PLOS

Check for
updates

G OPEN ACCESS

Citation: Grieves RM (2023) Estimating neuronal
firing density: A quantitative analysis of firing rate
map algorithms. PLoS Comput Biol 19(12):
€1011763. https://doi.org/10.1371/journal.
pchi.1011763

Editor: Daniel Bush, University College London,
UNITED KINGDOM

Received: June 12, 2023
Accepted: December 15, 2023
Published: December 27, 2023

Peer Review History: PLOS recognizes the
benefits of transparency in the peer review
process; therefore, we enable the publication of
all of the content of peer review and author

responses alongside final, published articles. The

editorial history of this article is available here:
https://doi.org/10.1371/journal.pcbi.1011763

Copyright: © 2023 Roddy M. Grieves. This is an
open access article distributed under the terms of
the Creative Commons Attribution License, which
permits unrestricted use, distribution, and
reproduction in any medium, provided the original
author and source are credited.

Data Availability Statement: All code used for
running simulations, analysis, and plotting is
available in the GitHub repository at https:/github.
com/RoddyMGrieves/Rate-map-quantification.
Code to generate firing rate maps using any of the

RESEARCH ARTICLE

Estimating neuronal firing density: A
quantitative analysis of firing rate map
algorithms

Roddy M. Grieves®*

Department of Psychological and Brain Sciences, Dartmouth College, Hanover, New Hampshire, United
States of America

* roddy.m.grieves @ dartmouth.edu

Abstract

The analysis of neurons that exhibit receptive fields dependent on an organism’s spatial
location, such as grid, place or boundary cells typically begins by mapping their activity in
space using firing rate maps. However, mapping approaches are varied and depend on mul-
tiple tuning parameters that are usually chosen qualitatively by the experimenter and thus
vary significantly across studies. Small changes in parameters such as these can impact
results significantly, yet, to date a quantitative investigation of firing rate maps has not been
attempted. Using simulated datasets, we examined how tuning parameters, recording dura-
tion and firing field size affect the accuracy of spatial maps generated using the most widely
used approaches. For each approach we found a clear subset of parameters which yielded
low-error firing rate maps and isolated the parameters yielding 1) the least error possible
and 2) the Pareto-optimal parameter set which balanced error, computation time, place field
detection accuracy and the extrapolation of missing values. Smoothed bivariate histograms
and averaged shifted histograms were consistently associated with the fastest computation
times while still providing accurate maps. Adaptive smoothing and binning approaches were
found to compensate for low positional sampling the most effectively. Kernel smoothed den-
sity estimation also compensated for low sampling well and resulted in accurate maps, but it
was also among the slowest methods tested. Overall, the bivariate histogram, coupled with
spatial smoothing, is likely the most desirable method in the majority of cases.

Author summary

Spatially modulated neurons in the brain increase their activity when an animal visits spe-
cific regions of its environment. Studying these neurons often begins with the creation of
a firing rate map: a statistical representation of the cell’s activity in space. Different meth-
ods, relying on different parameters, are commonly used to generate these maps. These
parameters can have a huge impact on the maps created and, in turn, any results derived
from them. Yet, very little quantification of these parameters has been attempted and they
are almost universally chosen based on qualitative, study-dependent assessments. In this
paper we quantify the ‘best’ combinations of parameters for each method and provide a
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way for researchers to calculate these for their own data. Using parameters that are both
consistent across studies and quantifiably demonstrated to be the most accurate will
reduce the variability between future studies while improving the validity of their results.

Introduction

Finding food, shelter, mates, and safety all depend on accurate spatial navigation. It is unsur-
prising then that many regions of the brain harbor spatially modulated neurons. Typically
these cells are inactive, exhibiting brief periods of activity in spatially constrained locations
[1,2]. Place cells in the hippocampus, for instance, increase their activity in one or more
regions known as ‘place fields’ [3-5]. Grid cells in the medial entorhinal cortex (mEC) exhibit
similar firing fields but these are more numerous and span the environment in a triangular
grid [6,7]. Boundary cells found in the subiculum and mEC, as well as a number of other
regions, have elongated firing fields which extend parallel to environment boundaries [8-10].

The analysis of spatial neurons such as these typically begins by mapping their spatial activ-
ity. However, the methods for creating firing rate maps are varied, fragmented, and their per-
formance has not been systematically compared. Additionally, the parameters used to generate
firing rate maps are often chosen subjectively and vary greatly between studies. It is unknown
how much variability in spatial navigation research can be attributed to these differing
approaches, although small changes to analyses such as these have been shown to impact
results significantly [11].

Firing rate maps are dependent on two types of multi-dimensional data: position sampling
and spike locations. Many advances have been made towards multivariate histogram optimiza-
tion, for instance, Sturge’s rule [12], Scott’s rule [13] and the Freedman-Diaconis rule [14] can
be applied to estimate how many bins to use when generating a univariate histogram. How-
ever, these methods are almost universally adapted for normally distributed data sets [12,15]
and position sampling is rarely normally distributed. To the contrary, in open field environ-
ments researchers are typically working to obtain a uniform distribution-equal sampling
throughout the environment [16]. Conversely, in alleyway mazes coverage is restricted to the
shape of the maze and thus position sampling is highly non-normal, and these rules-of-thumb
should not be expected to perform well. Additionally, while the spikes contained within an
individual place field are often conceptualized or modelled as Gaussian [17,18], they are rarely
normally distributed [19-21]. Furthermore, cells often exhibit multiple, possibly overlapping
fields [16,22,23] indicating that we can expect spike data to deviate significantly from a normal
distribution in the majority of cases as well. Thus, firing rate maps are the result of two very
different non-normal distributions, neither of which can be easily estimated or described
parametrically.

In the face of these shortcomings, researchers in the field of spatial navigation have perse-
vered using firing rate map approaches and parameters based on subjective assessments, with-
out quantification. To begin to address this issue and start to provide some guidelines which
may be used in future, we utilized an empirical approach to compare the effects of different
mapping parameters on different mapping methods with the aim of discovering the best
parameters to use in each case. The mapping methods we compare here are the bivariate histo-
gram, averaged shifted histogram, adaptive smoothing and adaptive binning, and two kernel
smoothed density estimate approaches. The ‘best’ parameters can take two forms: a) they mini-
mize the error between the firing rate map r(x,y) and the true underlying spike probability dis-
tribution f(x,y), thus capturing the fine and large-scale properties of place fields whilst also
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compensating for inhomogeneous sampling or, b) they minimize this error in a way that also
provides an efficient trade-off with computational speed. This latter factor is important
because although individual firing rate maps can be easily and quickly generated using modern
computers, more and more analyses are being developed which depend on generating rate
maps en masse such as bootstrapping [24], spike-train shuffles [25] and cross-validation [26]
that benefit from increased computational speed.

Here, we provide equations for each mapping approach that can be used to calculate the
best mapping parameters under most circumstances. Comparing across approaches we con-
clude that smoothed bivariate histograms are consistently associated with fast computation
times while providing surprisingly accurate maps, for this reason it is likely to be the preferred
method in the majority of cases. As expected, adaptive smoothing and binning approaches
compensate for low sampling the most effectively, but among these adaptive binning demon-
strates the highest accuracy across a wide range of parameters while balancing computation
time and other factors. Kernel smoothed density estimation is among the slowest methods but
exhibits consistently low errors and demonstrates the highest accuracy when computation
time is unlimited. In the literature, the mapping parameters commonly reported for the histo-
gram, KSDE and adaptive smoothing methods (the most widely used) closely resemble the
parameters our analyses highlight as Pareto-optimal, this suggests that researchers can make,
and generally have made, good qualitative assessments of optimal map accuracy.

Results and discussion

When we create a firing rate map using real-world data, we have no way to quantify its accu-
racy because we do not know the true underlying activity pattern of the cell. To solve this
issue, we used a simulated dataset which mimicked as closely as possible the positional trajec-
tories of rodents and the spatial properties of hippocampal place cells. This allowed us to con-
struct firing rate maps and quantify their accuracy by comparing them to the simulated cell’s
ground-truth firing distribution. We will start by providing a brief overview of this approach,
we will then briefly describe each mapping method, greater details for which can be found in
the corresponding methods sections. We then quantify the error associated with each mapping
method, its optimal parameters and the effect of recording duration and field size on these.
Lastly, we compare the different methods and compare our results to the parameters most
commonly reported in the literature.

Simulated dataset

First, we simulated random walk trajectories which mimicked a rat exploringa 1.2 m x 1.2 m
square environment (Methods: Random walk). These walks simulated 64-minute-long sessions
(Fig 1A and 1E) which were also clipped to 4- and 16-minute durations so that we could inves-
tigate the effects of recording duration and behavioral coverage. We generated 8 unique trajec-
tories of each duration to reflect the fact that place cell datasets normally include multiple
sessions from different rats.

We then simulated the spike probability distributions of three groups of 256 place cells; the
three groups differed in their average field diameter (Fig 1B and 1D; Methods: Place cells) so
that we could investigate the effects of spatial selectivity. Using the random walk trajectories
and a Poisson function to generate spikes, we transformed these spike probability distributions
into simulated spiking data (Fig 1C; Methods: Spiking). Spikes were randomly shifted in time
by small amounts to mimic errors in behavioral tracking and oscillatory dynamics such as
phase precession. Cells were also simulated to exhibit different average firing rates and a small
amount of random out-of-field activity.
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Fig 1.

Trajectory and place cell simulations. A) The simulated environment with a scale rat for comparison. B) The spike probability map for a

simulated place cell with a single firing field. The field parameters are given below: the centroid is the center point of the field, the coordinates are
relative to the center of the map, o, and o, give the field’s standard deviation in x or y respectively, o,y gives the field’s variance in x and y and is used
here to give fields an orientation oblique to the x- and y-axes. C) Place cell spikes, simulated using the probability map in b and a random walk
trajectory. D) We simulated place cells with three different firing field sizes, examples exhibiting a single firing field are shown from each group, text
above gives the average field radius of the group and the field parameters are given below as in b. E) We simulated 8 different random walk trajectories,
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these were clipped to a 4-, 16- or 64-minute duration. Shown here is one trajectory clipped to these three durations (for the kernel smoothed density
estimate a 24-minute duration was used in place of the 64-minute one).

https://doi.org/10.1371/journal.pchi.1011763.9001

Next, for each combination of recording duration and firing field radius we generated firing
rate maps for all 256 place cells using each mapping method while varying their main parame-
ters, such as bin size and smoothing strength. We then compared these maps to the ground-
truth spike probability maps using mean integrated squared error (MISE; Methods: Map accu-
racy). Lastly, we found the combination of parameters which either a) minimized MISE, thus
providing the most accurate map possible or b) provided a Pareto-optimal solution [27]:
simultaneously minimizing MISE, computation time and the proportion of empty map bins
while maximizing the accuracy with which place fields could be detected (Methods: Parameter
optimization). The MATLAB code used to generate each type of firing rate map is provided
alongside this paper.

Generating firing rate maps

Histogram. The earliest, simplest, and most widely used method for constructing firing
rate maps is to bin the spike and position data into a grid of non-overlapping square pixels.
The resulting bivariate histogram maps crosstabulations of values in x and y. This method was
first proposed as a firing rate map approach by O’Keefe [28] and later by Muller, Kubie, and
Ranck [4] (linear firing rate maps were also proposed around this time by Barnes et al. [29]
and McNaughton et al. [30]). By dividing a histogram generated using the spike xy coordinates
by a histogram generated using position xy coordinates (multiplied by the sampling interval of
this data) a third histogram is obtained which gives the firing rate, in Hz, of the cell in every
bin. Often, the spike map and dwell map are also smoothed before this division (or very rarely,
after), resulting in a smoothed firing rate map. This process can be seen in Fig 2 and is formal-
ized in Methods: Histogram.

Histograms depend on two input parameters, the bin size (i.e., the distance between neigh-
boring pixels of the histogram) and, if used, the smoothing strength, typically expressed as the
standard deviation of the smoothing kernel if it is Gaussian. Initially, histogram firing rate
maps were generated using large bin sizes, usually dictated by the resolution of the camera
used to track the animal and were left unsmoothed. However, more recent approaches tend to
utilize smaller bin sizes combined with Gaussian smoothing (see section Comparison to the lit-
erature below). We generated histogram firing rate maps for our simulated place cells using
bin sizes ranging from 1 to 640 mm and a Gaussian smoothing kernel with standard deviations
ranging from 0 (no smoothing) to 640 mm (Methods: Histogram). These ranges of values were
chosen so that they encompass the values reported in the literature with a significant margin.

Should firing rate maps be smoothed before or after division? In the vast majority of cases
spike and dwell time maps are smoothed and then used to produce a firing rate map which
does not require its own smoothing. Alternatively, unsmoothed spike and dwell time maps can
be used to produce a firing rate map which then has smoothing applied to it. The former
approach benefits from the fact that the original spike and dwell maps contain no missing val-
ues (empty bins simply equal zero), which makes smoothing with a weighted kernel trivial. By
comparison, firing rate maps do contain missing, or NaN (Not a Number), values in positions
where the dwell time was equal to zero. This complicates smoothing because the natural ten-
dency of a smoothing kernel is to propagate missing values—when a single NaN falls within
the kernel window the returned result will be NaN. However, more complex kernels can be
constructed which ignore these missing values and smooth only the numerical data [31]. We
briefly investigated the implications of this effect and found that, generally, smoothing after
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Fig 2. Schematic showing the histogram method. See Methods: Histogram for more detail. Schematics showing the steps involved with creating a histogram
firing rate map. Position and spike data are binned separately into unsmoothed maps. Position counts are multiplied by the sampling interval of the position
data to obtain the dwell map. For this example, 50 mm” bins are used. These maps are then, optionally, smoothed with a Gaussian kernel, in this case a 5x5 bin
kernel with the standard deviation set to 50 mm, to produce a smoothed dwell and spike map respectively. The spike map is then divided by the dwell map to

obtain a map of average firing rate.

https://doi.org/10.1371/journal.pcbi.1011763.9g002

division does not greatly improve accuracy (S1 Fig), thus, we smoothed our maps only before
division.

