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Abstract

Tumor heterogeneity is a large obstacle for cancer study and treatment. Different cancer

patients may involve different combinations of gene mutations or the distinct regulatory

pathways for inducing the progression of tumor. Investigating the pathways of gene muta-

tions which can cause the formation of tumor can provide a basis for the personalized treat-

ment of cancer. Studies suggested that KRAS, APC and TP53 are the most significant

driver genes for colorectal cancer. However, it is still an open issue regarding the detailed

mutation order of these genes in the development of colorectal cancer. For this purpose, we

analyze the mathematical model considering all orders of mutations in oncogene, KRAS

and tumor suppressor genes, APC and TP53, and fit it on data describing the incidence

rates of colorectal cancer at different age from the Surveillance Epidemiology and End

Results registry in the United States for the year 1973–2013. The specific orders that can

induce the development of colorectal cancer are identified by the model fitting. The fitting

results indicate that the mutation orders with KRAS! APC! TP53, APC! TP53!

KRAS and APC! KRAS! TP53 explain the age–specific risk of colorectal cancer with

very well. Furthermore, eleven pathways of gene mutations can be accepted for the muta-

tion order of genes with KRAS! APC! TP53, APC! TP53! KRAS and APC! KRAS

! TP53, and the alternation of APC acts as the initiating or promoting event in the colorectal

cancer. The estimated mutation rates of cells in the different pathways demonstrate that

genetic instability must exist in colorectal cancer with alterations of genes, KRAS, APC and

TP53.

Author summary

Cumulative mutations in driver genes are the essential cause of cancer disease. For the

colorectal cancer, KRAS, APC and TP53 are the common driver genes, and approximately

15% patients with colorectal cancer carry all mutations of the three genes. Exploring the

pathway of mutations in these gene is extremely useful for the diagnosis and treatment of

cancer. However, the mutation orders of these genes may vary in different patients due to

the heterogeneity of tumor. Hence, we discuss all possible mutation orders in the genes,
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KRAS, APC and TP53 by using the model with five hits and find out the mutation path-

ways of genes that can effectively fit the incidence rate of colorectal cancer at different age

in this article. In addition, we give the estimated values of mutation rates in each pathway

that can explain the procession of colorectal cancer. The results obtained can offer guide-

lines to the treatment strategy of colorectal cancer.

Introduction

Colorectal cancer is one of the most common malignant tumors of digestive tract, which is the

cancer with the third highest incidence and the second leading cause of mortality in the world

[1]. Cancer is widely believed to have been caused by the accumulation of genetic and epige-

netic alterations that result in the transformation of normal colonic epithelium to malignant

cells. Recent studies showed that the progression from normal cells to the first malignant cell

was supported by the alternations in three driver genes involving APC, KRAS and TP53, all of

which were the most significant driver mutations in the colorectal cancer [2, 3]. However, not

all colorectal cancers harbor the alterations of these three genes. Statistical analysis suggested

that approximately 15% of colorectal cancers contained all mutations in APC, KRAS and

TP53, and approximately 20% of tumor carried the mutations in both APC and KRAS [4, 5].

Among them, APC and TP53 are tumor suppressor genes (TSGs), and KRAS is an oncogene.

It is well known that activation of oncogene, KRAS, only needs one hit, and inactivation of the

TSGs, APC and TP53, requires two hits [6]. Hence, it takes five hits to turn the normal cells

into the malignant cells for the primary colorectal cancer involving three driver genes, APC,

KRAS and TP53.

Studying the mechanism of cancer formation by using the mathematical model is of essen-

tial importance in the prediction of tumor risk. The mathematical models considering the

number of gene mutation were presented to explore the mechanism of cancerigenesis by a

large number of scholars. The most revealing cancer models were the multistage model pro-

posed by Armitage and Doll as early as 1950s [7, 8]. Their models were used to match age-spe-

cific mortality rate of various cancers, and the results indicated that the logarithm of mortality

rate was linear with the logarithm of age. Subsequently, they considered the clonal expansion

of cells and presented the two-stage model with clonal expansion of cells, widely applied to

study the risk of various cancer [9]. Notably, Knudson utilized this model to fit incidence rate

data of retinoblastoma and discovered the RB gene, the earliest TSG [10]. In addition, Mool-

gavkar et al. developed the method of solving the hazard function and the probability of tumor

for the stochastic two-stage model involving selective growth advantage of cells and explained

the detailed biological meaning of the model [11, 12]. However, two mutations are not suffi-

cient to pose all cancers. Therefore, the two-stage model with clonal expansion of cells was

extended to the model with more than two events where mutations accumulate in a specific

order, allowing the intermediate stages to provide selective growth advantage to mutated cells

[13–16]. It is showed that the model with more than two mutations better fits the incidence

data of colorectal cancer compared to the two-stage model. Besides, Lang et al. used the two-

type branching process model to study the dynamic behaviour of adenoma growth and transi-

tion into carcinomas in colorectal [17]. Nevertheless, these models did not consider the

detailed mechanism of gene mutations.

