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Abstract

For stochastic models with large numbers of states, analytical techniques are often impracti-

cal, and simulations time-consuming and computationally demanding. This limitation can

hinder the practical implementation of such models. In this study, we demonstrate how neu-

ral networks can be used to develop emulators for two outputs of a stochastic within-host

model of Francisella tularensis infection: the dose-dependent probability of illness and the

incubation period. Once the emulators are constructed, we employ Markov Chain Monte

Carlo sampling methods to parameterize the within-host model using records of human

infection. This inference is only possible through the use of a mixture density network to

emulate the incubation period, providing accurate approximations of the corresponding

probability distribution. Notably, these estimates improve upon previous approaches that

relied on bacterial counts from the lungs of macaques. Our findings reveal a 50% infectious

dose of approximately 10 colony-forming units and we estimate that the incubation period

can last for up to 11 days following low dose exposure.

Author summary

Francisella tularensis is a highly infectious bacterium that remains in the top category of

biothreat agents. Release of aerosolized bacteria could lead to many cases of acute and

severe pneumonia over the days following. Mathematical modelling can contribute to the

response to such an outbreak, combining dispersion models and disease models to iden-

tify the source of release and predict where cases are most likely to occur. However, these

models can be computationally demanding and time consuming to run. In this article, we

use neural networks to emulate the likelihood of disease and the duration of the incuba-

tion period from a stochastic within-host model. This enables rapid predictions to be

made across a wide range of doses, thereby improving the practical applications of the

model.
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Introduction

Mathematical modelling is an effective tool for describing the relationship between the quan-

tity of biological agent an individual is exposed to and the likelihood that they develop disease

[1]. Following the release of an agent, these models can provide critical insights into the source

of the release and optimal prophylactic measures [2, 3]. Empirical dose-response models, such

as the exponential and beta-Poisson models, rely on few parameters and are therefore quick

and simple to fit. However, their predictions can vary hugely when extrapolating beyond the

range of doses used for fitting [4]. This limitation is particularly pronounced when considering

low dose exposure, where data is often sparse or non-existent and where it would be impracti-

cal to obtain even with direct experimentation. By contrast, mechanistic models build upon

the underlying biological processes such that greater confidence can be placed on their predic-

tions, even at these lower doses [5].

In a previous study, we developed a stochastic dose and time response model for human

Francisella tularensis infection [6]. In conjunction with a zonal ventilation model, we demon-

strated how it could be used to estimate the number of casualties in a microbiology facility fol-

lowing the accidental release of F. tularensis bacteria. One limitation of this model was that

parameter inference was based on a comparison of model predictions with bacterial counts

from the lungs of macaques, not humans. Although subsequent analysis showed that the esti-

mates obtained were capable of explaining the incubation periods of human infection, the pre-

dicted credible regions at low doses were considerably wider than those observed.

Furthermore, individual parameters were not identifiable from bacterial counts alone. Collec-

tively, these concerns raise doubts about the reliability of the previous parameter estimates,

and thus the wider application of the model. Ideally, the parameter inference should have been

performed using the human infection data, rather than reserving it for validation purposes.

However, due to time constraints in simulating the model, this was not possible. Since the

existing model is stochastic, multiple realizations are necessary to fully understand the variabil-

ity around quantities such as the incubation period. In addition, to account for heterogeneity

within a population, certain model parameters were assumed to be random variables and were

therefore capable of taking on multiple values. The need to sample across these possible values

further increases the number of realizations required.

The time-consuming nature of simulating large stochastic models is a well-known limita-

tion, particularly when using the exact Gillespie algorithm. As the population size increases,

the time-step of the simulations decreases, leading to longer simulation times [7]. Approximate

tau-leaping procedures overcome this issue by assuming that the rates of reaction change by

such small amounts in a single time-step that they can be deemed constant, enabling multiple

reactions to occur simultaneously [8]. Extensions of these methods have also been developed

to further reduce simulation times, however, they often do so by exploiting the structure of the

stochastic process and are therefore only applicable in certain scenarios. For example, a sepa-

rate algorithm for stiff systems can be applied when reactions occur on different timescales, as

is the case when modelling evolution within a growing virus population [9]. Rather than aim-

ing to reduce the time required to simulate a model, an alternative approach is to construct an

emulator [10, 11]. The use of emulators involves fitting a surrogate model to a set of existing

simulations, which can then be used to rapidly predict the output of the original model [12,

13]. As a result, Monte Carlo inference methods and global sensitivity analyses, that require

the model to be evaluated across many sets of inputs, can be applied more effectively.

