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Population structure is a well-known catalyst for the evolution of cooperation and has tradi-
tionally been considered to be static in the course of evolution. Conversely, real-world popu-
lations, such as microbiome communities and online social networks, frequently show a
progression from tiny, active groups to huge, stable communities, which is insufficient to be
captured by constant structures. Here, we propose sequential temporal networks to charac-
terize growing networked populations, and we extend the theory of evolutionary games to
these temporal networks with arbitrary structures and growth rules. We derive analytical
rules under which a sequential temporal network has a higher fixation probability for cooper-
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ation than its static counterpart. Under neutral drift, the rule is simply a function of the incre-
ment of nodes and edges in each time step. But if the selection is weak, the rule is related to
coalescence times on networks. In this case, we propose a mean-field approximation to cal-
culate fixation probabilities and critical benefit-to-cost ratios with lower calculation complex-
ity. Numerical simulations in empirical datasets also prove the cooperation-promoting effect

of population growth. Our research stresses the significance of population growth in the real
world and provides a high-accuracy approximation approach for analyzing the evolution in
real-life systems.
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The temporality of real-world populations often arises from the growth in the number of
individuals and links. Such dynamical systems cannot be adequately represented by a sin-
gle static network. Here, we use sequential temporal networks to characterize time-vary-
ing interactions in growing populations and propose a method for analyzing evolutionary
dynamics over these networks with arbitrary structures and growth rules. We find that
cooperation can be favored in sequential temporal networks under neutral drift when
cooperators form clusters or become hub nodes before new intruders (defectors) enter the
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populations. These conditions ensure the smooth dissemination of cooperation among
individuals. We also derive the corresponding condition under weak selection, which is
related to coalescence times on networks. At the same time, we provide a mean-field

approximation approach for measuring the cooperation-promoting effect of large-scale
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sequential temporal networks. Through numerical simulations in empirical datasets from
different realistic contexts, we confirm that population growth is key to promoting
cooperation.

Introduction

Altruistic behaviors such as cooperation are ubiquitous at all system levels, ranging from
microbial communities to human societies [1, 2], and they are crucial for the development and
stability of real-life systems [3, 4]. Therefore, there has long been an acknowledgment of the
importance of comprehending when individuals are willing to incur personal costs for group
interests. The literature has uncovered several mechanisms to promote the evolution of coop-
eration, with population structures being one of the most significant ones [5]. Individuals and
their mutual links are represented by nodes and edges, respectively, in networks.

An elementary assumption of most previous studies is that evolutionary dynamics take
place in fully evolved populations [6-25], which leads to static spatial structures. For example,
Allen et al [16] use coalescent theory to theoretically evaluate the propensity of arbitrary static
networks to favor cooperation. Besides, Su et al [23] find out two simple network motifs to
promote cooperation under asymmetric (but static) interactions. Numerous realistic instances,
though, support that the dynamics in populations often coincide with the dynamics of popula-
tion structures. One of the most common dynamics is population growth [26-31]. Specifically,
current residents interact with their neighbors, while newcomers join the population and con-
nect to the current residents to create a new networked population. The influence of network/
population growth has been extensively studied theoretically and experimentally. For example,
the Barabdsi-Albert model [26] uncovers the scale-freeness of real-world population structures
with a simple growth rule, and some biological studies on infants demonstrate that the assem-
bly of microbiome communities is advantageous for infant health [32, 33]. The prevalence of
population growth and its massive impact in the real world leaves a question: How does popu-
lation growth affect the evolution of cooperation?

Less research has been done on the impact of network growth in evolutionary dynamics
than in network science [26-31], and just a few specific cases has been studied with numeri-
cal simulations. We mention two notable studies that investigate the evolution of coopera-
tion in growing populations based on the framework of coevolutionary dynamics [34, 35].
They propose a modified attachment rule called an evolutionary preferential attachment, in
which a newly added node has a higher probability of linking to existing nodes with greater
payoffs. Simulations in these studies show that this mechanism can promote cooperation.
Although numerical simulations are useful for rapid analysis in specific cases, a general
growth rule, under which cooperation is favored by selection with population growth, is still
missing.

Here we propose sequential temporal networks to model growing networked populations
with the perspective of temporal networks. In our framework, populations can grow under
arbitrary rules and structures. Contrary to coevolutionary dynamics [36-39], the growth pro-
cess here is endogenous, which means that the growth is unrelated to the strategy, payoff, or
other kinds of the state of individuals. We provide a mathematical analysis to judge whether a
sequential temporal network promotes cooperation over its corresponding static network
under both neutral drift and weak selection. We apply this analysis to four synthetic and four
empirical sequential temporal networks and find that the evolution of cooperation can be suc-
cessfully promoted in these networks. We also propose a theoretical approximation to quantify
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the cooperation-promoting effect of large sequential temporal networks under weak selection
with less calculating complexity.

