date to predict source location of the infection

for elimination and public safety. A more reliable model such as the model developed here can

provide more accurate results when predicting locations or causes of Legionnaires’ disease

cases, which will result in reduction of bacterial hot-spots and consequently cases of this disease.

This paper provides a flexible model that can reliably fit incubation-period data to a level

that is not currently in the literature and is valid for a wide range of diseases. The results of fit-

ting the Burr distribution to the diseases considered in this paper indicate that using the Burr

family of distributions as a model for incubation periods performs better than currently

accepted models [4] when the mode is clearly defined or when the distribution tapers off.
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