In more recent work, this surrogate model takes the form of a mixture density network

(MDN), a combination of a neural network and a mixture model [14]. In doing so, the outputs

of the emulator specify a probability distribution rather than a single value. This is particularly
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useful when emulating stochastic models as it preserves the inherent variability of the system,

avoiding the need to rely solely on summary statistics such as the mean. Furthermore, the use

of a mixture model allows the MDN to describe multi-modal or skewed distributions, a limita-

tion of alternative methods, such as those that rely on Gaussian processes [15]. MDNs have

successfully been implemented into a framework for emulating protein numbers in biochemi-

cal reaction networks, as well as emulating the infection dynamics of stochastic models of epi-

demics. [15, 16]. In both of these cases, however, the focus is on demonstrating the application

of MDNs, so the baseline models have already been studied and parameterised in the litera-

ture. In this paper, our aim is provide a more practical application of MDNs to emulate a

model. We begin by training an MDN to emulate the distribution of incubation periods from

the within-host model of F. tularensis infection. By also creating an emulator for the probabil-

ity of illness, we are then able to re-parameterise the original model using human infection

data, a step that was previously not possible. The resulting model is the first mechanistic model

to fully utilize this data and holds the potential to offer more reliable guidance for public health

interventions in the event of a release of F. tularensis bacteria.

Materials and methods

Within-host model

The stochastic within-host model developed previously replicates the dynamics of F. tularensis
in the lung [6]. Following the inhalation of some initial dose, bacteria are primarily taken up

by alveolar phagocytes where they resist killing and replicate within the host cell. Subsequent

rupturing of the phagocyte releases the bacteria back into an extracellular environment and

the infection cycle begins again. For up to 72 hours post infection F. tularensis bacteria success-

fully evade immune recognition, allowing for uncontrolled replication and dissemination

throughout the body. Once the immune response is activated, however, the sudden up-regula-

tion of pro-inflammatory cytokines resembles a ‘cytokine storm’ that is associated with severe

tissue injury and organ failure [17, 18].

A bivariate Markov process, X ¼ fðBðtÞ; PðtÞÞ : t � 0g, is used to model the interaction

between host phagocytes and F. tularensis bacteria, where B(t) denotes the total number of

extracellular bacteria and bacteria-containing phagocytes, and P(t) represents the number of

infected phagocytes, such that B(t)� P(t). Bacteria can be taken up by host phagocytes with

rate α h−1 or cleared with rate μ h−1, while infected phagocytes survive on average for 1/δ hours

before rupturing and releasing their bacterial contents. Previously, a birth-and-death process

with catastrophe was used to model the intracellular lifecycle of F. tularensis bacteria within a

single infected phagocyte, where the birth and death events describe the replication of bacteria

and the catastrophe event corresponds to the rupturing of the infected cell [6]. Using this sin-

gle-cell model, we were able to determine the probability that an infected phagocyte releases k
bacteria on rupture, Rk. This then acts as a link between the within-phagocyte and within-host

dynamics, whereby the rate at which infected phagocytes rupture and release k bacteria in the

within-host model is δRk h−1. Note that the single-cell model was previously parameterised

using in vitro measurements of intracellular bacterial growth and infected cell viability. Given

that the recorded incubation periods from human infection are unlikely to provide any further

insights into the intracellular dynamics, we continue to use the existing estimates of δ and the

rupture distribution, Rk. A diagram showing the state transitions included in the stochastic

within-host model is provided in Fig 1.

If all bacteria are successfully cleared from the lung ((B, P) = (0, 0)) then the individual

recovers without any signs of illness. However, if the population of extracellular bacteria and

bacteria-containing phagocytes in the lung grows to some threshold, M, then this is assumed
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to correspond to symptom onset. For a set initial dose, (B, P) = (D, 0), we are therefore inter-

ested in calculating the probability that B exceeds M, as well as the earliest time at which B
exceeds M. Given that a large number of bacteria is required for symptom onset, analytic

methods have limited application and the model is instead simulated using a tau-leaping pro-

cedure with adaptive step size [8]. A single realization culminates in either illness or the elimi-

nation of bacteria, so multiple realizations are required to estimate the probability of illness

and construct a distribution of incubation times. Together, these outputs allow us to specify

the dose-response relationship and understand the variability in dose-dependent incubation

times.