Models

We consider a growing population of which the structure changing is captured by L ordered
undirected snapshots. Each snapshot is represented by a network, where each node is occupied
by an individual, and each edge represents a pairwise interaction. Since the dynamics of the
population structure is independent of the dynamics on the population, such an ordered series
of snapshots is known as a temporal network 7 [40], which provides a lossless representation
of a time-varying population structure. In particular, we call the temporal networks in this
study sequential temporal networks since the population size is monotonically increasing
snapshot by snapshot. The final snapshot is called the static counterpart S for 7, and the size of
S is denoted as N (also the size of the population when reaching the steady state).

For ease of presentation, we symbolize the structure of sequential temporal networks as fol-
lows. A sequential temporal network 7 = {G", ..., G*'} is determined by a static network S

of size N and a set of activation vectors A = {a"), ..., a®}, where G" represents the Ith snap-
shot for 7, S shows the spatial structure when population growth finishes, and a® records the

(O]

activity of nodes in the Ith snapshot. The element a® is a vector of length N, where a” = 1 if

node i is active in the Ith snapshot, a,@ = 0 otherwise. Edge (i, j) exists in G" when (i, ) exists
in § and individuals i and j are active in g<’>.

Furthermore, we define a partial ordering < on R" to illustrate the meaning of ‘sequential’.
The relation x = (x,)}, <y = (y,)L, holds when x; < y; for all 1 < i < N. Following the defini-
tion of sequential temporal networks, the relation a*) < a? holds forall 1 <1, <1, < L and
a®=(1,.., )" (e g" =3).

In each snapshot, every individual chooses to cooperate or defect with all his neighbors. A
cooperator pays cost ¢ > 0 for each neighbor to receive benefit b, while a defector pays no cost
and provides no benefit. This donation game is widely used when studying pairwise interac-
tions [16, 21]. Traditionally, benefit b is set to be larger than 0, which means cooperation is
prosocial behavior. But in some cases, selection favors cooperation only when b < 0 [16, 18].
Therefore, we set b € (—00, +00) for a complete study of the evolution of cooperation.

The state of individual i is denoted by x;, where x; = 1 (x; = 0) suggests cooperation (defec-
tion). In each generation, individual i receives an edge-weighted average payoft, given by
u, = —cx;+b ZJL pfjl)x]., where pgjl) =w,;/ S o, W, represents the probability of a one-step
random walk from i to j, and wy; is the weight of edge (i, ), satisfying w;; = 0 for any individual
i, w;j = 1 if a link exists between i and j, otherwise w;; = 0, and w;; = wj; for any edge (i, j). The
fitness of individual i positively depends on his payoff, measured by F; = 1 + 6u;. The parameter
0 > 0 describes the intensity of natural selection [9]. The regimes § = 0 (6 < 1) corresponds to
neutral drift (weak selection) [41]. Each variable under neutral drift and weak selection is
labeled with a superscript © and *, respectively.

At the end of each generation, a random individual i is selected to update his strategy by
imitating the strategy of one of i’s neighbors j with a probability proportional to js fitness F;
and the edge weight between i and j, given by

1 Ew

=y (1)
! NZkN:I Fow,

This update rule is well-known as death-birth updating, which is widely used in the field of
evolution. Besides, we also analyze other update rules—pairwise-comparison updating and
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imitation updating in the S1 Text. Since there is no mutation in our model, after sufficient evo-
lution, the state of populations will reach an all-cooperator state C or an all-defector state D,
called an absorbing (equilibrium) state.

We consider two classes of evolutionary processes on sequential temporal networks (Fig 1).
In the first process, the state of populations reaches one of the absorbing states before new
defector(s) enter the population (Fig 1a), which means that the evolutionary dynamics in each
snapshot is sufficient and much faster than the network evolution. In the second process, the
timescale between the evolutionary dynamics and the network evolution is controlled by a
parameter g < 0o, which captures the number of generations in each snapshot (Fig 1b).

Results
General rule for the promotion of cooperation

We use the probability of reaching state C in a network, namely the fixation probability for
cooperation [16, 18, 19, 21], to quantify the cooperation-promoting effect of the network. For
a sequential temporal network, the fixation probability is then defined as the possibility of
being C in the final snapshot. The value of the fixation probability is related to the initialization
of the population state. In this study, we will use two types of initialization, uniform initializa-
tion y (i.e. a random individual is chosen to be a cooperator in a population full of defectors)

and the initialization of a specific configuration £ = (&, .. ., &))", where & = 1 if individual i is a
Intermediate states Final states
Snapshot 1 Snapshot 2 Snapshot 2 Snapshot 3 Snapshot 3
Adding one Adding two

node with nodes with
two edges five edges

{

End (All D) End (All D) End (All D)

1=

End (All C)

<
2

(I : 5 End (All C),
End (All D)
@® / ® Cooperator (C) / Defector (D) {3/ --- New node / New edge / Strategy evolution / Network evolution