One potential disadvantage of smoothing before division is that it can introduce fictional
values in bins that are empty by propagating values from nearby visited bins. By comparison,
smoothing after division assigns firing rate values only to bins that contained at least one posi-
tion data sample, because there is no such propagation of values in the dwell map. The result is
a map which more honestly represents the position sampling and may be more valuable in
complex, alleyway mazes with consistent trajectories. Alternatively, this propagation problem
can also be solved by imposing a minimum dwell time on bin values, thus removing the small
dwell times resulting from smoothing [32], by setting bins as empty if the closest position data
sample is more than some cut-off distance away [33], or by emptying unvisited bins after
smoothing [34].
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Averaged shifted histogram (ASH). One issue that has been raised with histograms is
that the locations of the bins are somewhat arbitrary [35]. It is often possible to shift the edges
of the bins in one or both dimensions while still enclosing all of the data, and in some cases
this can lead to very different final distributions [36,37]. This issue led Scott [35] to propose
the averaged shifted histogram (ASH) [35,38,39]. The ASH utilizes the histogram procedure
outlined above (Fig 2) but instead of one histogram and one set of bins, numerous histograms
are generated with slightly offset bin edges. The final ASH is then calculated as the average of
these offset histograms (Methods: Averaged shifted histogram). This approach is computation-
ally very efficient but typically benefits from a significant decrease of error over the traditional
histogram [35,36,38] and often only requires around 80% of the data [35]. Firing rate maps
can be calculated by dividing a spike map ASH with a dwell map ASH as with the histogram
method.

The averaged shifted histogram depends on two input parameters: a bin size which acts as
in an ordinary histogram and a smoothing parameter m, which defines how many sub-histo-
grams are generated and thus, the offset between histograms, 3, which is equal to the bin size /
m. If mis set to 1 the ASH closely resembles the result of a bivariate histogram with no smooth-
ing. Conversely, as m approaches infinity (or the maximum resolution of the data) the ASH
approximates a kernel smoothed density estimator [35,38]. Thus, we generated firing rate
maps using bin sizes ranging from 1 to 640 mm and smoothing m values ranging from 2 to 64
(Methods: Averaged shifted histogram).

One benefit of this method is the increased resolution of the resulting maps: a histogram
and an ASH rate map generated with a bin size of 20 mm will look qualitatively similar, but if
the ASH map is generated with a smoothing m of 5, for example, it will have 25x greater reso-
lution owing to its subdivided bins. This increased precision could make ASH maps valuable
when quantifying place field spatial properties such as their shape, area, or centroid as it will
allow more precise measurements. Despite these advantages, as far as we are aware this
approach has never been implemented in the spatial navigation literature.

Adaptive smoothing. Smoothing provides a convenient way for bins to make use of sur-
rounding data and interpolate across regions with low or missing sampling. Ideally though,
each bin would ‘adapt’ to the density of the surrounding data, enlarging when there is not a
great deal of local information, but shrinking in regions where the local data density is very
high [40]. An approach like this for firing rate maps was first described by Jung et al. [41] but
was only fully described later by Skaggs and McNaughton [42] which is the approach we have
adopted here. A similar, but less frequently adopted variant was described by Skaggs et al. [43]
(see Methods: Adaptive smoothing) and is not discussed here. This ‘adaptive smoothing’ allows
bins to differ in size, depending on the density of the surrounding data (Fig 3). The aim is to
allow bins which contain too little sampling to expand until they contain a minimum number
of spikes and position data. The adaptive nature of this approach means that every firing rate
map bin results from a trade-off between smoothing error (data are too blurred together) and
sampling error (too few samples to estimate firing rate accurately). The pixelwise approach
described by Skaggs and McNaughton [42] can be seen in Fig 3. However, as discussed in
Methods: Adaptive smoothing, this method can be accelerated using pre-binning and convolu-
tion, as shown in Fig 4. This accelerated process generates virtually identical firing rate maps,
but in a small fraction of the time (S2 Fig) and so this was the method we employed here.

Adaptive smoothing depends on two input parameters: an initial bin size which sets the
minimum area a bin must occupy (this ensures all of the data is included in at least one bin)
and a tunable smoothing parameter a which controls the minimum number of spikes and
position data required within each bin. As before, we used bin sizes ranging from 1 to 640 mm
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Fig 3. Adaptive smoothing, pixelwise method. See Methods: Adaptive smoothing for more detail. Schematic showing the steps involved with creating a firing
rate map using the adaptive smoothing approach described by Skaggs and McNaughton [42]. A set of query points are specified, these typically form a square
grid spanning the data. A circle is expanded around each point until the contents satisfy the adaptive equation (bottom of figure). The radius needed to satisfy
the adaptive equation is shown for two query points. The value of the firing rate map at each query point is then equal to the number of spikes divided by the
number of position samples within that circle multiplied by the sampling interval of the position data.

https://doi.org/10.1371/journal.pcbi.1011763.9g003

and to capture the full range of smoothing o values reported in the literature we tested values
ranging from 100 to 32000 (Methods: Adaptive smoothing).

Adaptive binning

A similar method to Skaggs and McNaughton’s [42] adaptive smoothing was proposed by
Yartsev and Ulanovsky [44] for data collected from freely flying bats. A variation of this was
also used by Ginosar et al. [45]. In the Yartsev and Ulanovsky [44] approach, bins are
expanded until they contain a minimum 1 second of recording data, regardless of the number
of spikes. The firing rate in a bin is then equal to the number of spikes within this radius of the
bin divided by the total time spent within this radius. This method is similar to adaptive
smoothing (Fig 3) but instead represents K-nearest neighbor density estimation [40], where
the 1 s time interval can also be understood as K equal to the position sample rate. Compared
to adaptive smoothing this method places emphasis on behavioral sampling rather than a com-
bination of sampling and spike count. Like adaptive smoothing, this method can be accelerated
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Fig 4. Adaptive smoothing, convolution method. See Methods: Adaptive smoothing for more detail. Schematic showing the steps involved with creating a
firing rate map using the adaptive smoothing approach accelerated through convolution. Position and spike data are binned separately into unsmoothed dwell
and spike maps respectively. For this example, 50 mm bins are used. Convolution with circular unity-gain kernels of varying sizes is used to sum the total spikes
and position samples at a set of discretized radii. For each bin, the smallest radius of kernel at which the adaptive equation can be satisfied is then found. The
value of the firing rate map in that bin is equal to the number of spikes divided by the number of position samples within the kernel multiplied by the sampling
interval of the position data. The result is a map which is functionally identical to one generated using the pixelwise approach (Fig 3) but in a fraction of the
time (S2 Fig).

https://doi.org/10.1371/journal.pcbi.1011763.9g004

Y

Spike map

using a convolution-based procedure (similar to that in Figs 4 and S2). Here, we used a two-
dimensional implementation of the method proposed by Yartsev and Ulanovsky [44], acceler-
ated in this way.

Adaptive binning depends on two input parameters: the first is the initial bin size which
sets the minimum area a bin must occupy (this ensures all of the data is included in at least
one bin) the second smoothing parameter t defines the minimum enclosed duration at which
bin expansion is halted. Yartsev and Ulanovsky [44] used 10 cm® voxels and set ¢ to 1 second,
so we generated firing rate maps using two-dimensional bin sizes ranging from 1 to 640 mm
and smoothing ¢ values ranging from 0.5 to 10 seconds (Methods: Adaptive binning).
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Kernel smoothed density estimate (KSDE)

Both the bivariate histogram and adaptive methods estimate data density through binning fine-
scale data points into, somewhat arbitrary, discretized portions of space. Smoothing allows data
points to affect bins other than the one they are assigned to, but the resulting estimate is always
discontinuous—-values are only known for each bin location and each bin contains only one
value. Adaptive smoothing and binning further extend the histogram method, allowing more
data to be utilized in under-sampled regions. However, the kernel smoothed density estimate
(KSDE) proposed by Rosenblatt [46] and Parzen [47], also known as the Parzen-Rosenblatt
window method, takes this a step further and estimates local data density based on all of the
available data, producing a continuous estimate which can be queried at any location.
Although KSDE’s are often considered one of the most accurate approaches for data density
estimation [48,49], they are not commonly utilized to generate firing rate maps. Leutgeb et al.
[50,51] described what has become the most widely adopted approach [7,9,33,52-55], by esti-
mating firing rate as the ratio of two kernel smoothed density estimates, one calculated on
position data and the other on spikes (Methods: Kernel smoothed density estimate; Fig 5). In

16 minute session Firing rate map Firing
y - il rate (Hz)
% | | ‘ Max

For each query point:
0Hz rate = spike KSDE / pos KSDE

positions x sample interval
® spikes
Y >
Kernel weighted distance
Example query point to all positions KSDE of positions
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For every
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to all Spikes KSDE of Splkes
s
For every
. query point
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Fig 5. KSDE firing rate map method. See Methods: Kernel smoothed density estimate for more detail. Schematics showing the steps involved with creating a
kernel smoothed density estimate (KSDE) firing rate map. A set of query points are specified forming a square grid spanning the data. For each query point the
distance to every position data sample and spike is calculated, these are then kernel weighted and summed. The value of the firing rate map at that query point
is then equal to the spike-distance-sum divided by the position-distance-sum multiplied by the sampling interval of the position data.

https://doi.org/10.1371/journal.pcbi.1011763.9005
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comparison to the Leutgeb et al. [50,51] approach we found that the MATLAB kernel density
estimate implementation (MATLAB function mvksdensity), which uses a very similar smooth-
ing kernel, provides a significant speed increase, generates virtually identical firing rate maps
(S3 Fig) and offers many convenient additions such as boundary correction. Alternatively,
combining the two approaches by employing the Leutgeb et al. [50,51] kernel via mvksdensity,
as a custom kernel, was the slowest implementation (S3 Fig). For these reasons we generated
KSDE maps using the MATLAB function, mvksdensity, and its built-in kernel.

This method depends on three main parameters: the smoothing kernel, smoothing
strength, and query points. The smoothing kernel can take many shapes (e.g. uniform, triangu-
lar, biweight, triweight, Epanechnikov) but we restricted our analyses to a Gaussian kernel as
this was the form proposed by Leutgeb et al. [50,51]. The smoothing strength, often denoted as
h and called the smoothing ‘bandwidth’, effectively changes the relative standard deviation of
the smoothing kernel, and thus the smoothness of the estimate. Although kernel density esti-
mates are continuous and can be quantified at any point, in order to produce a discretized
map they must be queried at a finite set of points. For simplicity, these form a square grid simi-
larly to the bins of a histogram. The density of the query points can easily be controlled by set-
ting the distance between neighboring points, hereafter called the bin size. Unlike with the
previous approaches, values are calculated independently for each query point, meaning that
decreasing the bin size increases the resolution of the estimate without changing its shape. In
this way, we know a priori that smaller bin sizes are more accurate and should thus produce
the lowest error but, this will likely increase the computation time considerably making small
bin sizes sub-optimal. For this reason we tested query grids with bin sizes ranging from 2.5 to
640 mm and bandwidth values ranging from 10 to 320 mm (Methods: Kernel smoothed density
estimate).

Temporal KSDE

Brun et al. [56], Fyhn et al. [6] and Leutgeb et al. [57] described a unique spatial mapping pro-
cedure which uses a KSDE approach applied to the instantaneous firing rate of the cell, rather
than treating all of the data within a bin as a homogenous temporal sample. This temporal
KSDE (tKSDE) approach is dependent on three inputs: grid size, spatial smoothing strength,
and temporal smoothing strength. The instantaneous firing rate of the cell in time is estimated
using a sliding window, typically employing a 2-second-long Blackman window-this approxi-
mates a Gaussian with a standard deviation equal to % the window length. However, we found
that shorter time windows resulted in more accurate maps overall (S4 Fig) and so instead
focused on a window duration of 0.125 seconds (Methods: Temporal KSDE). The grid size
input acts similarly as in the KSDE and provides the resolution at which to estimate the cell’s
firing rate (i.e. the bin size). The value of each bin is calculated as the weighted average of the
cell’s instantaneous firing rate, where the values are weighted according to their distance from
the bin center, much like in a KSDE. The weighting kernel is typically a second Blackman win-
dow, but for simplicity we replaced this with a Gaussian kernel. The spatial smoothing input,
0, defines the standard deviation of this Gaussian and thus acts as a tunable spatial smoothing
parameter. For this approach, we used bin sizes ranging from 2.5 to 640 mm and smoothing
values ranging from 10 to 640 mm (Methods: Temporal KSDE).

Quantifying rate map error

For each mapping method we generated firing rate maps for our simulated place cells using a
range of parameters chosen to encompass values reported in the literature (Fig 6). For each
rate map parameter combination we then compared the resulting rate map r(x,y) to the
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https://doi.org/10.1371/journal.pcbi.1011763.9006

underlying spike probability of the cell f{(x,y) using mean integrated squared error (MISE;
Methods: Map accuracy; note that MISE is in units of integrated probability squared, not firing
rate). In testing, similar results were observed when using Pearson correlation, Euclidean dis-
tance and mutual information (S5 Fig). Every mapping method exhibited some parameter
combinations which performed better than others. Generally, small bin sizes coupled with lit-
tle smoothing, large bins, and high smoothing were all associated with inaccurate maps (Fig
7A-7F). It is clear from the example maps in Fig 6 why this is the case: small bin sizes with lit-
tle to no smoothing are very sparse, exaggerate small-scale firing features and the lack of
smoothing does not allow interpolation between filled bins. Conversely, very large bin sizes or
smoothing values provide maps which lack detail and obscure place fields. However, for each
method a region of high accuracy maps was apparent between these zones. For the histogram
method, smoothed maps were superior in terms of accuracy than when smoothing was
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omitted (parameter pair with the smallest average error: with smoothing = 3.1x10™"%, without
smoothing = 1.0x107'% £(510) = 14.7, p = 1.6x10™'%, two-sample t-test).