Emulating the incubation period

A mixture density network (MDN) is used to emulate the distribution of incubation periods, a

depiction of which is provided in Fig 2. Inputs from the within-host model are propagated

through a series of dense layers, producing three sets of outputs. These outputs specify the

means, standard deviations and weights of the Gaussian distributions that make up the mix-

ture model. Here, we assume that a mixture of ten Gaussian distributions is sufficient to

approximate the distribution of incubation periods for each unique set of inputs. To construct

the MDN, we make use of the Python interface Keras along with the Keras MDN Layer [19].

Fig 1. Within-host model state transitions. A depiction of the state transitions included in the stochastic within-host

model of F. tularensis infection. State (B, P) represents B bacteria and bacteria containing phagocytes and P infected

phagocytes. The rates of phagocytosis and death of extracellular bacteria are α and μ respectively. Phagocytes rupture

with rate δ, releasing k bacteria with probability Rk. The maximum number of bacteria released by an infected

phagocyte is N. Symptom onset is assumed to occur when B exceeds a set threshold M.

https://doi.org/10.1371/journal.pcbi.1011266.g001

Fig 2. Mixture density network structure. Inputs from the within-host model are propagated through layers of fully connected nodes

to estimate the means, standard deviations and weights for the individual components of the Gaussian mixture model.

https://doi.org/10.1371/journal.pcbi.1011266.g002
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For each of the dense layers, we apply the commonly used rectified linear activation function

(ReLU) since it introduces non-linearity but remains computationally efficient. For the nodes

in the output layer that correspond to the standard deviations, we apply an exponential linear

activation function offset by one to ensure that the standard deviations remain non-negative

[20]. No activation functions are applied to the nodes representing the means or the weights,

resulting in the weights being trained in logit space. To obtain probabilities that sum to one, a

softmax function is subsequently applied to the final output weights.

With regards to the inputs, we previously demonstrated that there exists a strong correla-

tion between the parameters α and μ [6]. This correlation is intuitive since α drives the growth

of the bacterial population, whilst μ acts as a limiting factor. Consequently, the ratio μ/α holds

greater significance than the individual parameters themselves, so we include this as an input

to the MDN. The remaining inputs consist of α, M and the initial dose, D. All four parameters

are specified on a logarithmic scale and are normalized within the range [0, 1]. This normaliza-

tion facilitates the creation of a smooth loss surface and expedites the training process of the

MDN. As the emulator’s ultimate purpose is to parameterise the within-host model, it is

important to train it on a wide range of parameter values. The specific parameter ranges used

in training are detailed in Table 1.

In order to train the MDN, 5 × 106 unique parameter sets were sampled from the input

space. For each parameter set, the within-host model was simulated using tau-leaping until a

single incubation period was obtained. This means the MDN only observes a single sample

from the distribution of incubation times, rather than the complete distribution. Given that

these distributions are skewed, the incubation times were also converted to log-hours as this

increases the chance of successfully approximating the full distribution with the mixture

model. To fit the MDN, a stochastic gradient descent algorithm was employed, using the nega-

tive log-likelihood of the Gaussian mixture model as the loss function:

L ¼ � log
Y

i

X10

j¼1

pjðx
ðiÞÞ fjðy

ðiÞ; mjðx
ðiÞÞ; sjðx

ðiÞÞÞ þ l
X

k

w2

k ;

where x(i) and y(i) are the ith rows of the training set inputs and outputs, and f is the density

function for a univariate Gaussian distribution. The mean, standard deviation and weight for

the jth component of the mixture model is given by μj, σj and πj respectively. The final term of

the loss function corresponds to L2 regularization, a technique used to mitigate overfitting by

encouraging smaller neural network weights, w. The parameter λ specifies the strength of the

regularization and its value is explored during a grid search of model architectures.

Since the training sets contained only one incubation period, reserving a subset of these for

testing purposes would not effectively assess the ability of the MDN to approximate the entire

distribution. Therefore, we instead generated a separate test set comprising 3 × 103 inputs,

sampled from the same region of parameter space as the training set (Table 1). For each input,

the within-host model was simulated until 103 incubation times were obtained, an adequate

Table 1. Within-host model parameters.