Fig 1. Illustration of two evolutionary processes on sequential temporal networks. We consider a sequential temporal network with three snapshots as
an example. First, a random individual is selected to be a cooperator (C, blue) in the population full of defectors (D, red). a, In each snapshot, the
evolutionary dynamics is sufficient so that the population reaches one of two homogeneous (absorbing) states: all-cooperator and all-defector state. Then,
new defectors with links enter the population and continue the evolution. b, In each intermediate snapshot, the evolution proceeds finite rounds g before
switching to the next. In this case, the state of the population may not be absorbed when the population structure changes. When g rises to infinity, this
process is identical to the first process. In both processes, the evolution ends when the growth stops and the state is homogeneous.

https://doi.org/10.1371/journal.pcbi.1011333.9001
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cooperator, otherwise &; = 0. We use the uniform initialization for both sequential temporal
networks and their corresponding static networks, which means an individual is randomly
chosen to be a cooperator in the first snapshot of sequential temporal networks and in the
static networks, respectively. The respective fixation probabilities are denoted as p/; and p.

We claim that a sequential temporal network 7 promotes the evolution of cooperation rela-
tive to its static counterpart S if:

ph > ph. (2)

Eq (2) indicates that the probability of a single cooperator eventually taking over the popula-
tion on 7 is higher than that on S. In this study, we focus on weak selection where p%
becomes

L\ * o ap” 2
()" = (ph) +0 55| +0(), (3)
=0

and so does pf.

We first analyze the first evolutionary process where the evolution is sufficient in each snap-
shot. In this case, the fixation for cooperation in 7 requires the fixation for cooperation in
each snapshot of 7, so the fixation probability for 7 is given by

L
(I-1)
pr = pg(l) H ,0;(1) ) (4)
1=2
(-1

where p‘;&;l) represents the fixation probability for snapshot G when the initialization is a

By Eq (3), we find that if (p%)° > (p’s)° holds, (p4)" > (p%s)" also holds. So we begin with
analyzing Eq (2) under neutral drift. We first consider a simple case of unweighted sequential
temporal networks of length L = 2. Besides, we assume that there are no interconnected edges

among new nodes in the second snapshot. In this case, we have (p4)° = (pgm) (p;%) . We

assume the number of nodes and the average degree of G are m and k1, and the increment of

nodes and edges for G is Am and AK. Using the technique proposed by McAvoy & Allen
[19], we have

() > (hy & LR AAK 1
mmk, +2AK =~ m+ Am

(5)

which is equivalent to the following condition:

Am > m, (6a)

or

AK mk,
e S 6b
Am < m and < . (6b)

We refer to S1 Text Section 3.1 for the detailed derivations of Eqs (5) and (6). In particular,
when Am < m, Eq (6b) degenerates to a simpler form,

Am < m and A—K<k]. (7)
Am

When L is greater than 2, it is straightforward to derive a sufficient condition for Eq (2)
under neutral drift that each pair of adjacent snapshots satisfies Eqs (6a) or (6b). Fig 2 presents
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three examples to demonstrate our conclusion. In Fig 2a (Fig 2b), all pairs of adjacent snap-
shots satisfy Eq (6a) (Eq (6b)), so the sequential temporal network is more favorable for coop-
eration. However, in Fig 2c, each pair of adjacent snapshots violates Eqs (6a) and (6b), which
leads to a lower possibility for cooperation in the sequential temporal network. Similar to Eq
(5), we can also derive a necessary and sufficient condition for L > 3 (see Methods and S1
Text. Section 3.1).

We provide an intuition of why population growth can promote cooperation under Eq (6).
The main idea is to split the evolution into two (or more) stages to favor the fixation of cooper-
ation. One way is to allow cooperation to first evolve in a relatively small population size

Snhapshot 3
(static network)

Snapshot 1 Snapshot 2

(oh = 0106 (or =101

®/C/@® New active / Inactive / Previously active node
—/—/— New active / Inactive / Previously active edge

Fig 2. Fixation probabilities of sequential temporal networks and static networks. We present three examples for
illustrating the analytical result in Eq (6). The number of nodes in the first and second snapshots is denoted as m; and
m,, and the increment of nodes (edges) in the second and third snapshots is denoted as Am; (AK;) and Am, (AK). a,
The number of nodes grows exponentially, fulfilling Eq (6a) (i.e. Am; = 3 > m; =2 and Am, = 6 > m, = 5). Then the
fixation probability of sequential temporal network, p5 = 0.191, is greater than that of its static counterpart,

p% = 0.091. b, The increase in the number of nodes and edges fulfills Eq (6b) (i.e. Am; =1 <m; =6,AK; =2 < 2.4
and Am, =2 < my =7, AK; = 6 < 6.4). As a result, the fixation probability is still higher in the sequential temporal
network (p = 0.115 > p$ = 0.111). ¢, When each pair of adjacent snapshots does not satisfy Eqs (6a) and (6b) (i.e.
Am;=1<m;=6,AK; =3>24and Am, =2 < m, =7, AK, = 8 > 7.2), the fixation probability becomes greater in the
static network (p3 = 0.106 < pg = 0.111).