Broadly, we found similar results for 4-, 16- and 64-minute-long sessions, although as the
session duration was increased the region of low error combinations generally widened to
encompass a greater range of parameter combinations (Fig 7A-7F). This is to be expected
because a firing rate map is estimating f{x,y): the probability a cell will fire at a position given
infinite time. Thus, as the number of available samples approaches infinity this estimate can be
made with greater certainty. This effect was greatest in the adaptive smoothing and binning
methods, which is perhaps unsurprising because these approaches were designed to make the
greatest use of the available data. Importantly, as recording duration was increased the region
of optimal parameter combinations often expanded to include a broader, overlapping set. This

suggests that if an experiment involves sessions of different durations, experimenters should
optimize their mapping procedures for the lowest data density as these will also generalize to

higher densities. Adaptive binning exhibited the broadest region of low error parameter com-
binations: essentially, any map with a bin size less than 50 mm and a smoothing criterion
greater than 0.5 s exhibited very low errors (Fig 7F). This makes adaptive binning much more
resistant to incorrect or suboptimal input parameters.
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The histogram, ASH and KSDE methods exhibited a region of greater accuracy maps
around a bin size of 80 mm (Fig 7A and 7B and 7D), these regions correspond to the bin size
at which acceptable accuracy can be obtained with no smoothing (see Fig 6C and 6D) leading
to a vertical band of low error maps which is only disrupted by over-smoothing. Interestingly,
Sturge’s rule [12] suggests that a 16- and 64-minute recording session should be discretized
into 70 and 63 mm bins respectively, based solely on the number of position data samples col-
lected (Methods: Bin size rules-of-thumb) which closely resembles this 80 mm region. By con-
trast, two implementations of the Freedman-Diaconis rule [14] suggests that for a 16-minute
session, 35- or 18-mm bins should be used and for a 64-minute session 23- and 11-mm bins
should be used respectively (Methods: Bin size rules-of-thumb). These are close to the optimal
bin sizes found for the histogram and KSDE methods (20-30 mm), suggesting that the Freed-
man-Diaconis rule [14] offers a more accurate rule-of-thumb when generating firing rate
maps, although none of these rules-of-thumb are recommended for spatial data.

Optimizing map parameters

The low error parameter combinations we found sometimes suffered from drawbacks in other
areas. For instance, when bin size is changed by a factor of k, the total number of bins, and
thus computational demand and map size will scale by (1/k)?, thus small bin sizes are typically
associated with increased computation time (Fig 8 insets) and required storage space. These
parameters can be ignored when generating a small number of firing rate maps, but they are
important to consider when generating maps en masse. Generally, error in place field detection
was correlated with map error (Fig 8; histogram: r = 0.25, ASH: r = 0.78, Adaptive smoothing:
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https://doi.org/10.1371/journal.pcbi.1011763.9g009

r =.90, tKSDE: r = 0.54, KSDE: r = 0.72, Adaptive binning: r = 0.98). Small bin sizes were
more likely to be associated with a high proportion of empty bins, particularly when little
smoothing was used (Fig 8 insets). Empty bins are not strictly errors and thus do not nega-
tively impact our calculation of map error (MISE), but an abundance of empty bins is often
undesirable when investigating a neuron’s spatial activity because they represent regions
where the cell’s activity remains unquantified.
To quantify these complex relationships we used multi-objective (Pareto) optimization [27]
to find the combinations of map parameters that not only minimized error but also minimized
the computation time taken to generate each map, minimized the proportion of each map that
is empty, and maximized the accuracy with which place fields could be detected (Methods:
Parameter optimization). The Pareto-fronts found for each method can be seen in Fig 9A-9F.
From among the solutions on this front we selected the one that best balanced error and com-
putation time (hereafter called the ‘balanced’ solution; Methods: Pareto-optimal parameters).
In addition, we also found the parameter combination associated with the lowest possible
error, ignoring all other factors (hereafter called the ‘minimum error’ solution). The balanced
solutions typically differed from the minimum error solutions by having a much larger bin
size but with a similar level of smoothing (Fig 7A-7F). This is likely because increasing the bin

size while keeping the same level of smoothing generally decreases the computation time while

minimally affecting map error and the other performance factors. Maps generated using the
two solutions closely matched the underlying spike probability and did not noticeably differ
from each other (Fig 10C).
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which place fields were detected for each mapping method. D) The proportion of empty bins remaining for each mapping method. E) The
spike probability map and simulated spikes for an example simulated place cell. Below this, firing rate maps for this place cell generated
using each method (columns) and the balanced solution parameters (top row) or minimum error solution parameters (bottom row). Text
gives the bin size and smoothing parameters used.

https://doi.org/10.1371/journal.pcbi.1011763.9010

The effects of recording duration and firing field size

We next looked at how recording duration and firing field size affect the selection of mapping
parameters. To quantify this relationship, we used multivariate regression (MATLAB mvre-
gress); the effect of recording duration and firing field size on the balanced bin size and
smoothing strength can be seen in Fig 9A-9F (insets). To guide parameter choice more accu-
rately over a wide range of situations, for each method, we have also provided the numerical
relationships between recording duration, firing field size, bin size and smoothing strength in
Table 1.

Broadly speaking, larger firing fields are best represented by maps produced using larger
bins and stronger smoothing (Fig 9A-9F, insets), this can also be seen in the positive coeffi-
cients of r in Table 1. Large firing fields benefit from large bins and broader smoothing because
these emphasize large-scale firing features, such as place fields, rather than small-scale noise.
An exception to this is the balanced ASH method, which has a practically flat relationship
between field size and smoothing, suggesting that smoothing strength has surprisingly little
impact on the resulting map, an effect which can also be seen in Figs 6D and 7B.

Longer recording durations are generally best represented by smaller bin sizes and weaker
smoothing (Fig 9A-9F, insets), this can also be seen in the negative coefficients of d in Table 1.
Low data densities benefit from larger bins and smoothing because this allows better interpola-
tion across sparse regions and increases the accuracy of each bin value by increasing the num-
ber of samples their estimate is based on. This is consistent with a general prediction for kernel
estimators that as the number of samples increases smoothing should decrease [49,58]. How-
ever, the adaptive smoothing and binning methods showed the opposite trend, with longer
durations best represented by slightly stronger smoothing and slightly larger bins in the case of
adaptive smoothing. Why this is the case is not immediately clear. One possibility is that as the
recording duration is increased the region of low error parameter combinations expands
markedly for both adaptive methods (Fig 7C and 7F) leading to a more homogenous pattern
of error which may have made the regression fit less meaningful for these methods.

Table 1. The relationship between field size, recording duration, bin size and smoothing strength.

Method Minimum error solution Balanced solution
Histogram Bin size = smallest available Bin size = 22.229 4 0.115r — 0.413d
Smoothing = 16.232 + 0.119r — 0.218d Smoothing = 9.900 4 0.278r — 0.617d
ASH Bin size = 76.339 + 0.055r — 0.278d Bin size = 56.510 4 0.259r — 0.513d
Smoothing = —29.982 4 0.328r — 0.085d Smoothing = 5.338 — 0.006r — 0.006d
Adaptive smoothing Bin size = 1.7615 + 0.0077r — 0.0050d Bin size = 9.714 4- 0.041r + 0.104d
Smoothing = —11872 + 125r 4- 281d Smoothing = —9917 + 61r + 106d
Adaptive binning Bin size = 1.606 — 0.004r + 0.009d Bin size = —5.451 4- 0.135r — 0.055d
Smoothing = —5.078 4 0.041r 4- 0.050d Smoothing = —4.336 + 0.036r 4 0.045d
KSDE Bin size = smallest available Bin size = 9.900 4 0.099r — 0.325d
Smoothing = 17.685 + 0.133r — 0.7684 Smoothing = 14.806 + 0.139r — 0.707d
Temporal KSDE Bin size = 3.529 + 0.014r — 0.020d Bin size = 14.720 4- 0.104r — 0.188d
Smoothing = 10.949 + 0.213r — 0.179d Smoothing = 19.304 + 0.242r — 0.222d

Table showing regression fit equations for determining the bin size and smoothing associated with the minimum error and balanced solutions given the average firing

field radius r and the recording session duration d.

https://doi.org/10.1371/journal.pcbi.1011763.t001
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In the case of the histogram and KSDE, bin size is absent from the minimum error formula
because it was always equal to the smallest tested (Table 1). This is perhaps unsurprising
because a histogram generated with the smallest possible bins (i.e. matching the resolution of
the position and spike data) and large enough smoothing will approach the result of a KSDE,
which is in turn generally considered one of the most accurate density estimation approaches
[48,49]. In practice, bin size is limited by the resolution of the camera used to track the animal
and the distance of this camera from the experimental apparatus. So, this value can simply be
replaced with the smallest bin size permitted by the data or desired by the experimenter. This
is permissible because the minimum-error and balanced solutions share practically identical
smoothing values and so the resulting map will always fall between these points and approxi-
mate the best possible result.

Estimating field size

The equations presented in Table 1 call for an estimate of the cell’s firing field radius, r, how-
ever, we typically estimate firing field size using a firing rate map. How can we estimate this
value before we have generated a firing rate map? Firstly, using firing field size values estimated
in previous experiments, or using a qualitatively accurate map, will often be sufficient for
deriving this value as we found that place field detection was typically resistant to errors in the
firing rate map (although the two are correlated). However, it is also possible to estimate the
average field radius without a rate map. One way is to use spatial density metrics such as Rip-
ley’s k-function (Methods: Estimating field size; [59]). This algorithm estimates the radius of
dense clusters in xy point data, such as the positions of a cell’s spikes [60]. Using this method
on our simulated place cell dataset, we found a high positive correlation between the actual
and estimated place field sizes (S6B Fig; r = 0.71, p = 1.3 x 10, Spearman’s correlation
between estimated and real field size). Further research could look to improve on these kinds
of density metrics for place field size estimation.

Comparing mapping methods

We compared several different mapping approaches: the standard bivariate histogram (cou-
pled with Gaussian smoothing), averaged shifted histogram (ASH), adaptive smoothing, adap-
tive binning, kernel smoothed density estimate (KSDE) and a temporal implementation of the
KSDE (tKSDE). Concentrating on the balanced solution results and looking at the error asso-
ciated with each mapping approach, a one-way ANOVA confirmed that the approaches dif-
tered (F(5,1530) = 29.0, p < .0001, n2 = 0.05), the results of post-hoc multiple comparisons can
be seen in (Fig 10A). A one-way ANOVA also confirmed that the approaches differed in their
computation time (F(5,1284) = 712.8, p < .0001, 1° = 0.74), the results of post-hoc multiple
comparisons can be seen in (Fig 10B). A one-way ANOVA also confirmed that the approaches
differed in the proportion of bins left empty (F(5,1530) = 4352.6, p < .0001, n* = 0.93), the
results of post-hoc multiple comparisons can be seen in (Fig 10D).

If using balanced parameters, the adaptive binning, adaptive smoothing and KSDE meth-
ods demonstrated the smallest average map error (Fig 10A). The maps generated using these
methods were also the most reliable when detecting place fields (Fig 10C), contained very few
empty bins (Fig 10D), and exhibited a high level of detail (Fig 10E), which may make them
desirable for investigating fine-scale firing characteristics. However, these methods were also
among the slowest to produce (Fig 10B) making them undesirable when generating maps en
masse (the KSDE was so slow we could not test recording durations greater that 24 minutes or
bin sizes smaller than 2.5 mm because the computation times became untenable).
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The tKSDE, histogram and ASH methods demonstrated the largest average error. However,
the histogram and ASH methods were virtually instantaneous to produce, making them a very
practical mapping method (Fig 10B). When using parameters that minimize error only, the
histogram and KSDE methods showed the greatest possible levels of accuracy (Fig 10A), in
this state the histogram method remains computationally fast while the KSDE method remains
one of the slowest (Fig 10B). Given that the histogram is the most widely used approach, is
very flexible, computationally very fast and provides very accurate maps, it is likely to be best
suited to most scenarios. Additionally, the computational speed of histograms makes them
very well suited to shuffle-based analyses that are becoming more common in the field [24]. It
should be noted however, that the ASH method shares many of these properties and produces
much higher resolution maps.

In addition to exhibiting the largest error, the tKSDE approach was also very slow, unreli-
able for place field detection and among the worst at compensating for poor sampling, making
it one of the least desirable methods overall. This approach utilizes the instantaneous firing
rate of the cell over time to estimate the average firing rate within a bin making it unique in
this aspect, as all the other methods treat data points within or around a bin as if they were
contemporaneous. One benefit of this approach is that it relies on an instantaneous firing rate
vector which could prove valuable for mapping the results of calcium imaging experiments. In
this case, exact spike times are unknown, and researchers use algorithms to estimate them
before constructing firing rate maps, but a temporal KSDE would eliminate the need for this
step.

Overdispersion and uneven sampling

These results did not vary greatly when cells were simulated to include heavy overdispersion
[61,62], although the balanced and minimum error solutions consistently shifted towards sig-
nificantly stronger smoothing (S7 Fig). This increased smoothing requirement likely reflects
the larger uncertainty associated with overdispersion and should be taken into account when
analyzing recording sessions of a short duration and when overdispersion is anticipated.
Uneven trajectories, such as those caused by goal-directed navigation or thigmotaxis, did not
change the results of the bin size and smoothing analyses (S8 Fig) although MISE did increase
significantly when trajectories showed strong goal-directed biases. Lastly, to test the robustness
of our results in the face of real-world place cell data, we used the equations provided in

Table 1 to calculate firing rate map parameters for real place cells extracted from the dataset of
[20] (S9 Fig).

Comparison to the literature

Having now quantified the error associated with different input combinations, we looked back
at the parameter combinations reported in the spatial navigation literature. To do this we sur-
veyed peer-reviewed papers that focus on spatial neurons, spanning from the first description
of a firing rate map (1983) to the current year (2023). We recorded their rate map approach
and the parameters used (Methods: Literature survey).