Parameter Description Emulator training bounds Posterior

α Rate of phagocytosis log10 α * U(−3, 0) 7.4 × 10−3 h−1

μ/α Ratio of clearance and phagocytosis rates log10(μ/α) * U(−1.6, 1.6) 14.26

D Initial dose of inhaled bacteria log10 D* U(0, 5) −
M Threshold of bacteria required for symptom onset log10 M* U(5, 20) μM = 2.78 × 108 bacteria

https://doi.org/10.1371/journal.pcbi.1011266.t001
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number to accurately represent the target distribution. The Kolmogorov-Smirnov (KS) test

statistic is commonly used to compare two probability distributions. Here, as in Davis et al., it

is particularly useful for measuring the predictive capability of the MDN since it can be used to

compare a sample with a reference distribution [15]. In our case, the sample refers to the 103

incubation times associated with each test set input and the reference distribution is the Gauss-

ian mixture model predicted by the MDN. Defined as the maximum distance between the

cumulative density function of the reference distribution and the empirical distribution func-

tion constructed from the sample, a score close to zero would indicate a high level of agree-

ment between the predictions and test set, whilst a score close to one would suggest little

overlap between the distributions.

To determine an optimal architecture for the MDN, a grid search was performed. The num-

ber of dense layers ranged from 2 to 5, while the number of nodes in each dense layer was set

to 64, 128, 256 or 512. To mitigate overfitting, the L2 regularization constant was also varied,

resulting in training 600 different models. The best performing model was then selected as the

one that minimised the proportion of test set predictions with a KS test statistic greater than

0.1. Following the grid search, approximately 83% of KS test statistics for the best performing

model were below 0.1, with 39% falling below the critical value of 0.043 required for a one-

sided KS test at a 5% significance level. Notably, higher KS test statistics were observed in

regions of the input space where the initial dose of bacteria was largest. In such cases, the

growth of bacteria is more deterministic, resulting in reduced variability in the time required

for the population to reach M bacteria and hence a narrower range of incubation periods.

Comparisons between the predicted densities and the test set samples from the true distribu-

tions indicated that, in these scenarios, the MDN slightly underestimated or overestimated the

mean. Given that the distributions are narrow, these deviations in the mean were amplified

when calculating the KS test statistic. However, when converting the incubation times back

from log-hours to days, the differences were minor and within an acceptable degree of accu-

racy for the intended purpose of the model.

With this in mind, and to ensure the optimal model reflects our needs, a second grid search

was performed using the following scaled KS distance

KSscaledðKS; I95Þ ¼ KS 1 �
ε

ð1þ expð�ðKS � kÞÞÞðI95 þ εÞ

� �

;

where KS is the original test statistic and I95 is the inter-95 percentile range. This scaled dis-

tance reduces the penalty when the range of incubation periods is narrow but the model pre-

diction yields a larger KS test statistic. That is, when KS< k, KSscaled� KS I95/(I95 + ε) and ε
therefore dictates how narrow the distribution needs to be before the scaling is applied. Setting

ε = 0.2 ensures that the scaling is only applied to those distributions with the smallest inter-95

percentile ranges. When KS> k, KSscaled� KS and no scaling is applied. Setting k = 0.8

ensures that predictions that have little to no overlap with the true distribution retain a high

distance and thus a model that produces such predictions would be less favoured. The parame-

ter ϕ controls the extent to which k acts as a strict cut-off for the scaling, with ϕ = 5 serving as

an appropriate value here. The right-hand panel of Fig 3 demonstrates that this distance results

in a more uniform scoring for better performing models.

Emulating the probability of illness

An emulator for the probability of illness can be created using a fully-connected neural net-

work with an output layer consisting of just a single node. Whilst the full within-host model

must be considered to evaluate the incubation period, the state space can be truncated to a
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‘point of no return’ when calculating the probability of illness [6, 21]. This truncation repre-

sents a state where the probability of elimination is approximately zero and, if reached, the sto-

chastic process is almost guaranteed to continue to state M. The probability of reaching the

truncation state is therefore approximately equal to the probability of reaching M, and it is suf-

ficient to consider the former as the probability of illness. As a result, the probability of illness

is now independent of M, reducing the dimension of the input space to three (α, μ/α and D).

Furthermore, since illness is almost certain when the starting dose exceeds the truncation

value, doses higher than this do not need to be considered when training the emulator. For

this model it is suitable to truncate the state space by removing states that correspond to more

than 500 bacteria.