https://doi.org/10.1371/journal.pcbi.1011333.g002
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(lower than N/2, Eq (6a)) before entering the subsequent snapshot. On one hand, cooperation
spreads easily among a small population. On the other hand, once cooperators take over the
population in the first snapshot, there is more than one cooperator at the beginning of the sec-
ond snapshot. The combination of these two factors leads to an increased probability of coop-
eration relative to the static counterpart. However, when the initial population size is larger
than N/2 (Egs (6b) and (7)), it is less likely for cooperation to fixate in the first snapshot. To
gain more advantages on fixation, we find that newly added nodes (i.e. defectors) can not be
hubs in the second snapshot. In other words, the number of new edges should be upper-
bounded, such that the average influence of cooperators is more significant than that of
defectors.

When p’ and p; are identical under neutral drift, we turn to compare the first-order term
of them, that is,

L\ * * ap“ 8p,u
(P7)" > (p5)" & 55 .

00

(8)

0=0 =0

In S1 Text Section 3.2, we derive an analytical condition for Eq (8), and the complexity of veri-
fying the condition is upper bounded by solving a system of linear equations of size O(LN?),
which means the calculation cost is huge when N or L are large. To reduce the computational
complexity, we develop a mean-field approximation method [42] for efficiently comparing the
first-order term of p’; and ps by avoiding solving the linear equations. For L = 2, the analytical
condition under the mean-field approximation is given by

° al) @) NORW .
() (= cCoor +85) + (o3} (= el + 8Bl ) > (= cCloy + 8Bl ), (9)

where the quantity chag% + bBag% shows the effect of the game model on cooperation spread-
ing in snapshot G" under initialization a” (see Methods for the explicit expression).

Eq (9) is a function of the benefit-to-cost ratio b/c, so the comparison between the coopera-
tion-promoting effect of 7 and S not only depends on the population structure but also on the
game. To avoid this situation, we introduce a useful index called the critical benefit-to-cost
ratio (b/c)* in donation games [9, 16, 18, 21], which is only related to population structures. A
lower positive critical ratio is interpreted as better for the emergence of cooperation. Mean-
while, a negative critical ratio is considered to favor spiteful behaviors. So a sequential tempo-
ral network 7 is more favourable for cooperation than the corresponding static network S, if
(b/c)s > (b/c); > 0or (b/c); > 0> (b/c)s. The first relation illustrates that the sequential
temporal network decreases the required benefit-to-cost ratio to promote cooperation, and the
second relation illustrates that the sequential temporal network can rescue cooperation when
the corresponding static network favors spite [18, 43]. We also provide the exact and the
mean-field expressions for (b/c); and (b/c) in Methods.

Fig 3a provides an example to demonstrate the reliability of our method. The fixation prob-
ability of the sequential temporal network p is the same as that of the corresponding static
network p under neutral drift but is greater under weak selection (Fig 3b). The difference
between p, and p can be fairly estimated by our mean-field approximation. In addition, the
critical ratio (b/c); = 4.6 is lower than the critical ratio (b/c) = 9.0, which also reflects the
advantage of the sequential temporal network in promoting cooperation. The mean-field
approximation of (b/c); and (b/c) are 5.1 and 9.0 (green arrows in Fig 3b), respectively.
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Fig 3. Fixation probabilities by the mean-field approximation. a, We consider a sequential temporal network with two snapshots. The fixation
probabilities p and p are identical under neutral drift, i.e., p; = p5 = 0.125 (the black dashed line in b). b, We compare these two probabilities p, and
ps under weak selection. We provide numerical simulations for the sequential temporal network (red solid line) and the static network (red dashed line) in
the left panel. The probability p; is higher than the probability p; when the benefit-to-cost ratio b/c is larger than 1. We also calculate the difference
between the two probabilities by our mean-field approximation (green dashed line), and the results can well predict the simulations (red diamonds).
Furthermore, we calculate the critical benefit-to-cost ratio (b/c)* of the sequential temporal network (solid arrows) and the static network (dashed arrows)
by the theoretical formula (red arrows) and approximation (green arrows). The sequential temporal network has a lower positive critical ratio, which shows
a better potential to promote cooperation. Parameter values are ¢ = 1, § = 0.025.

https://doi.org/10.1371/journal.pcbi.1011333.9003

Synthetic and empirical temporal networks

The sequential temporal networks discussed above are relatively short and small, but they
nonetheless present a striking effect on the evolution of cooperation. We further study the evo-
lutionary dynamics on more complex networks of size N = 100 and length T > 95. We select
four classes of static networks—square lattices with periodic boundaries [6], random regular
graphs [44], Barabasi-Albert scale-free networks [26], and scale-free networks with initial
attractiveness [28]. The first two networks are homogeneous but have very different local
structures, such as the clustering coefficient, and the last two are heterogeneous with different
scaling laws. We use simple growth rules to form sequential temporal networks based on these
static networks (see S1 Text Section 7.1, S1 and S2 Figs).