The detailed mutation mechanism of driver gene is extremely urgent for colorectal cancer

patients at different ages, which can provide insights into the strategies for detection and treat-

ment of tumor with a more effective way. Recently, the mathematical model involving the
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specific driver genes of colorectal cancer was developed to analyze the procession of malignant

transformation in the colorectal [18, 19]. The stochastic model of malignant transformation

with the losses of APC and TP53 and gain of KRAS presented by Paterson et al. was used to

study the specific order of these genes and indicated that inactivation of APC initiated the pro-

gression of tumor in more than half of colorectal cancer cases [18]. Subsequently, Zhang et al.

studied the sizes of cells with different gene mutation and the waiting time distribution of

driver gene mutations in colorectal cancer by using the five-hit branching process model

based on the result of Paterson et al [20]. These work proposed the approximate analytic solu-

tion with only net growth of cells and analyzed the procession of malignant transformation in

the colorectal cancer by using the solution and fixing the values of some parameters from ref-

erences and some mutational data. However, they did not consider the effect of the death rate

of cells on the risk of colorectal cancer. In addition, the rates of mutation and loss of heterozy-

gosity (LOH) are not easy decided, since the rates of mutation and LOH may vary as the type

of genetic instability and the mutation order of gene mutation in the colorectal cancer [6, 21].

Therefore, our work considers the effect of the growth rate and death rate of cells on the risk of

colorectal cancer and does not employ the value of gene mutation rate gave by reference [18].

We use the mathematical model with five hits considering the selective advantage pro-

vided by the KRAS, APC and TP53 genes. In the model, any order of mutations in genes

KRAS, APC and TP53 is allowed, leading to multiple evolutionary pathways that induce the

development of colorectal cancer. Moreover, all possible mutation pathways of each order

are considered. We first compare the approximate analytic solution and the exact numerical

solution we used. Our result shows that approximate solution will get worse in estimating

the risk of cancer at young ages (before 25 ages) when the growth rate or death rate of cells is

enough big (e.g. 50 per year). Thus, the exact numerical solution of the model is chosen to

explore the mechanism of mutations in genes KRAS, APC and TP53 that are most likely to

occur in the development of colorectal cancer. In our fitting, approximate Bayesian compu-

tation schemes with the simulated likelihood density is used to estimate the mutation rates of

model [22]. Finally, we analyze the models with specific mutation order that can fit well the

specific-age incidence data of colorectal cancer and apply them to estimate the expected

number of mutated cells with alternations of different genes in the early stages of colorectal

carcinogenesis.

Materials and methods

Recent studies show that three driver genes are sufficient to produce the tumor in colorectal

cancer, which involve two TSGs and one oncogene [3, 18, 23]. It is familiar that TSG needs

two mutations to loss function keeping the growth of cells, and the oncogene is activated by a

Fig 1. The model with five mutations involving two TSGs (APC and TP53) and one oncogene (KRAS). Pi (i = 1, 2, 3, 4) denotes the premalignant cells with i
mutations, and M denotes the persistent malignant cells. μN denotes the mutation rate per normal stem cell per year, mpi

denotes the mutation rate per premalignant cell

with i mutations per year, and lpi
denotes the net growth rate per premalignant cell per year, which is equal to be the difference between the rate of growth of cells and the

death rate of cells. Tlag denotes the lag time from a persistent malignant cell to detectable tumor.

https://doi.org/10.1371/journal.pcbi.1011225.g001
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single mutation. Hence, the normal cells require five mutations to become tumor for colorectal

cancer involving TP53, APC and KRAS. The detailed model is displayed in Fig 1.

In Fig 1, the net growth rate of cells, lpi
, is equal to the difference between growth rate of

cells (api) and death rate of cells (bpi
). We define the following variables,

N—the number of normal cells in all crypts;

Pi(t)—the number of premalignant cells with i mutations at time t;

M(t)—the number of persistent malignant cells at time t;

D(t)—whether the tumor is detected clinically at time t, and the value is 1 if tumor detected,

otherwise the value is 0.

In the model, mp4
represents the effective transformation rate from premalignant cell to per-

sistent malignant one that does not die. Let τ be the time of the first persistent malignant cell.