By truncating the state space, matrix analytic methods can be used to determine the proba-

bility of illness, as described in [6]. Additionally, this approach provides a more comprehensive

training set by yielding the probability of illness across all doses for a single (α, μ/α) pair. To

construct a training set, we therefore sample 500 (α, μ/α) pairs from the ranges provided in

Table 1. The probability of illness is then evaluated for initial doses ranging from 1 to 250 bac-

teria, effectively generating a complete dose-response curve for each pair. When the ratio μ/α
is less than 1, the clearance rate of bacteria is lower than the rate at which they infect cells,

resulting in a probability of illness close to 1 even at low initial doses. Consequently, out of the

1.25 × 105 training sets, 78% of them have a probability of illness equal to 1. Recognizing that

much of this training data contributes little additional information to the emulator, we choose

to thin the doses once the probability reaches 1, retaining approximately 5 doses for each (α, μ/

α). In doing so, the final training set consists of 8.5 × 103 inputs and corresponding outputs.

As with the MDN, a grid search is performed across different model architectures, with the

number of dense layers ranging from 2 to 5 and the number of nodes in each dense layer equal

to 64, 128 or 256. A ReLU activation function is also applied to nodes in each dense layer,

whilst a sigmoidal activation function is used for the output layer to ensure the network

returns a probability. We fit the neural network to the training set using a stochastic gradient

descent algorithm, where the loss function is given by the mean squared error:

L ¼
1

n

Xn

i¼1

ðyðiÞ � yðiÞpredÞ
2
:

Here, y(i) denotes the ith training set output and yðiÞpred denotes the corresponding prediction

from the neural network. For each model architecture, 10-fold cross validation is performed.

In this process, the training set is first divided into ten equally sized partitions, or folds. The

neural network is then trained and evaluated ten times, each time reserving a different fold for

Fig 3. Scaled Kolmogorov-Smirnov distance. Left: KSscaled as a function of the original KS test statistic and the inter-

95 percentile range. Right: KS test statistics and inter-95 percentile ranges from an initial grid search across model

architectures; points are shaded by the corresponding value of KSscaled. Here, ε=0.2, k=0.8 and φ=5.

https://doi.org/10.1371/journal.pcbi.1011266.g003
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validation purposes and using the remaining nine folds for training. Model performance is

measured by calculating the fraction of predictions that fall within a 5 × 10−3 error of the true

probability. This fraction is averaged across the ten validation folds and used to identify an

optimal architecture. A model with this architecture is then trained on the complete training

set and evaluated on 103 separate test sets.

Parameter inference

Let D = (D1, . . ., Dn) and x = (x1, . . ., xn) respectively denote the doses of bacteria that a set of

individuals inhale, and whether or not they developed illness. Here, xi = 1 corresponds to ill-

ness, with xi = 0 otherwise. The likelihood of the n observed outcomes is given by

LPða; m=a;D; xÞ ¼
Yn

i¼1

pðDi; a;m=aÞ
xi ½1 � pðDi; a;m=aÞ�

1� xi ; ð1Þ

where p is the dose-dependent probability of illness. Now let t = (t1, . . ., tn) be the number of

days between exposure and symptom onset for those individuals that developed illness. Here,

the observed incubation periods are interval censored given that only the day of symptom

onset is provided. As a result we consider the likelihood of symptom onset occurring across

the 24-hour period that precedes the recorded values, noting that predictions from the MDN

are in log-hours. At high doses the variability in predicted incubation times is too small to

explain the variability in the observed incubation periods. Previously, Wood et al. assumed

that the threshold required for symptom onset was not fixed but instead followed a log-normal

distribution, representing heterogeneity across individuals and resulting in greater variability

in predicted incubation periods [21]. However, their specific parameterisation of the log-nor-

mal distribution suggests that M could be as high as 1016 CFUs. Here, we continue to assume

that log10 M* N(μM, σM), but set σM = 1 and infer μM. Collectively, these assumptions yield

the following likelihood function for the incubation periods

LTða; m=a; mM;D; tÞ ¼
Yn

i¼1

Z 1

0

½Fðlogð24tiÞ; a;m=a;MÞ

� Fðlogð24ðti � 1ÞÞ; a; m=a;MÞ�gðM; mMÞ dM ;

ð2Þ

where F is the cumulative density function of the dose-dependent incubation period, evaluated

using the MDN, and g is the density of a Gaussian distribution with mean μM and unit vari-

ance. Since the probability of illness and the incubation period are independent, the combined

likelihood is the product of the individual likelihoods, that is,

Lða; m=a; mM;D; x; tÞ ¼ LPða; m=a;D; xÞ LTða; m=a; mM;D; tÞ :

Posterior probability likelihood distributions are obtained using the Python MCMC imple-

mentation emcee with the above likelihood [22]. Both α and μ/α are assumed to follow a uni-

form prior distribution with ranges equal to those used in the training of the emulators. For

μM, a U(8.25, 16.75) prior is used since this ensures that the distribution of log10 M is contained

within the bounds used to train the MDN.