We first analyze the networks under the first evolutionary process. Fig 4a shows the fixa-
tion probabilities of the static networks and their respective sequential temporal networks
under neutral drift and weak selection. All these sequential temporal networks have higher
fixation probabilities than static networks under neutral drift, which means that the sequen-
tial temporal networks promote the evolution of cooperation. Such promotion is robust for
a wide scope of disturbances from games under weak selection. We can also calculate the fix-
ation probabilities and the critical ratio of these networks with the mean-field approxima-
tion (see S3 and S4 Figs). The results show that the approximation is still reliable for these
larger networks.

We turn to analyze the influence of the number of rounds g under the second evolutionary
process. Specifically, we study the relationship between the fixation probability and the param-
eter g under neutral drift. Fig 4b shows the trend of the fixation probabilities of the sequential
temporal networks when the parameter g rises. The fixation probabilities are monotonically
increasing with respect to g and converge to the probabilities under the first evolutionary pro-
cess as g rises to infinity. This conclusion also holds for a wide range of benefit-to-cost ratios b/
c under weak selection (see S5 Fig). These results show that sequential temporal networks
become more favorable for cooperation when the evolution on each snapshot is more suffi-
cient. A straightforward explanation is that cooperators are more likely to aggregate into clus-
ters in a smaller population, and long-term evolution fosters the emergence of such clusters.
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Fig 4. Evolution of cooperation on synthetic networks. We analyze four classes of underlying topologies of size N = 100: square lattices with periodic
boundaries (abbreviated as SL), random regular graphs with average connectivity k = 6 (abbreviated as RR), Barabasi-Albert scale-free networks with the
linking number m = 3 (abbreviated as BA), and scale-free networks with initial attractiveness a = 50 and linking number m = 3 (abbreviated as AT). For
each network, we obtain the numerical simulation of fixation probabilities by averaging over 10° independent Monte Carlo simulations. a, For the first
evolutionary process, the fixation probabilities of these sequential temporal networks (horizontal solid lines) are greater than those of their corresponding
static counterparts (horizontal dashed lines) under neutral drift, and, therefore, are also larger under weak selection for a wide range of benefit-to-cost
ratios b/c. b, We investigate the relationship between fixation probabilities and the number of rounds g under the second evolutionary process. For these
sequential temporal networks, the fixation probabilities p.- are monotonically increasing with respect to g under neutral drift. When g goes to infinite, the
fixation probabilities converge to the fixation probabilities under the first evolutionary process (black solid lines). Parameter values are ¢ = 1 and 6 = 0.025.

https://doi.org/10.1371/journal.pcbi.1011333.9004

As a result, cooperators can occupy the whole small population by sufficient evolution, and
then it is difficult for new defectors to invade the population.

In the Supporting Information, we demonstrate that the monotonicity with gis determined
by the growth rule of sequential temporal networks. We provide a theoretical explanation
under regular networks that the above monotonicity holds if the average degree of the front
snapshot is larger than that of the back snapshot for any pair of adjacent snapshots. This condi-
tion is similar to Eqs (6b) and (7), and hence, it is highly possible for them to be satisfied at the
same time.

Furthermore, we notice that the fixation probabilities with the parameter g = 1 of these
sequential temporal networks (1.49 x 107%,1.03 x 1072, 3.09 x 1072, and 2.87 x 107) are all
higher than the fixation probability of static networks (1 x 107%). In the sense of Eq (2), it is not
necessary to fully evolve on every snapshot to promote cooperation. Intuitively, the parameter
g affects the expected time of reaching the all-cooperator state C (the conditional absorbing
time of the state C). Increasing the duration time g improves the fixation probability but con-
sumes a longer time to reach the ideal state C. This raises the question of whether there is a
value of g to balance the cooperation-promoting effect and the conditional absorbing time. We
find an expected tradeoff for these sequential temporal networks. When the duration time g
equals 10, the fixation probability is higher, and the conditional absorbing time is lower than
the static networks (see S6 Fig).
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We also investigate the evolutionary dynamics over four empirical datasets from SocioPat-
terns (http://www.sociopatterns.org). These datasets come from three social contexts: a scien-
tific conference in France [45], a gallery in Ireland [46], and an office building in two years
(2013 and 2015) in Frances [47]. Each dataset is formed by a set of triplets (¢, i, j), which repre-
sent that individual i contacts with j at time t. We construct four empirical static networks and
corresponding sequential temporal networks based on these triplets (see S1 Text section 7.2
for details). Some structural information about these networks is listed in S2 Table. Fig 5
shows the fixation probabilities of these networks under weak selection. All these sequential
temporal networks facilitate the evolution of cooperation since they have higher fixation prob-
abilities under neutral drift. In addition, even if the evolution is not sufficient (g < c0), the pro-
motion remains across a wide scale of benefit-to-cost ratios b/c. The monotonicity of fixation
probabilities with respect to the parameter g also exists in these empirical datasets.