Focusing first on the histogram method, and looking at the types of smoothing used, we
found that over time researchers have gradually transitioned from no smoothing to boxcar
kernels and finally to Gaussian kernels, suggesting that the field has recognized the increased
accuracy afforded by smoothing (Fig 11A). We also found a weak, but significant, decrease in
bin sizes over time, likely related to the adoption of more powerful laboratory computers and
better smoothing techniques (r = -0.2, p = .016; Fig 11A, black line). We also found that when
Gaussian smoothing was used, the parameter combinations reported in the literature closely
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which are very close to the balanced solution. Gaussian jitter (mean = 0, o = 2) was added to the literature values to make visualization of overlapping data clearer.
See S10 Fig for example ratemaps generated using different literature values.

https://doi.org/10.1371/journal.pchi.1011763.9011

clustered around the balanced solution found through our analysis (Fig 11B) although they
still showed a wide range of variability between studies (S10 Fig). When smoothing was not
used the reported bin sizes still tended to cluster in the lowest error region (Fig 11B inset top).
This suggests that researchers have, generally, been remarkably successful at balancing rate
map error with computation cost. Place field detection was also very accurate across the
parameter combinations reported in the literature (S11 Fig), this may be because place field
detection represents only a very rough measure of map accuracy, or because researchers using
firing rate maps optimize their firing rate maps for accurate place field detection rather than
computation time or MISE.

Adaptive smoothing and KSDE are the next most widely adopted mapping methods and
show a similar clustering around the balanced solution (Fig 11B). However, with these meth-
ods researchers tend to use over-sized bins, likely to offset the low speed of these approaches.

Summary

Here we replicated the most widely adopted firing rate map methods described in the litera-
ture, as well as some rarely and never-before used ones, and quantified the effects of their dif-
ferent input parameters. We did this by generating maps for simulated data sets and
comparing the results to their ground-truth firing probability distribution. For each method
we determined the parameter set yielding the smallest mean integrated squared error possible,
then we considered factors such as computation time and place field detection error to deter-
mine the Pareto-optimal parameter set: settings which balanced error and computation time.

Each approach exhibited a clear region of optimal parameters. Typically, the solution asso-
ciated with the lowest error consisted of the smallest bin size possible and a relatively large
amount of smoothing; in comparison the balanced solutions tended to call for a larger bin size
with less smoothing. Overall, we found that the bivariate histogram method was consistently
among the fastest while still providing surprisingly accurate maps. The ASH method was con-
sistently the fastest and provided a medium level of accuracy, coupled with increased spatial
resolution, these results suggest that the ASH method may be an unfairly overlooked option
for generating rate maps. Adaptive smoothing and binning approaches compensated for low
sampling the most effectively, as expected, and produced lower error maps but at a longer
computation time. The histogram and KSDE approaches achieved the greatest possible accu-
racy when all other factors were ignored. However, the extremely long computation time of
KSDE makes it a generally undesirable choice.

Limitations and further research

Here we have concentrated on widely used approaches for generating firing rate maps, with
some exploration of underused variants. However, there are a number of more recent and
more advanced approaches which have not yet received wide adoption. These include Bayesian
[63] and Gaussian process [64,65] methods. These computationally complex approaches could
provide improvements over traditional mapping methods and will require further investiga-
tion. Increasing the adoptability of these approaches would facilitate this; for example, we have
provided MATLAB code alongside this paper which allows the reader to adopt any of the
methods discussed here with minimal effort and without a need for any computational back-
ground. Complex approaches often provide a mathematical description but lack a packaged
implementation, which likely hinders their adoption by the research community.
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In this analysis we have concentrated on an open field arena setup which represents one of
the simplest and most widely used experimental apparatus in the literature [16,19,22,66,67].
While we do not expect the findings here to differ among open field environments of a differ-
ent shape, many experiments instead make use of complex alleyway mazes [68-70] where
place fields can take on new characteristics [71,72]. These mazes also present new challenges
for spatial mapping, such as areas separated by walls [73,74] that should not be smoothed
together. While most experiments solve this problem by linearizing the maze data, this is not
always possible or desirable. For a more flexible solution these situations would benefit from
non-isotropic smoothing kernels such as the alleyway-limited smoothing employed by Derdik-
man et al. [68] or geodesic kernels that take into account the shape of an environment during
smoothing. Future research will be needed to develop these alleyway-suited mapping methods.

Conclusion

While the purpose of a firing rate map is to quantify the spatial activity of a neuron, it is sur-
prising that these maps are often based on qualitatively chosen parameters. Here we have
shown that, while generally accepted, this should not be the case because some parameter com-
binations are clearly superior. In the field, it is difficult to know which parameters to choose
and often a multitude of such choices must be made across many different analyses. We have
provided a way to guide at least some of these in the future. Additionally, we hope that this
investigation will motivate further inspection and discussion of these, and perhaps other tools
which the spatial navigation field relies on.

Methods
Random walk

To simulate rat exploratory behavior, we employed a Gaussian random walk. The environ-
ment was recreated as a binary grid map, with a resolution of 0.5 cm. The agent started in the
geometric center of the environment with a random starting heading, it then made successive
steps through the environment, with each step representing 1 second of walk time for a total
duration of 64 minutes. At each time point the agent’s next position was calculated as:

1 —(D-p)?

1
x) = argmax e 2 + et ) Locc+d, +d + b> 1
g0 = argmax(———e 4 L 0

where D is the distance to every pixel in the grid map from the agent’s current position, y = 64
and o = 128, I is the modified Bessel function of order zero, A is the angle to every pixel in the
grid map from the agent’s current position, ¢ is the angular heading of the agent at time step ¢,
K is the concentration of the von-Mises distribution which was set to 1, occ is the total occu-
pancy in each grid map pixel calculated using a retrospective 8-minute sliding window, d,, and
d, are the distance to every pixel from the nearest wall in the environment and the distance to
every pixel from the center of the environment respectively, b was an optional parameter used
in the biased sampling conditions and is described below.

Each input described above was normalized to range from zero to one (the maximum
value). Additionally, the values of occ were inverted. d,, and d, were Gaussian weighted accord-
ing to the function:

1 —-w?
¢ (2)

flxlu, o) =

oV 2n

For d, p was set to 0 and o was set to 512, for d,, ¢ was set to 0 cm and o was set to 512.
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To simulate a goal-directed trajectory, biased towards one position in the environment, b
was included and set to the distance to every pixel from a single point in the environment
located halfway between the minimum and maximum y-value and three quarters of the way
between the minimum and maximum x-value. b was also Gaussian weighted using the func-
tion in (2), u was set to 0 and o was set to 25, the result was also down weighted by a factor of
0.9. To simulate thigmotaxis, d. was set to zero and for d,, o was set to 100 so that the agent
would be attracted towards the walls more frequently.

Once g(x) was found, the quasi-Euclidean optimal route between the current and next
point, avoiding obstacles, was taken as the agent’s path and this was up sampled by a factor of
50 (for a 50Hz positional sampling rate). This step allows the agent to navigate around barriers
and obstacles efficiently and smoothly, although this was not needed in the current analysis.
Lastly, to mimic errors in real-world position tracking we added random jitter between
+8.5cm to the points and smoothed the resulting path using an unsupervised, robust, discre-
tized, n-dimensional spline smoothing algorithm (MATLAB function smoothn [75,76] with
the smoothing parameter set to 128).

In effect, at every time step the agent ‘chooses’ a next step which does not deviate too much
from its current heading and is not too far for a rat to travel in the given time. It is also weakly
attracted towards the center of the environment, weakly repelled by walls in the environment
and attracted towards any areas of the environment not visited recently. To represent the fact
that place cell datasets are recorded across multiple animals and sessions, we simulated 8 dif-
ferent random walks using the settings above. To investigate the effect of sampling we tested 4-
, 16- and 64-minute-long sessions, these were generated by simulating a 64-minute long ses-
sion as described above and then clipping the sampling to the desired duration from the start
of the session.

Place cells

Place cell spike probability distributions were generated as the sum of one or more multivari-
ate normal distributions (MATLAB mvnpdf). Three field sizes were simulated to reflect the
fact that the diameter of place fields varies along the dorso-ventral axis of the hippocampus
[77] and between brain regions [1]. These groups had a mean standard deviation in the x- and
y-dimensions of 4000, 8000 and 1600 respectively, or in other words an average field radius at
2 standard deviations of 126, 179 and 253 mm. To reflect individual variability among cells
these values were drawn from a normal distribution (MATLAB normrnd) with a standard
deviation of 1000 and limited to values greater than 1000. Additionally, to reflect the fact that
spatial fields are not always isotropic, but are often elongated [19,20], standard deviation in the
x- and y-axis were determined independently. To emphasize this elongation, but also allow
fields to adopt orientations oblique to the x- and y-axes fields were also assigned an xy covari-
ance. This was calculated as the average variance in x and y, multiplied by a value drawn from
a normal distribution (MATLAB normrnd) with a mean of 0, a standard deviation of 0.25 and
limited to values between -1 and 1. Field centroids were randomly distributed within the sim-
ulated environment.

For each place cell a spike probability map was modelled as the random combination of
these multivariate normal distributions, 512 of which were generated in total. The number of
fields expressed by each cell was drawn from a gamma distribution (MATLAB gamrnd) with
shape parameter 5.73 and a scale parameter 0.26, limited to values greater than 1. These fields
were then randomly selected from the pool of 512 and merged into one spike probability map.
Merging was done by taking the maximum value across the spike probability maps at each
location. In this way we simulated 256 place cells for each field radius group.
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Spiking

Each place cell was randomly assigned to one of the 8 random walk trajectories we described
above (Methods: Random walk). Next, to model spiking, the value of its spike probability map
(Methods: Place cells) was found for each position in this random walk. This value was then
converted to a spike count by drawing a value from the Poisson distribution (MATLAB
poissrnd) with A set to the spike probability value. Additionally, to mimic realistic single-unit
recordings we combined this value with a random background noise value also drawn from
the Poisson distribution (MATLAB poissrnd) with A set to 0.001. To mimic errors in position
tracking and the local drift of place cell activity within a theta cycle [78] we also randomly
time-shifted spike probability values, forwards or backwards along the animal’s trajectory, by a
duration which was drawn from a normal distribution (MATLAB normrnd) with a mean and
standard deviation of 0.01 and 0.02 seconds respectively.

Lastly, the spikes resulting from this procedure were downsampled to match each cell’s
desired mean firing rate. For each cell the desired average firing rate was drawn from a normal
distribution (MATLAB normrnd) with a mean of 1, a standard deviation of 1 and these were
limited to values greater than 0.5 but less than 10 Hz.

To simulate overdispersion [61,62] the above steps remained the same but we employed a
method similar to that reported by [62]. Before generating a spike train, the spike probability
vector was multiplied by a 1.5 Hz time-varying signal which varied between 0.2 and 1.8 (either
decreasing or increasing the likelihood of spikes occurring by 80%).

Histogram

Formally, where x,,y, is the origin of the histogram and # is the side length of a square bin, the
ijth bin of the histogram is defined as the left-closed right-open interval:

Bij = [xo +ih,x, + (i + 1)h)&[)’0 + jh, y, + (] +1)h) 3)

if the number of spikes falling into Bj; is denoted by S;; and the number of position samples as
P;; then a firing rate map would be defined as:

S;

ry) =5y ooy € By (4)

where f; is the sampling interval of the position data. For smoothing we implemented a Gauss-
ian smoothing kernel defined as:
242
gxy) =e > (5)
where x and y denote the bin position relative to the one being smoothed and o is the standard
deviation of the distribution. Throughout our analyses the kernel size was always set to:

kernel width = 2[(20)] + 1 (6)

ensuring that the kernel was always an odd number of pixels and at least 4 standard deviations
in width. Maps were padded with zero values before smoothing to accommodate the smooth-
ing kernel and reduce edge effects. We chose zero-padding because it most closely represents
the actual data values collected without attempting to extrapolate spatial activity outside the
sampling range. However, other padding methods such as reflective or symmetric padding
may be preferred, especially when the out-of-field firing rate of a cell deviates significantly
from zero, and these can be implemented using the code provided alongside this paper. We
chose a Gaussian smoothing process as it should approximate the Gaussian shape of place
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fields well [79], it is increasing in popularity in experimental studies (Fig 11A) and it allows for
the most straightforward comparison with the other rate mapping methods described later.
We provide MATLAB code alongside this paper for generating histogram maps described in
the literature but with a number of time saving modifications (rate_mapper; ‘histogram’
method; Fig 2).

As a baseline we also tested histograms without any smoothing applied. Additionally, we
also tested the result of applying smoothing on the firing rate map, rather than the spike and
dwell maps. For this latter approach, a firing rate map was calculated using unsmoothed spike
and dwell maps, and then the Gaussian function described above was applied (S1 Fig).
Smoothing after the division of spike and time values is complicated by the inclusion of miss-
ing values—unvisited bins result in a division by zero and are typically considered unvisited
and filled with placeholder values such as NaN. Ordinarily, convolution of a kernel with a map
containing NaN values results in propagation of these values, resulting in a degraded map.
Thus, for smoothing after the division we made use of the MATLAB function nanconv [31]
which ignores NaN values during convolution. This variant of the histogram approach can
also be replicated using the supplied MATLAB code.