Results

For the distribution of incubation periods, the best performing MDN architecture consists of 3

dense layers, each comprising 512 nodes. The top-left panel of Fig 4 shows a histogram of

KSscaled values for this model, with 94% of the 3 × 103 test sets resulting in a value below 0.05.

From Fig 3, we can see that these values would remain small when considering the original KS
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test-statistic, even for those incubation periods with narrow ranges. This suggests that the

MDN is able to accurately capture the variability in incubation periods. As an example of the

MDN output, the bottom panels of Fig 4 show the predicted and true distributions for a single

set of inputs, alongside the components of the mixture model that have a weight greater than

10−2. The MDN never utilizes the full set of available Gaussian distributions, instead finding

that two or three components are sufficient to describe the target distribution for the majority

of test sets. For the remaining components, the weights are approximately zero.

The neural network that most accurately emulates the probability of illness has 3 dense lay-

ers, each containing 128 nodes. The top-right panel of Fig 4 compares the true probability

from the unseen test set with predictions from the emulator, demonstrating that it is able to

predict the probability with near-perfect accuracy. This high level of precision is understand-

able given the relatively low dimensionality of the input space. Furthermore, the probability of

illness is most sensitive to μ/α and the dose. Varying the dose shifts the output along a dose-

response curve, a smooth sigmoidal function. For large values of μ/α, indicating a greater level

of bacterial clearance, this dose-response curve is centred around higher doses, whilst reducing

μ/α gradually shifts it towards lower doses. The smooth nature of this output space enables the

emulator to make more accurate predictions about untrained regions. With accurate emula-

tors that significantly reduce the computational time required to evaluate the incubation

period and probability of illness, it is now possible to apply them to the process of parameter

inference.

Beginning in the 1950s, Operation Whitecoat was a vaccine research program investigating

the human response to potential biothreat agents, including F. tularensis [23]. During this pro-

gram, human volunteers were exposed by inhalation to the highly infectious Schu S4 strain

and observed for symptoms associated with pneumonic tularemia [24]. Estimated inhaled

doses varied from as little as 10 CFUs to 6.2 × 104 CFUs. For the 118 individuals that were

exposed to F. tularensis, McClellan et al. provides records of whether or not they developed

Fig 4. Summary of emulator performance. Top left: Histogram of KSscaled scores for the best performing MDN. Top

right: Comparison between the true and predicted probability of illness, showing near perfect agreement. Bottom: For

a single set of inputs, a comparison between the distribution predicted by the MDN and the true distribution from

stochastic simulations. For the same example, the primary components of the mixture distribution are also shown.

https://doi.org/10.1371/journal.pcbi.1011266.g004
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febrile illness [23]. At doses above 46 CFUs, febrile illness was observed in all individuals, sug-

gesting that the majority of the data-set is redundant when considering the dose-response rela-

tionship. As a result, when constructing the likelihood in Eq (1), only the outcomes for the 22

volunteers who were exposed to doses below 100 CFUs are used. For two subsets of individu-

als, one exposed to low doses (10–52 CFUs) and the other receiving high doses (2.5 × 104

CFUs), the number of days between exposure and onset of illness are also provided [25, 26].

The incubation times for these 32 volunteers are used to construct the likelihood in Eq (2).

An MCMC algorithm is used to sample from posterior distributions for α, μ/α and μM, the

mean threshold of bacteria required for symptom onset. Posterior probability likelihood distri-

butions for each of these parameters are provided in Fig 5. These narrow distributions,

together with low correlations between parameters, suggests that all three parameters are iden-

tifiable. We estimate that F. tularensis bacteria are cleared from the lungs of individuals at rate

μ = 0.1 h−1 while the uptake and survival of bacteria by host phagocytes occurs at rate α =

7.4 × 10−3 h−1. The distribution of μM is skewed towards lower values of the prior distribution,

however, reducing the lower bound of the prior distribution is not possible as this would allow

M to extend to values beyond those used to train the emulator. Although additional training

could be conducted, we believe that the current lower bound of 105 bacteria is sufficiently

small given that it represents the number of bacteria associated with symptom onset. To

assess the sensitivity of the inference to fixing σM = 1, it has been repeated for σM = 0.75 and

σM = 1.25 (Fig 6). The resulting samples show little differences in α and μ/α, suggesting that

these are robust to changes in σM. For μM, however, larger values correspond to larger σM, with

posterior medians of 4.64 × 107 and 1.18 × 109 bacteria for σM = 0.75 and σM = 1.25,

respectively.