The fixation probabilities of the first two datasets have an opposite trend to the last two
datasets. This trend is determined by the sign of the critical benefit-to-cost ratio (b/c)*. A posi-
tive (negative) critical ratio means the fixation probability is monotonically increasing
(decreasing) with respect to the ratio b/c. We use the mean-field approximation to estimate the
critical benefit-to-cost ratio of these networks (see S2 Table). Remarkably, this approximation
can handle both positive and negative critical ratios with high accuracy. In general, the critical
ratios of static networks and corresponding sequential temporal networks have an identical
sign (see Figs 4 and 5).

Discussion

Time-varying interactions are ubiquitous in real-world populations, and population growth is
a key factor in this phenomenon. A large body of studies from different research fields pay
attention to the cause and influence of growth, such as information spreading [48, 49], citation
networks [50], and epidemic dynamics [51]. In this work, we study the evolutionary dynamics
in growing populations modeled by sequential temporal networks. We derive a general growth
rule under which sequential temporal networks promote the evolution of cooperation, and we
find that many synthetic and empirical sequential temporal networks satisfy the rule. When
the evolutionary process is divided into several stages (snapshots), cooperators can spread over
an entire population step by step from a small-sized population to a large-sized population. At
the same time, cooperators can gather as a cluster to effectively defend against new defectors.
Both of these effects contribute to the emergence of cooperation.

Our theoretical analysis and numerical simulations have shown that the cooperation-pro-
moting effect of sequential temporal networks originates from the entire sequence of temporal
snapshots (i.e., the complete growth process), rather than how simple the initial population
structure is. On the one hand, for the simplest initial population that consists of two nodes and
a link, different growth processes can lead to completely different evolutionary outcomes (S7
Fig). On the other hand, even if the initial population is complicated and notoriously bad for
cooperation, the corresponding temporal network can still promote cooperation (Fig 5¢). In
fact, one of the contributions of this study is to show how sequential temporal interactions get
packaged together to determine overall evolutionary dynamics.

We have mentioned that the sequential temporal networks in this work should be con-
trasted with dynamical networks and coevolutionary dynamics, in which the temporality of
population structures is caused by exogenous factors, such as individuals’ payoffs [34, 35] and
strategies [36-39]. In other words, in coevolutionary dynamics, the dynamics of the network is
established by the evolution of cooperation. However, just like the empirical datasets in Fig 5,
topology switching is often independent of the dynamics in populations. This emphasizes the
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Fig 5. Evolution of cooperation in four empirical datasets. We analyze four empirical datasets from different social contexts: a scientific conference in
Nice, France [45], the Science Gallery in Dublin, Ireland [46], a workplace in two different years in France [47]. a, the sequential temporal networks
promote the evolution of cooperation for any number of rounds g in these datasets. The corresponding fixation probabilities are monotonically increasing
with respect to the parameter g. Parameter values are § = 0.025 for the first dataset, § = 0.01 for the remaining datasets, and c = 1 for all datasets. b-c, We
present the structure of the sequential temporal networks for the first (b) and third datasets (c). The number of nodes and the average degree at time ¢ are
denoted as N and k*, respectively.

https://doi.org/10.1371/journal.pcbi.1011333.9005

Time

significance of studying the independent influence of temporality in the evolution of coopera-
tion [52, 53]. In this work, we concentrate on the temporality caused by population growth.
The rule we have proposed is only related to the increment of nodes and edges and can theo-
retically explain the simulations in the above two studies. The well-known evolutionary prefer-
ential attachment [34, 35] can be viewed as a typical case of our rule.
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We describe the timescale of evolutionary dynamics and network evolution by the duration
time of interactions (the number of rounds) g and have discussed two typical cases: sufficient
evolution (g = co) and infinite-time evolution (g < 0o). We find that both cases have similar
mechanisms to promote cooperation and fuller evolution is more favorable to promoting
cooperation. However, evolution is inherently costly, as individual interactions and strategy
updates may consume resources. Therefore, individuals prefer striking a balance between the
potential of fostering cooperation and the consumption of evolutionary time. Intriguingly, we
find an ideal duration time where cooperation is significantly promoted and the time is accept-
able (S6 Fig). This explains why a finite communication period is more common in the real
world.

Our analysis is based on neutral drift and weak selection. We only apply the rule under
weak selection if the rule under neutral drift fails. In fact, the rule under neutral drift is avail-
able for most sequential temporal networks (S8 Fig), especially for complicated sequential tem-
poral networks. This is meaningful because the computational complexity under neutral drift
is much lower than under weak selection.

We also showed the generality of our rules by investigating a broad range of random
graphs. Even for the simplest sequential temporal networks (length L = 2), more than 80% of
them can promote cooperation (S8 Fig). Furthermore, the proportion increases monotonically
to nearly 100% as the length of sequential temporal networks becomes longer. Meanwhile, we
find that, in general, a longer sequential temporal network has a better cooperation-promoting
effect (S9 Fig). Investigating a suitable length is a worthwhile direction for real-world
applications.