Averaged shifted histogram (ASH)

Formally, to compute the ASH, a grid of square bins is defined as for the bivariate histogram
with side length h. Each bin is then further subdivided into 1 smaller sub bins each having a
side length of 6 = h/m. If the ijth sub bin is defined as:

B, = [id, (i + 1)3)&[jd, (j + 1)6) (7)

and nij is the number of samples falling within this bin, then the bivariate ASH is defined as:

Flxn) =S ST e, i (®)
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where w is the weighting function:
m - k(i/m)
YL k(i/m)

in our case k is the quartic or biweight kernel, although other kernels can easily be employed

w(i) = ©)

instead:

15 o2
KB =12 (- ¢) (10)

In effect, a kernel is passed over every sub bin which calculates the weighted average of the
local sub bins within a region of side length # (the original bin size). As long as the kernel satis-
fies the conditions of symmetry, nonnegativity and its weights sum to 1 the resulting histogram
will still sum to the number of input samples [80]. A different smoothing kernel function k(¢)
can also be applied [81] but we used the quartic or biweight kernel as it efficiently approximates
a Gaussian and is the kernel suggested by [38]. We padded maps with zero values before apply-
ing the kernel to reduce edge effects. We chose zero-padding because it most closely represents
the actual data values collected without attempting to extrapolate spatial activity outside the
sampling range. However, other padding methods such as reflective or symmetric padding may
be preferred, especially when the out-of-field firing rate of a cell deviates significantly from zero,
and these can be implemented using the code provided alongside this paper. We provide
MATLAB code alongside this paper for generating ASH maps (rate_mapper; ‘ash’ method).
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Adaptive smoothing

Formally, in this approach each bin is incrementally expanded outwards and at each increment
the number of position data and spikes contained within the circle are counted. This continues
until the following formula is satisfied:

o

where r is the radius of the circle, o is a parameter which controls the smoothing extent of the
bins, 1, is the number of position data points falling within the circle and #; is the number of
spikes falling within the circle. Once a radius has been found which satisfies the adaptive equa-
tion the firing rate of the bin is calculated using the spikes and position samples within that
radius. After iterating across all bins, the result is a firing rate map with a regularly spaced grid
of values, based on differently sized regions of underlying data which may also be overlapping.
Note that the version reported by Skaggs et al. [43] took the form:

r>

(11)

o
ng >

S

nirt (12)

This is still often cited but requires orders of magnitude larger values for o (i.e., 110" in
one study). Note that both methods will fail without intervention if #; is zero-some studies,
such as Yoganarasimha et al. [82] exclude cells with a low number of spikes.

The computational resources needed to generate adaptive rate maps can be far larger than a
bivariate histogram. For each bin the distance to all position and spike data points needs to be
known so that the number of points falling within a radius r can be calculated. For large data-
sets this distance calculation can be computationally expensive. Furthermore, the resolution at
which r is tested is unclear-by what amount should the bin expand with each iteration? We
provide MATLAB code alongside this paper for generating adaptive smoothed maps as
described in the literature but with a number of time saving modifications (rate_mapper;
‘adaptive’ method; Fig 3).

However, we used a convolution-based implementation of the adaptive smoothing method
which takes a fraction of the computation time with little to no change in the resulting firing
rate maps (rate_mapper; ‘kadaptive’ method; Figs 4 and S2). This implementation first bins
the position and spike data using the unsmoothed histogram method. The 7, and #, values of
the adaptive equation are then calculated by convolving the histogram with a circular kernel of
radius r, which sums the values of the bins within its radius. This process is then repeated for
kernels with varying values of r. We used 32 kernel radii varying from the width of a single his-
togram bin to 640 mm. The smallest kernel radius which satisfies the adaptive equation can
then be used to calculate the firing rate of the cell in that bin. To reduce edge effects, in our
implementation we pad maps with zero values before applying the kernel. We chose zero-pad-
ding because it most closely represents the actual data values collected without attempting to
extrapolate spatial activity outside the sampling range. However, other padding methods such
as reflective or symmetric padding may be preferred, especially when the out-of-field firing
rate of a cell deviates significantly from zero, and these can be implemented using the code
provided alongside this paper.

Adaptive binning

Adaptive binning, described by Yartsev and Ulanovsky [44] and Ginosar et al. [45], is very
similar to adaptive smoothing. As with adaptive smoothing, for each bin a circle is incremen-
tally expanded outwards, but in this case at each increment only the number of position data
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contained within the circle are counted. This continues until the bin contains equal to or more
than t seconds of data, where ¢ in this case is a tunable smoothing parameter. Once a radius
has been found which satisfies this constraint, the firing rate of the bin is calculated as the ratio
of spikes and position samples within that radius. After iterating across all bins, the result is a
firing rate map with a regularly spaced grid of values, based on differently sized regions of
underlying data which may also be overlapping.

As before, we provide MATLAB code alongside this paper for generating adaptive binned
maps described in the literature but with a number of time saving modifications (rate_mapper;
‘yadaptive’ method). However, we used a convolution-based implementation of the adaptive
binning method which takes a fraction of the computation time with little to no change in the
resulting firing rate maps (rate_mapper; ‘kyadaptive’ method; similar procedure to Figs 4 and
$2). This implementation first bins the position and spike data using the unsmoothed histo-
gram method. The number of spikes and position data falling within each radius of a bin are
then calculated by convolving the histograms with a circular kernel of radius r, which sums
across the bins falling within it. This process is then repeated for kernels with varying values of
r—we used 32 kernels varying from the width of a single histogram bin to 640 mm in width.
The smallest kernel width which contains ¢ seconds of data can then be used to calculate the
firing rate of the cell in that bin. To reduce edge effects, in our implementation we pad maps
with zero values before applying the kernel.

One disadvantage of adaptive smoothing and adaptive binning is that they do not natively
produce a spike or dwell time map. This can be an issue if researchers want to calculate spatial
measures such as spatial information content [43] which depends on comparing a rate and
dwell map. It can also be an issue if researchers need a dwell time map to quantify coverage or
biases in sampling position. It is likely in these cases that a separate set of dwell maps will need
to be produced based on another method, such as the bivariate histogram.

Kernel smoothed density estimate

Formally, in this approach the firing rate map is no longer made up of ‘bins’ but rather it is
estimated at a grid of equally spaced points overlaid on the data, but for simplicity we will refer
to these grid points as bins. For each bin the probability density of a dataset x is estimated as:

o= L5 k() w

where y; are the bin centers, # is the total number of data points, / is a tunable smoothing
parameter (also known as the ‘bandwidth’, ‘window width’ or ‘smoothing parameter’ [40])
and K is the kernel density function which can be any symmetric function satisfying:

/ K(x)dx =1 (14)
and is often a Gaussian kernel.

There is no implementation of the KSDE designed to deal with two separate but concomi-
tant data sets, instead Leutgeb et al. [50,51] used this approach to generate a firing rate map as
the ratio of a KSDE calculated on spike data (i.e. a spike map) and a KSDE calculated on posi-
tion data (i.e. a dwell time map) separately:

fo =30 k() /OTK(MT_x)dt (15)

where, as before, K is a smoothing kernel, & is the smoothing parameter, # is the total number
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of spikes, s; is the location of the i-th spike, y(t) is the location of the rat at time ¢, and [0 T) is the
entire recording period. Although the numerator calls for integrating across the position proba-
bility density, in practice this is also evaluated numerically (e.g. through the trapezoidal method
as a sum). Unconstrained, this approach will produce a firing rate map with no empty bins, as
both probability densities may approach but will never equal zero. In practice, bins that are
more than a set distance away from any position data (i.e., 50 mm) are typically set as empty.

The computational resources needed to generate KSDEs can be quite large. For each bin
the distance to all position and spike data points needs to be known and then Gaussian
weighted. For large datasets this calculation can be computationally expensive. We provide
MATLAB code alongside this paper for generating KSDE maps using the Leutgeb et al. [50,51]
approach and a native (MATLAB function mvksdensity) approach, with a number of time sav-
ing modifications (rate_mapper; ‘leutgeb’, leutgeb_pixelwise” and ‘ksde’ methods respectively;
Fig 5). The mvksdensity implementations both utilize the ‘reflection’ boundary correction
method to reduce edge effects. We employ a Gaussian smoothing kernel as this is the form
described by [50,51].

Although not investigated here, a similar approach is described by Harris et al. [83] which
can be formalized as:

Z?:l an(xi — x)
flx) = m (16)

Here, K is a weighting kernel, # is the total number of time bins, x; is the location of the i-th
time bin, dt is the time bin duration, and #, is the number of spikes in the i-th time bin. Harris
et al. [83] did not provide a value for dt, but a value equal to the sampling interval of the data
will closely resemble the Leutgeb et al. [50,51] approach (Diamantaki et al. [84] use this
configuration).

Temporal KSDE

Brun et al. [56], Fyhn et al. [6] and Leutgeb et al. [57] describe a spatial mapping procedure
which uses a KSDE approach but which averages the instantaneous firing rate of the cell in
time, rather than treating all of the data within a bin as a homogenous temporal sample. For-
mally this approach can be described as:

flo =" Kx—xf, (17)

Here, K is a weighting kernel, # is the total number of time bins, x; is the location of the i-th
time bin, and f; is the firing rate of the cell in the i-th time bin. To maintain the highest degree
of accuracy we can choose dt, the sampling interval of the position data (i.e., 0.02s if sampled
at 50Hz) as our time bin duration. We can then construct a spike train by calculating the num-
ber of spikes associated with every position data sample. The firing rate vector f; can then be
calculated by convolving the spike train with a Blackman window of length wxs where w is the
desired duration of the window in seconds and s is the sampling rate of the spike train. If this
window has unit gain at zero frequency the resulting smoothed vector will sum to #,, the total
number of spikes, and dividing by dt will give the instantaneous firing rate of the cell. Brun
etal. [56], Fyhn et al. [6] and Leutgeb et al. [57] used a window duration of 2s, but through test-
ing we found that using shorter duration windows increased the accuracy of the resulting
maps (54 Fig). We therefore used a window duration of 0.125 s (7 position data samples) as we
wanted to maintain some temporal smoothing and accuracy was not greatly improved by
using shorter windows.
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Fyhn et al. [6] defined K as a second Blackman kernel, but for simplicity we replaced this
with a Gaussian. In simple terms, this approach calculates the instantaneous firing rate of the
cell throughout the session, spatial firing rate is then estimated at a desired location by Gauss-
ian weighting these values according to their proximity to the bin. Because this approach is
based on the individual passes through a bin, rather than treating all samples within the bin as
a single group, it is likely more sensitive to the temporal consistency of spatial firing.

Map accuracy

For each rate map parameter combination we compared the resulting rate map r(x,y) to the
underlying PDF of the cell f{x,y) using mean integrated squared error (MISE):

MISE = E / i / " ((x,y) — f(x, ) dxdy (18)

where xo and x; were the first and last bin edge in the x dimension and y, and y, were the same
in the y dimension, 7(x,y) and f(x,y) were both normalized to unity and E represents the
numerical average. Firing rate maps often contain missing data (i.e. unvisited) bins, which
makes true integration over the maps impossible, so the integration was approximated by the
Riemann sum over bin centers. For this reason f(x,y) was evaluated at a precision of Imm and
r(x,y) was interpolated to Imm precision using nearest neighbor interpolation (MATLAB
interp2), dx and dy were set to 1. Alternative error measures are explored in S5 Fig.

Parameter optimization

The parameters we wanted to minimize were often in conflict, for example, it is generally not pos-
sible to reduce MISE without also increasing computation time. To tackle this issue, we used mul-
tiobjective optimization to find solutions which were Pareto-optimal, that is to say, solutions
which cannot be improved without diminishing at least one of the objective functions [85].

To achieve this, we used an elitist genetic algorithm (MATLAB gamultiobj) which was
given the MISE, computation time, proportion of missing data and place field detection error
rate for every firing rate map parameter combination. The algorithm was restricted to between
the smallest and largest bin size and smoothing values tested. The proportion of missing data
was calculated as the number of empty bins (equal to NaN, not counting bins equal to zero)
divided by the total number of bins. The place field detection error rate was calculated as the
difference between the number of place fields detected in the firing rate map and the number
detected in the actual spike probability map (sampled at 1 mm resolution). Place fields were
detected as contiguous regions greater than 36 cm” remaining after thresholding the map at
20% of its maximum value.

Pareto-optimal parameters

Multiple Pareto-optimal solutions can be found for a given data set. To choose among the
returned solutions, we min-max normalized the Pareto-front solutions and then calculated their
Euclidean distance, in terms of MISE and computation time, from the ‘Utopia point’ which was
set to the minimum MISE and computation time found in the Pareto-front. In this way, our
Pareto-optimal solution represents the best trade-off between error and computation time.

Estimating field size

The equations we provide for estimating the ideal mapping parameters depend on a recording
duration and firing field size. One method to estimate firing field size without a firing rate map
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involves the Ripley’s K-function [59,60] (S6A Fig). Formally, Ripley’s K-function [59] repre-
sents the expected number of points N within a distance r of another point normalized by their
density, 4:

K ==3" N, (1)) (19)

where p; is the current point, and the sum is taken over # points. For comparison, the value of
K(r) for a random Poisson distribution is always equal to 7%, thus deviations above or below
this expected value indicate clustering and dispersion respectively. Besag [86] proposed a nor-
malization for the K-function so that the expected value is always r:

L(r) = V(K(r)/m (20)
Subtracting r from this value gives a function where deviations are above or below zero:
H(r)=L(r)—r (21)

We then estimated firing field size as the radius associated with the maximum value of H(r)
multiplied by 0.75 (S6b Fig). Kiskowski [60] previously found that the maximum value of H(r)
approaches twice the clustering radius of simulated distributions, however, this is dependent
on the spacing between clusters and because the distance between place fields is not restricted
to 4x the field radius, as it was in Kiskowski [60], we found a smaller value to be more accu-
rate.

Bin size rules-of-thumb

We tested bin size rules-of-thumb and compared them to our quantitatively derived values.
Sturge’s rule [12] estimates the number of required histogram bins as equal to:

nbins = [log,N + 1] (22)

where N is the total number of data points. We applied this rule to the total number of position
data samples and utilized nbins in both the x- and y-axis.

For a one-dimensional histogram the Freedman-Diaconis [14] rule calculates the number
of bins along the x-axis as equal to:

nbins = 2IQR(x)N '/ (23)

Where x are the data values, IQR is the interquartile range, as before N is the total number of
data points. To extend this into two dimensions we used two approaches, in the first we esti-
mated the number of bins in the x- and y-axis as equal to

nbins; = [(max(x) — min(x))/nbins| (24)

where x are the data values along dimension d. We applied this to the x- and y-dimensions of
the position data separately and took the maximum value. In the second approach we normal-
ized the two-dimensional position data using the L2 norm:

vl = v/** + 2 (25)

Where x and y are the position data values in the x- and y-dimensions respectively and ||v|| are
the normalized, one-dimensional values. We then applied the Freedman-Diaconis [14] rule to
these normalized values and created nbins in both the x- and y-axis.
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Literature survey

To compare our results to the parameter combinations used in the published literature, we
surveyed spatial navigation papers using Google Scholar and the PubMed database using
related keywords such as ‘place cell’, ‘grid cell’, ‘hippocampus’ and ‘rate map’. Relevant articles
were scanned for information regarding their rate map approach and settings. Articles were
excluded if the approach or bin size were not clearly specified. If a Gaussian smoothing kernel
was used but the standard deviation was not specified (9 articles) a standard deviation equal to
1 bin was assumed. If boxcar smoothing was used but the kernel size was not specified (1 arti-
cle) a kernel size of 3x3 was assumed. This information was categorized and accumulated, and
all values were converted to mm. Surveying was halted when the total number of bivariate his-
togram entries (the most widely adopted approach) exceeded 100.