Fig 7 provides posterior predictions for the probability of illness and incubation period as a

function of dose. From this we estimate that the ID50, the dose required to produce infection

in 50% of individuals, is approximately 10 CFUs. For the incubation period, the majority of

observed times fall within the middle 50% of the predicted distribution, with almost all lying

within the middle 95%. The only exception to this is the one individual who, despite being

exposed to a high initial dose, did not develop symptoms until a week later. As a comparison,

the 95% confidence regions from a statistical model by McClellan et al. are also provided [23].

In this model, the logarithm of the incubation time is assumed to follow a Gaussian distribu-

tion with constant variance and a mean that is a decreasing function of dose. The data used to

fit the model also contain more precise estimates of the incubation periods that were derived

from temperature profiles of each volunteer. Whilst the predictions of the two models are simi-

lar, our mechanistic model predicts a notable reduction in variability once the dose exceeds

100 CFUs, which is not captured by the statistical model. The reason for this reduction is that

at high doses, much of the variability in incubation periods is due to variability in the

Fig 5. Posterior probability likelihood distributions. Distributions for within-host parameters are inferred from the

Operation Whitecoat data [23, 25, 26]. The right-hand plot shows the resulting distribution of M, the threshold of

bacteria required for symptoms, compared to the existing distribution proposed by Wood et al. (black) [21].

https://doi.org/10.1371/journal.pcbi.1011266.g005
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threshold, M [21]. The credible regions are therefore of equal width because the distribution of

M remains the same across all doses. In contrast, at lower doses, stochastic effects contribute

more to the overall variability. If the early growth of the bacterial population is slower, it takes

longer to reach the threshold of M bacteria, extending the duration of the incubation period.

From Fig 7, it appears that the importance of these stochastic effects significantly diminishes

once the dose exceeds 100 CFUs.

Discussion

In this paper, we have demonstrated how neural networks can be used to create emulators for

key descriptors of a stochastic within-host model of F. tularensis infection, namely the proba-

bility of illness and the distribution of incubation periods. Reducing the computational time

required to evaluate these has allowed us to combine more powerful methods for parameter

inference with data-sets that better reflect human infection.

Given the difficulty in constructing the likelihood for stochastic mechanistic models, we

previously relied on approximate Bayesian computation to perform the parameter inference, a

likelihood-free method [6]. Whilst this is commonly used, the original approach is an ineffi-

cient way to sample from the posterior distribution and the success of more recent sequential

approaches can depend on the choice of tolerances [27, 28]. Using an MDN to approximate

the distribution of incubation times by a mixture of Gaussian distributions provides us with a

simple expression for the cumulative density function that can be used to specify the likeli-

hood. Together with the reduced computational time, this allowed us to apply an MCMC

Fig 6. Posterior probability likelihood distributions for varying σM. Distributions obtained after repeating the

inference for varying values of σM, the standard deviation of the threshold log10 M.

https://doi.org/10.1371/journal.pcbi.1011266.g006

Fig 7. Posterior predictions. Left: Emulator predictions for the probability of illness. Shaded regions represent 50%

and 95% credible regions, the dashed line indicates the median infectious dose (ID50) and the solid black line shows the

previous dose-response curve [6]. Right: Emulator predictions for the incubation period, the dashed line corresponds

to 95% confidence regions predicted by McClellan et al. [23]. Red bars correspond to the 24-hour period during which

symptom onset occurred.

https://doi.org/10.1371/journal.pcbi.1011266.g007
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sampling method whilst also incorporating variability in the threshold, M. Such an approach

would not have been possible when relying solely on simulations of the stochastic model.

From the results of the previous parameter inference, that relied on bacterial counts from

the lungs of macaques, posterior median estimates of α and μ were larger than those obtained

here [6]. However, the strong correlation between these parameters meant that the estimates

were heavily influenced by the choice of prior distribution. When comparing the ratio μ/α, our

posterior median estimate of 14.3 is also lower than the previous estimate of 25.9. Smaller val-

ues of μ/α indicate a reduced resistance to bacterial growth from clearance mechanisms,

increasing the likelihood of reaching the threshold required for illness. This suggests that we

previously underestimated the probability of illness at low dose exposures, as shown in the

left-hand panel of Fig 7. As a result, the estimated ID50 has almost halved, from 19 CFUs to 10

CFUs. This new estimate is more reliable given it is inferred directly from the outcome of

human infection, rather than from in vivo measurements of bacterial counts. In the previous

study, a zonal-ventilation model was developed to characterize the airborne spread of F. tular-
ensis bacteria within a microbiology facility and estimate the number of infected individuals

[6]. In light of these higher estimates for the probability of illness, it is now anticipated that the

projected number of cases in such a scenario would be greater than previously predicted (S1

Appendix). Repeating this analysis also highlights a further benefit of MDNs. By knowing the

distribution of the incubation period, it is possible to determine the distribution of the mini-

mum incubation period across a population, that is, the earliest time that an individual will

display symptoms. Without the MDN, this information could only be obtained through time-

consuming simulations of the scenario in question.