We have focused on pairwise interactions, where individuals engage in two-player games.
In addition, cooperation can also unfold in groups, such as in public goods games [11, 13, 14].
A natural extension is to consider higher-order interactions [54, 55] or group interactions [18,
56] in populations. In this case, several new individuals enter populations as a whole with
internal interactions and may simultaneously play two-player games and multi-player games
with different opponents. Therefore, while we uncover many striking properties of sequential
temporal networks, a further understanding of population growth remains an important topic
for various research fields.

Methods
Variants of the model

We show three variants of the model and the corresponding equivalent condition of Eq (2)
under neutral drift. We refer to S1 Text for detailed mathematical derivations.

We first consider weighted sequential temporal networks of length L = 2. A weighted link
means that more than (or less than) one interaction occurs per unit of time. In this case, we
generalize the concept of average degree k to average node strength w. We assume the number
of nodes and the average node strength of G are m and wy, and the increment of nodes and

edges for G is Am and AK, the equivalent condition of Eq (2) is given by

Am > m, (10a)

or

AK
Am < m and — < W

R (10b)
Am m—Am

We then consider an unweighted sequential temporal network of length L = 2 with internal
links among newly added nodes in the second snapshot. We assume that there are g; internal
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edges nodes and g, external edges in Am new nodes. A similar derivation leads to

Amk, 2mg, — mAmk,

g >——, Am>m, g > A — (11a)
Amk
6 < Am>m, (11b)
Amk Amk, — 2
& <%7 Am < m, g2<%~ (1Lc)

Finally, we provide the equivalent condition of Eq (2) for unweighted sequential temporal
networks of arbitrary length L, given by

1+ m_,k,_, + mk, 1
- 1= > , 12
m, g 2myk, m; k, (12)

where m; and k; are the number of nodes and the average connectivity for the Ith snapshot G,
respectively.

Mean-field approximation

We briefly summarize the mean-field approximation of the fixation probability and the critical
benefit-to-cost ratio under DB updating. Detailed derivations and the results for other update
rules can be found in S1 Text.

A static network & of size N is specified by a matrix (wl.j)f;zl, where wj; is the weight of edge
(i, j), satisfying w;; = wj;, and w;; > 0 if an edge exists between individuals i and j, w;; = 0 other-

wise. The node strength of node i is w, = Z}Zl w,;, and the probability of a n-step random

i
walk from node i to node j is denoted as p,§">. The reproductive value of node i is
n, = w,/ S_n_, w,, which is the invariant distribution of random walks on S. For any vector y
= (1 - . yn)" on S, we define the RV-weighted value y := 3" | ,y,.

For an initial configuration & = (&, . . ., &y)", we let t; = N(E —¢,¢;)/2and
B, = ij; , 7,7t The mean-field approximation of the fixation probabilities ( p%) and (p4)
is given by
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where

B,Nu? 1
M = N e

BN 1 Q= o, )
"/(52) =1 ZW,(P,(J +P§j )tij )
Ny,

tu2 ij=1
BNi By, S wpl 1 (&
4 0 1 01 i=1 "ilii (0) (1) (2)
Yo = + - wi(py +pi +pi )t |
@ Hy Ho Ny, ,JZ; ! ! v (14)
LN
(1) 2u, 2 ?
N 2
2
’ N 2
g = Ny + Dint Wipt(i >.“1 . §
© 2u, 2u, 2

¥ w/Nand u, = 1 w?/N are the first and second moments of the

node strength distribution, C, = 25:1 w,.pfjk) tyfork=0,1,2,and A = SN wpl. All these
quantities can be calculated directly by structural information of the network, instead of solv-
ing linear systems. Applying Eqs (4) and (13), we can obtain the mean-field approximation of

The quantities u, =

(p)" under the first evolutionary process.
The approximation of the critical benefit-to-cost ratio of S under initial configuration & is
given by

<é>*z BN*pif — 1, (Cy + C)) (15)
¢/ BNAu — 1(C, +C,)’

and the approximation under uniform initialization is given by
b\" Nyl —2u.
(_) o NH = 2t (16)
) Ap, —2p,
For a sequential temporal network 7 = (S, A) = {G", ..., G"}, let A, = (p‘g‘m) VA, =

(pé&”) (i=2,...,L)and A, = [ 1,4 A The approximate critical value is

,y,u ya(l‘*l)
: A2+ ZnA
b N G N gl
<_) = 1) 1) ) (17)
c T a _ N
T i (7’(3) /(1)) n Z-L i Y3) Y
1 N g(l) i=2%"i N g(l)

where the notation -| indicates that the value is taken under the network g".