Code availability

Code to generate firing rate maps using any of the methods described in this manuscript is
available in the GitHub repository at https://github.com/RoddyMGrieves/rate_mapper.

Supporting information

S1 Fig. Histogram rate map errors when smoothing before or after division. A) Example
firing rate maps where smoothing was applied to the spike and dwell maps before division. B)
Same as a but these maps were created by smoothing the rate map after division. Note the
greater number of empty bins. C) MISE maps for the approaches in a and b respectively,
shown as in Fig 7. d) Smoothing before division error map minus the smoothing after error
map. Smoothing before division is less accurate at small bin sizes, the two approaches are com-
parable otherwise.

(TIF)

S2 Fig. Adaptive implementations compared. Four example cells, one per row. Columns
show each cell’s spike probability map, simulated spikes and trajectory, firing rate map gener-
ated using the pixelwise adaptive smoothing approach described by Skaggs and McNaughton
[42], a convolution implementation of this, the pixelwise adaptive binning approach described
by Yartsev and Ulanovsky [44], and a convolution implementation of this. Bar graphs show
the average time taken to generate the maps in each column.

(TIF)

$3 Fig. KSDE approaches compared. Four example cells, one per row. Columns show each
cell’s spike probability map, simulated spikes and trajectory, and three firing rate maps gener-
ated using a MATLAB implementation of the kernel described by Leutgeb et al. [50,51], a pix-
elwise implementation of this (i.e. as described in the literature) and an implementation using
the built-in MATLAB mvksdensity function and its kernel respectively. Bar graphs show the
average time taken to generate the maps in each column. Because the last implementation was
the fastest and did not visibly differ from the others, we used that approach.

(TIF)

$4 Fig. Choosing a window duration for temporal KSDE. A) Three example cells, one per
row. Columns show firing rate maps generated using the temporal KSDE approach (bin

size = 20 mm, spatial smoothing = 30 mm) with increasing temporal smoothing window dura-
tions. B) MISE maps for increasing temporal smoothing window durations. Bottom right text
gives the minimum MISE value in each map. The color axis used here does not show the full
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range of data values but was chosen to visually isolate any low error region(s).
(TIF)

S5 Fig. Alternative map error measures were generally consistent with MISE. A) Error
plots for 64 cells simulated in 8-minute sessions for each mapping method (rows) and for mul-
tiple error measures (columns), from left to right: mean integrated squared error (MISE), pair-
wise Pearson correlation, Euclidean distance and Mutual Information (Matlab function mi, J.
Delpiano). There is little difference between the measures. Note that plots are shown using a
consistent color axis which may not span the full range of data values for every method. B)
Top: the balanced mapping solution bin size for each mapping approach and error measure,
normalized relative to MISE. Text above gives the result of a one-sample t-test comparing each
group to zero (* = p < .05, n.s. = not significant). Plots below show the same but for the bal-
anced solution smoothing strength, minimum solution bin size and minimum solution
smoothing strength. For visualization, a small amount of jitter was added to the x-axis values
in these plots.

(TIF)

S6 Fig. Estimating field size without a rate map. A) Left: The spikes and trajectory of an
example simulated place cell. Overlaid are test radii of increasing size. Middle: for each radius,
the total number of spikes that fall within its area (blue line) and the number of spikes we
would expect if they were distributed uniformly across the animal’s trajectory (black line).
Right: the number of spikes minus the expected number and the maximum of this function.
The maximum is related to the spatial clustering or place field size of the place cell. Ripley’s K
function is related to this example, but it is repeated across many different locations in the
environment and the results are averaged. B) Left: the result of applying the Ripley’s K proce-
dure to all our simulated place cells, colors denote the three firing field size groups (Fig 1).
Black line shows a linear fit to the data (Spearman’s correlation between estimated and real
field size: r = 0.71, p = 3.6 x 10™'®). Gaussian jitter (mean = 0, o = 8) was added to the y-values
to make visualization of overlapping data clearer. Right: kernel smoothed probability density
estimate of the data (no jitter; Matlab ksdensity with 25 mm bandwidth).

(TTF)

S7 Fig. Overdispersion has little effect on the balanced or minimum error mapping solu-
tions. A) Two example cells, one per column. The left cell’s spiking activity does not include
overdispersion, the bottom plot shows the variability in the cell’s firing during passes through
the place field (black bars; text above gives the standard deviation of this distribution) which
matches closely the expected distribution if the cell was modulated by space alone (red line).
The right cell’s spiking does include overdispersion. B) The MISE error plots for 64 cells simu-
lated in 4-minute sessions without overdispersion (left column) and with overdispersion (right
column) for each mapping method (rows). There is very little difference between the columns.
Note that plots are shown using a consistent color axis which may not span the full range of
data values for every method. C) Left: balanced and minimum error solution bin sizes did not
change when overdispersion was included. Right: balanced and minimum error solution
smoothing strength tended to be significantly higher when overdispersion was present. Text
above gives the result of a one-sample t-test comparing each group to zero (* = p < .05, n.s. =
not significant). D) The MISE (left plot) and error in detecting place fields (right) did not differ
when overdispersion was present if using the balanced solution. For visualization, a small
amount of jitter was added to the place field plot’s x-axis values.

(TIF)
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S8 Fig. Sampling bias has no effect on the balanced or minimum error mapping solutions.
A) Three example trajectories, 8-minutes long, one per column, from left to right: uniform
sampling of the environment, a strong bias to one location such as a goal and a bias for moving
close to the walls. Plots below show the dwell time map for each trajectory. B) The MISE error
plots for 64 cells simulated in 8-minute sessions, for each of the trajectory types (columns) and
for each mapping method (rows). There is very little difference between the columns. Note
that plots are shown using a consistent color axis which may not span the full range of data val-
ues for every method. C) Left: balanced and minimum error solution bin sizes did not change
when trajectories were biased. Values are normalized relative to the ‘uniform’ trajectory
results. Text above gives the result of a one-sample t-test comparing each group to zero (* = p
< .05, n.s. = not significant). Right: same for smoothing strength. D) The MISE (left plot) and
error in detecting place fields (right) when using the balanced solution for each trajectory type.
MISE increased for the ‘goal’ trajectory, which can also be seen in the middle column of panel
b, which is darker than the others. For visualization, a small amount of jitter was added to the
place field plot’s x-axis values.

(TIF)

S9 Fig. Mapping parameters applied to real place cells. Top row shows the spike (red dots)
and position data (black line) for 5 place cells from the dataset of [20] available online. Below
each of these, firing rate maps are shown that were generated using the balanced solution
parameter equations shown in Table 1 (left column of each cell) and maps generated using the
minimum error solution parameter equations shown in Table 1 (right column of each cell). In
both cases parameters were calculated assuming an average field radius of 300 mm and a
recording duration of 25 mins. One mapping method is shown per row.

(TTF)

$10 Fig. Mapping parameters in the literature result in very different rate maps. Related to
Fig 11B. Rows show the results for the Histogram, Adaptive smoothing and KSDE mapping
methods respectively. Left column: MISE map overlaid with the minimum error, balanced and
literature reported parameter combinations as in Fig 11B. Gaussian jitter (mean = 0, 0 = 2)
was added to the literature values to make visualization of overlapping data clearer. For each
mapping method 3-5 literature values have been selected and numbered at points of interest.
Middle column: the MISE associated with the minimum error and balanced parameter combi-
nations and the numbered points in the MISE map for all 256 simulated place cells. In each
plot groups differed significantly (Histogram: F(6,1785) = 167.9, p = 1.93x10™'%"; Adaptive: F
(5,1530) = 73.6, p = 3.36x10~°%; KSDE: F(4,1275) = 74.5, p = 8.06x10°/; one-way ANOVA)
and horizontal lines denote a significant (p < .05) post-hoc comparison. MISE values vary
greatly across the different literature values and the numbered points are generally less accu-
rate than the balanced solution. Right column: firing rate maps generated for an example place
cell using the minimum error and balanced parameter combinations and the numbered points
in the MISE map. While some parameter combinations produce maps similar to the minimum
error or balanced solution, they often deviate significantly.

(TTF)

S11 Fig. Mapping parameters in the literature are generally accurate for place field detec-
tion. Related to Figs 11B and S10. Rows show the results for the Histogram, Adaptive smooth-
ing and KSDE mapping methods respectively. Left column: place field detection error map
overlaid with the minimum error, balanced and literature reported parameter combinations as
in Fig 11B. Gaussian jitter (mean = 0, 0 = 2) was added to the literature values to make visuali-
zation of overlapping data clearer. For each mapping method 3-5 literature values have been
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selected and numbered at points of interest. Right columns: the field detection error, computa-
tion time and proportion of empty bins respectively associated with the minimum error and
balanced parameter combinations and the numbered points for all 256 simulated place cells.
Horizontal lines denote a significant (p < .05) post-hoc comparison following a significant
Kruskal-Wallis omnibus test.

(TIF)

S1 Data. Excel spreadsheet containing, in separate sheets, the underlying numerical data
and statistical analysis for Fig panels 9A-9F, 10A-10D, 11A-11B, S5B, S6B, S7C-S7D,
S8C-S8D, S10 and S11.

(XLSX)

Acknowledgments

The author would like to thank Eléonore Duvelle for her comments and advice on this
manuscript.

Author Contributions
Conceptualization: Roddy M. Grieves.

Data curation: Roddy M. Grieves.

Formal analysis: Roddy M. Grieves.
Investigation: Roddy M. Grieves.
Methodology: Roddy M. Grieves.

Software: Roddy M. Grieves.

Visualization: Roddy M. Grieves.

Writing - original draft: Roddy M. Grieves.
Writing - review & editing: Roddy M. Grieves.

References

1. Grieves RM, Jeffery KJ. The representation of space in the brain. Behav Processes. 2017; 135: 113—
131. https://doi.org/10.1016/j.beproc.2016.12.012 PMID: 28034697

2. Knierim JJ. Neural representations of location outside the hippocampus. Learn Mem. 2006; 13: 405—
415, https://doi.org/10.1101/Im.224606 PMID: 16882858

3. O’Keefe J, Nadel L. The Hippocampus as a Cognitive Map. Oxford: Oxford University Press; 1978. p.
584.

4. Muller RU, Kubie JL, Ranck JB. Spatial firing patterns of hippocampal complex-spike cells in a fixed
environment. J Neurosci. 1987; 7: 1935-1950. https://doi.org/10.1523/JNEUROSCI.07-07-01935.1987
PMID: 3612225

5. O’Keefe J. Place units in the hippocampus of the freely moving rat. Exp Neurol. 1976; 51: 78—109.
https://doi.org/10.1016/0014-4886(76)90055-8 PMID: 1261644

6. FyhnM, Molden S, Witter MP, Moser El, Moser M-B. Spatial representation in the entorhinal cortex. Sci-
ence. 2004; 305: 1258-1264. https://doi.org/10.1126/science.1099901 PMID: 15333832

7. Hafting T, Fyhn M, Molden S, Moser M-B, Moser EI. Microstructure of a spatial map in the entorhinal
cortex. Nature. 2005; 436: 801-806. https://doi.org/10.1038/nature03721 PMID: 15965463

8. LeverC,Burton S, Jeewajee A, O’Keefe J, Burgess N. Boundary vector cells in the subiculum of the hip-
pocampal formation. J Neurosci. 2009; 29: 9771-9777. https://doi.org/10.1523/JNEUROSCI.1319-09.
2009 PMID: 19657030

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011763 December 27, 2023 34/38


http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011763.s012
https://doi.org/10.1016/j.beproc.2016.12.012
http://www.ncbi.nlm.nih.gov/pubmed/28034697
https://doi.org/10.1101/lm.224606
http://www.ncbi.nlm.nih.gov/pubmed/16882858
https://doi.org/10.1523/JNEUROSCI.07-07-01935.1987
http://www.ncbi.nlm.nih.gov/pubmed/3612225
https://doi.org/10.1016/0014-4886%2876%2990055-8
http://www.ncbi.nlm.nih.gov/pubmed/1261644
https://doi.org/10.1126/science.1099901
http://www.ncbi.nlm.nih.gov/pubmed/15333832
https://doi.org/10.1038/nature03721
http://www.ncbi.nlm.nih.gov/pubmed/15965463
https://doi.org/10.1523/JNEUROSCI.1319-09.2009
https://doi.org/10.1523/JNEUROSCI.1319-09.2009
http://www.ncbi.nlm.nih.gov/pubmed/19657030
https://doi.org/10.1371/journal.pcbi.1011763

PLOS COMPUTATIONAL BIOLOGY Estimating neuronal firing density

9. Solstad T, Boccara CN, Kropff E, Moser M-B, Moser El. Representation of geometric borders in the
entorhinal cortex. Science. 2008; 322: 1865—1868. https://doi.org/10.1126/science.1166466 PMID:
19095945

10. MuessigL, Rodrigues FR, Bjerknes T, Towse B, Barry C, Burgess N, et al. The influence of environment
geometry on subiculum boundary vector cells in adulthood and early development. BioRxiv. 2023.
https://doi.org/10.1101/2023.04.13.536690

11.  Grijseels DM, Shaw K, Barry C, Hall CN. Choice of method of place cell classification determines the
population of cells identified. PLoS Comput Biol. 2021; 17: €1008835. https://doi.org/10.1371/journal.
pcbi.1008835 PMID: 34237050