We estimate that a single bacterium survives phagocytosis with probability α/(μ + α) =

6.6 × 10−2. This is 10-times smaller than an equivalent estimate obtained by Heppell et al., who

adapt a mechanistic model of Coxiella burnetii infection to describe F. tularensis infection

[29]. This difference can be attributed to their assumption that not all bacteria are deposited in

the lung. A key feature of their model is the inclusion of a 5-lobe lung model to estimate the

fraction of bacteria deposited in the pulmonary region of the lung, accounting for the particle

size distribution of the aerosol and the breathing rate of adults. They estimate that only 11% of

inhaled bacteria will ultimately be deposited, effectively reducing the initial dose. Treating this

as the instantaneous clearance of bacteria, it is understandable that we estimate a higher pro-

portion of bacteria being cleared, since this immediate loss is instead averaged across the initial

course of infection.

One of the reasons for repeating the parameter inference was to more accurately estimate

the distribution of the threshold, M. The existing log-normal distribution initially proposed

by Wood et al. allows this threshold to exceed 1016 CFUs, as shown in the right-hand panel of

Fig 5 [21]. Our new estimate reveals a narrower distribution with a lower mean, suggesting

that the threshold rarely exceeds 1011 bacteria. This is more comparable to values of 7.9 × 106

and 1.6 × 108 CFUs identified in existing modelling studies, and represents a value that is

more aligned with the realistic volume of the human lung [29, 30]. Note that these previous

studies do not offer any insights into the variability of the threshold. Whilst the distribution

obtained here represents an improvement over the previous distribution, some uncertainty

remains. When repeating the inference for different values of σM, we observed a positive corre-

lation between σM and the estimate of μM, with larger values yielding slightly higher likeli-

hoods. Despite this, larger values of σM and μM give rise to distributions similar to those

predicted by Wood et al., which we believe to be implausible from a biological perspective

[21]. Ultimately, this threshold is a surrogate for inflammation driven by the host immune

response and specifying an exact value will always remain a challenge. As long as the threshold

is large enough, its specific value does not affect the probability of illness, only the duration of
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the incubation period. Whilst other biological markers may correlate better with symptom

onset, incorporating them would increase model complexity, and similar issues would arise

without accurate measurements. Specifying an appropriate marker and determining its value

is a key challenge we face when developing mechanistic dose and time response models. It is

also important to note here that when performing the inference, we assume that the values of

α, μ/α and μM remain fixed for all individuals and therefore our estimates do not account for

subject effects. Although the volunteers in the trial constitute a relatively homogeneous group,

consisting solely of males aged 19–23 years, this represents one limitation of our current study

[24]. This narrow demographic should also be a consideration when using these estimates to

model infection amongst a broader population.

With a fully parameterised within-host model of human F. tularensis infection and emula-

tors that enable efficient evaluation of its outputs, future work can focus on integrating this

model into practical applications. In the event of a release of F. tularensis bacteria, back-calcu-

lation techniques can be used to estimate the time and source of release from those individuals

presenting symptoms [3]. These techniques combine dispersion models, which forecast the

concentration of bacteria at specific locations, with a disease model that determines the likeli-

hood of the observed cases occurring. Once the source has been identified it is possible to pre-

dict the size of the affected region. This is where knowledge of low dose exposure is

particularly important, as this determines the boundaries of the region. Inaccuracies at this

stage can result in miscalculating the number of cases and, consequently, the required quantity

of antibiotics. In this context, the emulation model presented here serves as a valuable disease

model, providing dose-dependent probabilities of illness and incubation periods that can ulti-

mately contribute to enhancing outbreak response strategies. Incorporating the underlying

biological mechanisms also provides us with more reliable predictions at lower doses.

Supporting information

S1 Appendix. Zonal-ventilation model. Applying the emulators to describe population-level

infection dynamics.

(PDF)
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