Supporting information

S1 Text. Theoretical deviations and construction algorithms. Detailed calculations of fixa-
tion probabilities and critical benefit-to-cost ratios under different updating rules. Derivations
of the mean-field approximation under different updating rules. Algorithms for constructing
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sequential temporal networks.
(PDF)

S1 Fig. Construction of the sequential temporal network on square lattices. A schematic
illustration of constructing a sequential temporal network on a square lattice of size N = 16.
First, four nodes in the middle of a square lattice are set to be active. Then, at each time step,
we activate one node in turn clockwise along the circle. The construction finishes when all
nodes are active.

(PDF)

S2 Fig. Construction of the sequential temporal network on Barabasi-Albert scale-free net-
works. A schematic illustration of constructing a sequential temporal network on a Barabasi-
Albert scale-free network of size N = 12 and linking number m = 2. First, we activate m, nodes
to form an initial snapshot. Due to the growth and preferential attachment, at each time step, a
new node enters the network and connects to m old nodes. At this point, the new node is
active. The length of sequential temporal networks is equal to the number of new nodes plus
one.

(PDF)

S3 Fig. Fixation probabilities by simulations and mean-field approximations. Comparisons
between the fixation probabilities for cooperation obtained by numerical simulations (dashed
lines) or the mean-field approximation (dots). The fixation probabilities are calculated under
three setups: static networks with uniform initialization and a given initial configuration, and
sequential temporal networks. Network structures and parameter values are the same as in Fig
4 in the main text.

(PDF)

$4 Fig. Critical benefit-to-cost ratio by simulations and mean-field approximations. We
consider the same network structure and the same initialization as S3 Fig. The results show
that the mean-field approximation is also accurate for estimating the critical ratio of static net-
works and sequential temporal networks.

(PDF)

S5 Fig. Fixation probability for finite g under weak selection. We consider the same network
topologies as those in Fig 4 in the main text. The results show that the monotonicity of the fixa-
tion probability with respect to generation time g holds under weak selection for a wide range
of benefit-to-cost ratio b/c. Parameter values are ¢ = 1, § = 0.015.

(PDF)

S6 Fig. Absorbing times under a different number of rounds. The conditional absorbing
time and unconditional absorbing time of static networks and sequential temporal networks.
We first focus on the conditional absorbing time of reaching the all-cooperator state C (first
row). We find that when the number of rounds g = 10, the sequential temporal networks can
both promote the evolution of cooperation and have lower absorbing time than static networks
(light solid line). We also present the result of the conditional absorbing time of reaching the
all-defector state D (second row) and the unconditional absorbing time (third row). Network
structures and parameter values are the same as in Fig 4 in the main text.

(PDF)

S7 Fig. Growth process determines the cooperation-promoting effect of sequential tempo-
ral networks. We consider two sequential temporal networks with the same initial and final
snapshots. a, The increment of nodes for each pair of successive snapshots is one. In this case,
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the fixation probability of the sequential temporal network under neutral drift is higher than
that of the static counterpart. b, The length of the sequential temporal network is 2, which
means that there is no intermediate snapshot between the initial and final snapshots. In this
case, the fixation probability of the sequential temporal network under neutral drift is lower
than that of the static counterpart.

(PDF)

S8 Fig. Fixation probabilities for 30000 random graphs. We analyze three classes of random
graphs as static networks: Erdgs-Rényi networks, Watts-Strogatz small-world networks with
rewiring probability 0.3, and Barabasi-Albert scale-free networks. For each class, we sample
10* graphs of size N and average degree k, where N is randomly selected from [20, 50] and k is
randomly selected form [4, N/2]. For each static network, we apply Algorithm 1 in S1 Text to
construct a sequential temporal network with length L,,. Then, we use the sequential temporal
network to generate new sequential temporal networks with length L < L,,;, where the first
and the final snapshots of the new networks are the same as the original one. The black lines
show the fixation probabilities of static networks under neutral drift ((ps)°” = 1/N). The pro-
portion of sequential temporal networks with a higher fixation probability ((pf)° > (p%s)°) is
monotonically increasing with L, rising from 83% when L = 2, to 87% when L = 5, and to 96%
when L = 10, and to nearly 100% when L = L,,;. The number of sequential temporal networks
with the same fixation probability (p5 = 1/N) is monotonically decreasing with L, from 662
when L =2,to 1 when L =5, and to 0 when L =10and L = L,,;.

(PDF)

S9 Fig. Effect of network length. We analyze the same networks as in S8 Fig. We calculate the
fixation probabilities for sequential temporal networks with different lengths. In general, the
sequential temporal networks with longer lengths have higher fixation probabilities.

(PDF)

S1 Table. Structural information of synthetic networks. We analyze the same networks as in
Fig 4. N is the number of nodes in static networks, L is the length of sequential temporal net-
works, and k is the average degree of static networks. (b/c); and (b/c); are the simulation-
based critical benefit-to-cost ratios of sequential temporal networks and static networks,
respectively. Approx. (b/c); and Approx. (b/c); are the corresponding approximate values
with the mean-field approximation.

(PDF)

S2 Table. Structural information of empirical networks. We analyze the same networks as
in Fig 5. The implication of parameters is the same as S1 Table.
(PDF)
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