12. Scott DW. Sturges’ rule. WIREs Comp Stat. 2009; 1: 303—3086. https://doi.org/10.1002/wics.35

13. Scott DW. On optimal and data-based histograms. Biometrika. 1979; 66: 605-610. https://doi.org/10.
1093/biomet/66.3.605

14. Freedman D, Diaconis P. On the histogram as a density estimator:L 2 theory. Z Wahrscheinlichkeitsthe-
orie verw Gebiete. 1981; 57: 453—476. https://doi.org/10.1007/BF01025868

15. Wand MP. Data-Based Choice of Histogram Bin Width. The American Statistician. 1997; 51: 59-64.
https://doi.org/10.1080/00031305.1997.10473591

16. Harland B, Contreras M, Souder M, Fellous J-M. Dorsal CA1 hippocampal place cells form a multi-scale
representation of megaspace. Curr Biol. 2021; 31: 2178-2190.e6. https://doi.org/10.1016/j.cub.2021.
03.003 PMID: 33770492

17. ZhangK, Ginzburg I, McNaughton BL, Sejnowski TJ. Interpreting neuronal population activity by recon-
struction: unified framework with application to hippocampal place cells. J Neurophysiol. 1998; 79:
1017-1044. https://doi.org/10.1152/jn.1998.79.2.1017 PMID: 9463459

18. Olypher AV, Lansky P, Muller RU, Fenton AA. Quantifying location-specific information in the discharge
of rat hippocampal place cells. J Neurosci Methods. 2003; 127: 123-135. https://doi.org/10.1016/
s0165-0270(03)00123-7 PMID: 12906942

19. O’Keefe J, Burgess N. Geometric determinants of the place fields of hippocampal neurons. Nature.
1996; 381: 425-428. https://doi.org/10.1038/381425a0 PMID: 8632799

20. Grieves RM, Jedidi-Ayoub S, Mishchanchuk K, Liu A, Renaudineau S, Jeffery KJ. The place-cell repre-
sentation of volumetric space in rats. Nat Commun. 2020; 11: 789. https://doi.org/10.1038/s41467-020-
14611-7 PMID: 32034157

21. Mehta MR, Quirk MC, Wilson MA. Experience-dependent asymmetric shape of hippocampal receptive
fields. Neuron. 2000; 25: 707—-715. https://doi.org/10.1016/s0896-6273(00)81072-7 PMID: 10774737

22. Park E, Dvorak D, Fenton AA. Ensemble place codes in hippocampus: CA1, CA3, and dentate gyrus
place cells have multiple place fields in large environments. PLoS ONE. 2011; 6: €22349. https://doi.
org/10.1371/journal.pone.0022349 PMID: 21789250

23. Duvelle E, Grieves RM, Liu A, Jedidi-Ayoub S, Holeniewska J, Harris A, et al. Hippocampal place cells
encode global location but not connectivity in a complex space. Curr Biol. 2021. https://doi.org/10.1016/
j.cub.2021.01.005 PMID: 33581073

24. SavelliF, Luck JD, Knierim JJ. Framing of grid cells within and beyond navigation boundaries. eLife.
2017;6. https://doi.org/10.7554/eLife.21354 PMID: 28084992

25. Kinsky NR, Sullivan DW, Mau W, Hasselmo ME, Eichenbaum HB. Hippocampal Place Fields Maintain
a Coherent and Flexible Map across Long Timescales. Curr Biol. 2018; 28: 3578-3588.€6. https://doi.
org/10.1016/j.cub.2018.09.037 PMID: 30393037

26. vander Meer MAA, Carey AA, Tanaka Y. Optimizing for generalization in the decoding of internally gen-
erated activity in the hippocampus. Hippocampus. 2017; 27: 580-595. https://doi.org/10.1002/hipo.
22714 PMID: 28177571

27. Pareto V. Manuale di economia politica: con una introduzione alla scienza sociale. Societa editrice
libraria; 1919.

28. O’Keefe J. Spatial memory within and without the hippocampal system. In: Seifert W, editor. Neurobiol-
ogy of the hippocampus. London; New York: Academic Press; 1983. pp. 375—-403.

29. Barnes CA, McNaughton BL, O’Keefe J. Loss of place specificity in hippocampal complex spike cells of
senescent rat. Neurobiol Aging. 1983; 4: 113—119. hitps://doi.org/10.1016/0197-4580(83)90034-9
PMID: 6633780

30. McNaughton BL, Barnes CA, O’Keefe J. The contributions of position, direction, and velocity to single
unit activity in the hippocampus of freely-moving rats. Exp Brain Res. 1983; 52: 41-49. https://doi.org/
10.1007/BF00237147 PMID: 6628596

31. Kraus B. nanconv. MATLAB Central File Exchange; 2023.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011763 December 27, 2023 35/38


https://doi.org/10.1126/science.1166466
http://www.ncbi.nlm.nih.gov/pubmed/19095945
https://doi.org/10.1101/2023.04.13.536690
https://doi.org/10.1371/journal.pcbi.1008835
https://doi.org/10.1371/journal.pcbi.1008835
http://www.ncbi.nlm.nih.gov/pubmed/34237050
https://doi.org/10.1002/wics.35
https://doi.org/10.1093/biomet/66.3.605
https://doi.org/10.1093/biomet/66.3.605
https://doi.org/10.1007/BF01025868
https://doi.org/10.1080/00031305.1997.10473591
https://doi.org/10.1016/j.cub.2021.03.003
https://doi.org/10.1016/j.cub.2021.03.003
http://www.ncbi.nlm.nih.gov/pubmed/33770492
https://doi.org/10.1152/jn.1998.79.2.1017
http://www.ncbi.nlm.nih.gov/pubmed/9463459
https://doi.org/10.1016/s0165-0270%2803%2900123-7
https://doi.org/10.1016/s0165-0270%2803%2900123-7
http://www.ncbi.nlm.nih.gov/pubmed/12906942
https://doi.org/10.1038/381425a0
http://www.ncbi.nlm.nih.gov/pubmed/8632799
https://doi.org/10.1038/s41467-020-14611-7
https://doi.org/10.1038/s41467-020-14611-7
http://www.ncbi.nlm.nih.gov/pubmed/32034157
https://doi.org/10.1016/s0896-6273%2800%2981072-7
http://www.ncbi.nlm.nih.gov/pubmed/10774737
https://doi.org/10.1371/journal.pone.0022349
https://doi.org/10.1371/journal.pone.0022349
http://www.ncbi.nlm.nih.gov/pubmed/21789250
https://doi.org/10.1016/j.cub.2021.01.005
https://doi.org/10.1016/j.cub.2021.01.005
http://www.ncbi.nlm.nih.gov/pubmed/33581073
https://doi.org/10.7554/eLife.21354
http://www.ncbi.nlm.nih.gov/pubmed/28084992
https://doi.org/10.1016/j.cub.2018.09.037
https://doi.org/10.1016/j.cub.2018.09.037
http://www.ncbi.nlm.nih.gov/pubmed/30393037
https://doi.org/10.1002/hipo.22714
https://doi.org/10.1002/hipo.22714
http://www.ncbi.nlm.nih.gov/pubmed/28177571
https://doi.org/10.1016/0197-4580%2883%2990034-9
http://www.ncbi.nlm.nih.gov/pubmed/6633780
https://doi.org/10.1007/BF00237147
https://doi.org/10.1007/BF00237147
http://www.ncbi.nlm.nih.gov/pubmed/6628596
https://doi.org/10.1371/journal.pcbi.1011763

PLOS COMPUTATIONAL BIOLOGY Estimating neuronal firing density

32. Zutshil, Fu ML, Lilascharoen V, Leutgeb JK, Lim BK, Leutgeb S. Recurrent circuits within medial ento-
rhinal cortex superficial layers support grid cell firing. Nat Commun. 2018; 9: 3701. https://doi.org/10.
1038/s41467-018-06104-5 PMID: 30209250

33. Sargolini F, Fyhn M, Hafting T, McNaughton BL, Witter MP, Moser M-B, et al. Conjunctive representa-
tion of position, direction, and velocity in entorhinal cortex. Science. 2006; 312: 758—762. https://doi.org/
10.1126/science.1125572 PMID: 16675704

34. Gardner RJ, Hermansen E, Pachitariu M, Burak Y, Baas NA, Dunn BA, et al. Toroidal topology of popu-
lation activity in grid cells. Nature. 2022; 602: 123-128. https://doi.org/10.1038/s41586-021-04268-7
PMID: 35022611

35. Scott DW. Multivariate density estimation: Theory, practice, and visualization. Second. Hoboken, New
Jersey: Wiley; 2015.

36. Scott DW. Averaged shifted histogram. WIREs Comp Stat. 2010; 2: 160—164. https://doi.org/10.1002/
wics.54

37. Wand MP, Jones MC. Kernel Smoothing. Boston, MA: Springer US; 1995. https://doi.org/10.1007/
978-1-4899-4493-1

38. Scott DW. Averaged shifted histograms: effective nonparametric density estimators in several dimen-
sions. Ann Statist. 1985;13. https://doi.org/10.1214/a0s/1176349654

39. Scott DW, Thompson J. Probability density estimation in higher dimension. Computer Science and Sta-
tistics: Proceedings of the Fifteenth Symposium on the Interface. 1983.

40. Silverman BernardW. Density estimation for statistics and data analysis. Routledge; 2018. https://doi.
org/10.1201/9781315140919

41. Jung MW, Wiener SI, McNaughton BL. Comparison of spatial firing characteristics of units in dorsal and
ventral hippocampus of the rat. J Neurosci. 1994; 14: 7347-7356. https://doi.org/10.1523/JNEUROSCI.
14-12-07347.1994 PMID: 7996180

42. Skaggs WE, McNaughton BL. Spatial firing properties of hippocampal CA1 populations in an environ-
ment containing two visually identical regions. J Neurosci. 1998; 18: 8455-8466. https://doi.org/10.
1523/JNEUROSCI.18-20-08455.1998 PMID: 9763488

43. Skaggs WE, McNaughton BL, Wilson MA, Barnes CA. Theta phase precession in hippocampal neuro-
nal populations and the compression of temporal sequences. Hippocampus. 1996; 6: 149-172. https:/
doi.org/10.1002/(SICI)1098-1063(1996)6:2<149::AID-HIPO6>3.0.CO;2-K PMID: 8797016

44. Yartsev MM, Ulanovsky N. Representation of three-dimensional space in the hippocampus of flying
bats. Science. 2013; 340: 367—372. https://doi.org/10.1126/science.1235338 PMID: 23599496

45. Ginosar G, Aljadeff J, Burak Y, Sompolinsky H, Las L, Ulanovsky N. Locally ordered representation of
3D space in the entorhinal cortex. Nature. 2021; 596: 404—409. https://doi.org/10.1038/s41586-021-
03783-x PMID: 34381211

46. Rosenblatt M. Remarks on some nonparametric estimates of a density function. Ann Math Statist.
1956; 27: 832—-837. https://doi.org/10.1214/aoms/1177728190

47. Parzen E. On estimation of a probability density function and mode. Ann Math Statist. 1962; 33: 1065—
1076. https://doi.org/10.1214/aoms/1177704472

48. Tapia RA, Thompson JR. Nonparametric probability density estimation. Nonparametric probability den-
sity estimation. 1978.

49. Rosenblatt M. Curve Estimates. Ann Math Statist. 1971; 42: 1815-1842. https://doi.org/10.1214/aoms/
1177693050

50. Leutgeb S, Leutgeb JK, Barnes CA, Moser El, McNaughton BL, Moser M-B. Independent codes for
spatial and episodic memory in hippocampal neuronal ensembles. Science. 2005; 309: 619-623.
https://doi.org/10.1126/science.1114037 PMID: 16040709

51. Leutgeb JK, Leutgeb S, Moser M-B, Moser El. Pattern separation in the dentate gyrus and CA3 of the
hippocampus. Science. 2007; 315: 961-966. https://doi.org/10.1126/science.1135801 PMID:
17303747

52. Miao C, Cao Q, Moser M-B, Moser El. Parvalbumin and Somatostatin Interneurons Control Different
Space-Coding Networks in the Medial Entorhinal Cortex. Cell. 2017; 171: 507-521.e17. https://doi.org/
10.1016/j.cell.2017.08.050 PMID: 28965758

53. Leutgeb JK, Leutgeb S, Treves A, Meyer R, Barnes CA, McNaughton BL, et al. Progressive transforma-
tion of hippocampal neuronal representations in “morphed” environments. Neuron. 2005; 48: 345-358.
https://doi.org/10.1016/j.neuron.2005.09.007 PMID: 16242413

54. Lul, Leutgeb JK, Tsao A, Henriksen EJ, Leutgeb S, Barnes CA, et al. Impaired hippocampal rate cod-
ing after lesions of the lateral entorhinal cortex. Nat Neurosci. 2013; 16: 1085-1093. https://doi.org/10.
1038/nn.3462 PMID: 23852116

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011763 December 27, 2023 36/38


https://doi.org/10.1038/s41467-018-06104-5
https://doi.org/10.1038/s41467-018-06104-5
http://www.ncbi.nlm.nih.gov/pubmed/30209250
https://doi.org/10.1126/science.1125572
https://doi.org/10.1126/science.1125572
http://www.ncbi.nlm.nih.gov/pubmed/16675704
https://doi.org/10.1038/s41586-021-04268-7
http://www.ncbi.nlm.nih.gov/pubmed/35022611
https://doi.org/10.1002/wics.54
https://doi.org/10.1002/wics.54
https://doi.org/10.1007/978-1-4899-4493-1
https://doi.org/10.1007/978-1-4899-4493-1
https://doi.org/10.1214/aos/1176349654
https://doi.org/10.1201/9781315140919
https://doi.org/10.1201/9781315140919
https://doi.org/10.1523/JNEUROSCI.14-12-07347.1994
https://doi.org/10.1523/JNEUROSCI.14-12-07347.1994
http://www.ncbi.nlm.nih.gov/pubmed/7996180
https://doi.org/10.1523/JNEUROSCI.18-20-08455.1998
https://doi.org/10.1523/JNEUROSCI.18-20-08455.1998
http://www.ncbi.nlm.nih.gov/pubmed/9763488
https://doi.org/10.1002/%28SICI%291098-1063%281996%296%3A2%26lt%3B149%3A%3AAID-HIPO6%26gt%3B3.0.CO%3B2-K
https://doi.org/10.1002/%28SICI%291098-1063%281996%296%3A2%26lt%3B149%3A%3AAID-HIPO6%26gt%3B3.0.CO%3B2-K
http://www.ncbi.nlm.nih.gov/pubmed/8797016
https://doi.org/10.1126/science.1235338
http://www.ncbi.nlm.nih.gov/pubmed/23599496
https://doi.org/10.1038/s41586-021-03783-x
https://doi.org/10.1038/s41586-021-03783-x
http://www.ncbi.nlm.nih.gov/pubmed/34381211
https://doi.org/10.1214/aoms/1177728190
https://doi.org/10.1214/aoms/1177704472
https://doi.org/10.1214/aoms/1177693050
https://doi.org/10.1214/aoms/1177693050
https://doi.org/10.1126/science.1114037
http://www.ncbi.nlm.nih.gov/pubmed/16040709
https://doi.org/10.1126/science.1135801
http://www.ncbi.nlm.nih.gov/pubmed/17303747
https://doi.org/10.1016/j.cell.2017.08.050
https://doi.org/10.1016/j.cell.2017.08.050
http://www.ncbi.nlm.nih.gov/pubmed/28965758
https://doi.org/10.1016/j.neuron.2005.09.007
http://www.ncbi.nlm.nih.gov/pubmed/16242413
https://doi.org/10.1038/nn.3462
https://doi.org/10.1038/nn.3462
http://www.ncbi.nlm.nih.gov/pubmed/23852116
https://doi.org/10.1371/journal.pcbi.1011763

PLOS COMPUTATIONAL BIOLOGY Estimating neuronal firing density

55. Lul, Igarashi KM, Witter MP, Moser El, Moser M-B. Topography of Place Maps along the CA3-to-CA2
Axis of the Hippocampus. Neuron. 2015; 87: 1078—1092. https://doi.org/10.1016/j.neuron.2015.07.007
PMID: 26298277

56. BrunVH, Otnass MK, Molden S, Steffenach H-A, Witter MP, Moser M-B, et al. Place cells and place
recognition maintained by direct entorhinal-hippocampal circuitry. Science. 2002; 296: 2243—-2246.
https://doi.org/10.1126/science.1071089 PMID: 12077421

57. Leutgeb S, Leutgeb JK, Treves A, Moser M-B, Moser El. Distinct ensemble codes in hippocampal
areas CA3 and CA1. Science. 2004; 305: 1295—-1298. https://doi.org/10.1126/science.1100265 PMID:
15272123

58. Silverman BW. Choosing the window width when estimating a density. Biometrika. 1978; 65: 1—11.
https://doi.org/10.1093/biomet/65.1.1

59. Ripley BD. Modelling Spatial Patterns. Journal of the Royal Statistical Society: Series B (Methodologi-
cal). 1977; 39: 172—192. https://doi.org/10.1111/.2517-6161.1977.tb01615.x

60. Kiskowski MA, Hancock JF, Kenworthy AK. On the use of Ripley’s K-function and its derivatives to ana-
lyze domain size. Biophys J. 2009; 97: 1095—-1103. https://doi.org/10.1016/j.bp].2009.05.039 PMID:
19686657

61. Fenton AA, Muller RU. Place cell discharge is extremely variable during individual passes of the rat
through the firing field. Proc Natl Acad Sci USA. 1998; 95: 3182-3187. https://doi.org/10.1073/pnas.95.
6.3182 PMID: 9501237

62. Olypher AV, Lansky P, Fenton AA. Properties of the extra-positional signal in hippocampal place cell
discharge derived from the overdispersion in location-specific firing. Neuroscience. 2002; 111: 553—
566. https://doi.org/10.1016/s0306-4522(01)00586-3 PMID: 12031343

63. RadKR, Paninski L. Efficient, adaptive estimation of two-dimensional firing rate surfaces via Gaussian
process methods. Network. 2010; 21: 142—168. https://doi.org/10.3109/0954898X.2010.532288 PMID:
21138363

64. Wu A, Roy NA, Keeley S, Pillow JW. Gaussian process based nonlinear latent structure discovery in
multivariate spike train data. Adv Neural Inf Process Syst. 2017; 30: 3496—3505. https://doi.org/10.
6080/KONK3BZJ PMID: 31244512

65. Rule M, Chaudhuri-Vayalambrone P, Krstulovic M, Bauza M, Krupic J, O’Leary T. Variational Log-
Gaussian Point-Process Methods for Grid Cells. BioRxiv. 2023. https://doi.org/10.1002/hip0.23577
PMID: 37749821

66. Hall CS. Emotional behavior in the rat. |. Defecation and urination as measures of individual differences
in emotionality. J Comp Psychol. 1934; 18: 385—403. https://doi.org/10.1037/h007 1444

67. Bostock E, Muller RU, Kubie JL. Experience-dependent modifications of hippocampal place cell firing.
Hippocampus. 1991; 1: 193-205. https://doi.org/10.1002/hipo.450010207 PMID: 1669293

68. Derdikman D, Whitlock JR, Tsao A, Fyhn M, Hafting T, Moser M-B, et al. Fragmentation of grid cell
maps in a multicompartment environment. Nat Neurosci. 2009; 12: 1325—-1332. https://doi.org/10.1038/
nn.2396 PMID: 19749749

69. Frank LM, Brown EN, Wilson M. Trajectory encoding in the hippocampus and entorhinal cortex. Neuron.
2000; 27: 169—-178. https://doi.org/10.1016/s0896-6273(00)00018-0 PMID: 10939340

70. Ainge JA, Tamosiunaite M, Woergoetter F, Dudchenko PA. Hippocampal CA1 place cells encode
intended destination on a maze with multiple choice points. J Neurosci. 2007; 27: 9769-9779. https:/
doi.org/10.1523/JNEUROSCI.2011-07.2007 PMID: 17804637

71. Grieves RM, Wood ER, Dudchenko PA. Place cells on a maze encode routes rather than destinations.
eLife. 2016;5. https://doi.org/10.7554/eLife. 15986 PMID: 27282386

72. Mehta MR, Barnes CA, McNaughton BL. Experience-dependent, asymmetric expansion of hippocam-
pal place fields. Proc Natl Acad Sci USA. 1997; 94: 8918-8921. https://doi.org/10.1073/pnas.94.16.
8918 PMID: 9238078

73. Carpenter F, Manson D, Jeffery K, Burgess N, Barry C. Grid cells form a global representation of con-
nected environments. Curr Biol. 2015; 25: 1176—1182. https://doi.org/10.1016/j.cub.2015.02.037
PMID: 25913404

74. Grieves RM, Jenkins BW, Harland BC, Wood ER, Dudchenko PA. Place field repetition and spatial
learning in a multicompartment environment. Hippocampus. 2016; 26: 118—134. https://doi.org/10.
1002/hipo.22496 PMID: 26190393

75. Garcia D. Robust smoothing of gridded data in one and higher dimensions with missing values. Comput
Stat Data Anal. 2010; 54: 1167—1178. https://doi.org/10.1016/j.csda.2009.09.020 PMID: 24795488

76. Garcia D. A fast all-in-one method for automated post-processing of PIV data. Exp Fluids. 2011; 50:
1247-1259. https://doi.org/10.1007/s00348-010-0985-y PMID: 24795497

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011763 December 27, 2023 37/38


https://doi.org/10.1016/j.neuron.2015.07.007
http://www.ncbi.nlm.nih.gov/pubmed/26298277
https://doi.org/10.1126/science.1071089
http://www.ncbi.nlm.nih.gov/pubmed/12077421
https://doi.org/10.1126/science.1100265
http://www.ncbi.nlm.nih.gov/pubmed/15272123
https://doi.org/10.1093/biomet/65.1.1
https://doi.org/10.1111/j.2517-6161.1977.tb01615.x
https://doi.org/10.1016/j.bpj.2009.05.039
http://www.ncbi.nlm.nih.gov/pubmed/19686657
https://doi.org/10.1073/pnas.95.6.3182
https://doi.org/10.1073/pnas.95.6.3182
http://www.ncbi.nlm.nih.gov/pubmed/9501237
https://doi.org/10.1016/s0306-4522%2801%2900586-3
http://www.ncbi.nlm.nih.gov/pubmed/12031343
https://doi.org/10.3109/0954898X.2010.532288
http://www.ncbi.nlm.nih.gov/pubmed/21138363
https://doi.org/10.6080/K0NK3BZJ
https://doi.org/10.6080/K0NK3BZJ
http://www.ncbi.nlm.nih.gov/pubmed/31244512
https://doi.org/10.1002/hipo.23577
http://www.ncbi.nlm.nih.gov/pubmed/37749821
https://doi.org/10.1037/h0071444
https://doi.org/10.1002/hipo.450010207
http://www.ncbi.nlm.nih.gov/pubmed/1669293
https://doi.org/10.1038/nn.2396
https://doi.org/10.1038/nn.2396
http://www.ncbi.nlm.nih.gov/pubmed/19749749
https://doi.org/10.1016/s0896-6273%2800%2900018-0
http://www.ncbi.nlm.nih.gov/pubmed/10939340
https://doi.org/10.1523/JNEUROSCI.2011-07.2007
https://doi.org/10.1523/JNEUROSCI.2011-07.2007
http://www.ncbi.nlm.nih.gov/pubmed/17804637
https://doi.org/10.7554/eLife.15986
http://www.ncbi.nlm.nih.gov/pubmed/27282386
https://doi.org/10.1073/pnas.94.16.8918
https://doi.org/10.1073/pnas.94.16.8918
http://www.ncbi.nlm.nih.gov/pubmed/9238078
https://doi.org/10.1016/j.cub.2015.02.037
http://www.ncbi.nlm.nih.gov/pubmed/25913404
https://doi.org/10.1002/hipo.22496
https://doi.org/10.1002/hipo.22496
http://www.ncbi.nlm.nih.gov/pubmed/26190393
https://doi.org/10.1016/j.csda.2009.09.020
http://www.ncbi.nlm.nih.gov/pubmed/24795488
https://doi.org/10.1007/s00348-010-0985-y
http://www.ncbi.nlm.nih.gov/pubmed/24795497
https://doi.org/10.1371/journal.pcbi.1011763

PLOS COMPUTATIONAL BIOLOGY Estimating neuronal firing density

77. Kijelstrup KB, Solstad T, Brun VH, Hafting T, Leutgeb S, Witter MP, et al. Finite scale of spatial represen-
tation in the hippocampus. Science. 2008; 321: 140—143. https://doi.org/10.1126/science.1157086
PMID: 18599792

78. Pfeiffer BE. Spatial Learning Drives Rapid Goal Representation in Hippocampal Ripples without Place
Field Accumulation or Goal-Oriented Theta Sequences. J Neurosci. 2022; 42: 3975-3988. https://doi.
org/10.1523/JNEUROSCI.2479-21.2022 PMID: 35396328

79. Hetherington PA, Shapiro ML. Hippocampal place fields are altered by the removal of single visual cues
in a distance-dependent manner. Behav Neurosci. 1997; 111: 20-34. https://doi.org/10.1037//0735-
7044.111.1.20 PMID: 9109621

80. GongW, Yang D, Gupta HV, Nearing G. Estimating information entropy for hydrological data: One-
dimensional case. Water Resour Res. 2014; 50: 5003-5018. https://doi.org/10.1002/2014WR015874

81. Scott DW, Sain SR. Multi-dimensional Density Estimation. 2004.

82. Yoganarasimha D, Rao G, Knierim JJ. Lateral entorhinal neurons are not spatially selective in cue-rich
environments. Hippocampus. 2011; 21: 1363—1374. https://doi.org/10.1002/hipo.20839 PMID:
20857485

83. Harris KD, Hirase H, Leinekugel X, Henze DA, Buzséaki G. Temporal interaction between single spikes
and complex spike bursts in hippocampal pyramidal cells. Neuron. 2001; 32: 141-149. https://doi.org/
10.1016/s0896-6273(01)00447-0 PMID: 11604145

84. Diamantaki M, Coletta S, Nasr K, Zeraati R, Laturnus S, Berens P, et al. Manipulating Hippocampal
Place Cell Activity by Single-Cell Stimulation in Freely Moving Mice. Cell Rep. 2018; 23: 32—38. https:/
doi.org/10.1016/j.celrep.2018.03.031 PMID: 29617670

85. YanglJ, Liu G, Whidborne J. Multi-objective Optimisation and Control. Multi-objective Optimisation and
Control. 2002.

86. Besag JE. Discussion on dr ripley’s paper. Journal of the Royal Statistical Society: Series B (Methodo-
logical). 1977; 39: 192-212. https://doi.org/10.1111/].2517-6161.1977.tb01616.x

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011763 December 27, 2023 38/38


https://doi.org/10.1126/science.1157086
http://www.ncbi.nlm.nih.gov/pubmed/18599792
https://doi.org/10.1523/JNEUROSCI.2479-21.2022
https://doi.org/10.1523/JNEUROSCI.2479-21.2022
http://www.ncbi.nlm.nih.gov/pubmed/35396328
https://doi.org/10.1037//0735-7044.111.1.20
https://doi.org/10.1037//0735-7044.111.1.20
http://www.ncbi.nlm.nih.gov/pubmed/9109621
https://doi.org/10.1002/2014WR015874
https://doi.org/10.1002/hipo.20839
http://www.ncbi.nlm.nih.gov/pubmed/20857485
https://doi.org/10.1016/s0896-6273%2801%2900447-0
https://doi.org/10.1016/s0896-6273%2801%2900447-0
http://www.ncbi.nlm.nih.gov/pubmed/11604145
https://doi.org/10.1016/j.celrep.2018.03.031
https://doi.org/10.1016/j.celrep.2018.03.031
http://www.ncbi.nlm.nih.gov/pubmed/29617670
https://doi.org/10.1111/j.2517-6161.1977.tb01616.x
https://doi.org/10.1371/journal.pcbi.1011763