The persistent malignant cell is produced at rate mp4
P4ðsÞ at time s, the probability that persis-

tent malignant cell doesn’t show up by time t yields [24],

Pðt > tjP4ðsÞ; s � tÞ ¼ expf� mp4

R t
0
P4ðsÞdsg: ð1Þ

Then the probability that a persistent malignant cell occurs by time t is given by

PðtÞ ¼ Pðt � tÞ ¼ 1 � expf� mp4

R t
0
P4ðsÞdsg: ð2Þ

Here, we are mainly concerned with the progression from normal cells to a persistent

malignant cell, and the progression from a persistent malignant cell to the tumor detected clin-

ically is assumed to be a fixed time, Tlag. Thus, the probability that tumor is clinically detected

at time t can be written as

PðDðtÞ ¼ 1Þ ¼ Pðt � Tlag � tÞ ¼ 1 � expf� mp4

R t� Tlag
0

P4ðsÞdsg: ð3Þ

The hazard function, that is, the incidence rate of primary malignant tumors at time t, h(t), fol-

lows that

hðtÞ ¼ �
lnðPðDðtÞ ¼ 0ÞÞ

dt
¼ �

lnðPðt > t � TlagÞÞ

dt
¼ mp4

P4ðt � TlagÞ � mp4
E½P4ðt � TlagÞ�: ð4Þ

The expected number of premalignant cells can be decided by the following system of equa-

tions

dE½P1ðtÞ�
dt ¼ lp1

E½P1ðtÞ� þ mNN;
dE½P2ðtÞ�

dt ¼ lp2
E½P2ðtÞ� þ mp1

E½P1ðtÞ�;
dE½P3ðtÞ�

dt ¼ lp3
E½P3ðtÞ� þ mp2

E½P2ðtÞ�;
dE½P4ðtÞ�

dt ¼ lp4
E½P4ðtÞ� þ mp3

E½P3ðtÞ�:

8
>>>>>><

>>>>>>:

ð5Þ

The detailed derivation of the above equation is depicted in S1 Text. By solving Eqs (4) and

PLOS COMPUTATIONAL BIOLOGY The mechanism of gene mutations in colorectal cancer

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1011225 June 27, 2023 4 / 25

https://doi.org/10.1371/journal.pcbi.1011225


(5), we get

hðtÞ � NmNmp1
mp2
mp3
mp4

� expflp4
ðt � TlagÞg

lp4
ðlp4
� lp3

Þðlp4
� lp2

Þðlp4
� lp1

Þ
�

expflp3
ðt � TlagÞg

lp3
ðlp3
� lp2

Þðlp3
� lp1

Þðlp4
� lp3

Þ
þ

expflp2
ðt � TlagÞg

lp2
ðlp2
� lp1

Þðlp3
� lp2

Þðlp4
� lp2

Þ

�
expflp1

ðt � TlagÞg

lp1
ðlp2
� lp1

Þðlp3
� lp1

Þðlp4
� lp1

Þ
þ

1

lp1
lp2
lp3
lp4

�
:

ð6Þ

The above approximate solution is supported when the probability of persistent malignant

cell, P(M(t) > 0), is close to zero [11]. However, it is not applied to cancers with high incidence

rate [11]. Moreover, this approximate solution depends on the net growth rates and the muta-

tion rates of cells, which doesn’t reflect the effects of the growth or death rate of cells on the

risk of cancer. Therefore, we analyze another solution of hazard function. Here we consider

the growth rate and death rate of cells in the development of cancer. Let api and bpi
denote the

growth rate and death rate of premalignant cells with i mutation(s), respectively.

To solve the hazard function, we define the following probability generating functions

Cðx1; x2; x3; x4; y; 0; tÞ ¼
X

i1 ;i2 ;i3 ;i4 ;j

probfP1ðtÞ ¼ i1; P2ðtÞ ¼ i2; P3ðtÞ ¼ i3;

P4ðtÞ ¼ i4;MðtÞ ¼ jjP1ð0Þ ¼ 0; P2ð0Þ ¼ 0;P3ð0Þ

¼ 0;P4ð0Þ ¼ 0;Mð0Þ ¼ 0gxi11 x
i2
2 x

i3
3 x

i4
4 yj;

F1ðx1; x2; x3; x4; y; 0; tÞ ¼
X

i1 ;i2 ;i3 ;i4 ;j

probfP1ðtÞ ¼ i1; P2ðtÞ ¼ i2; P3ðtÞ ¼ i3;

P4ðtÞ ¼ i4;MðtÞ ¼ jjP1ð0Þ ¼ 1;P2ð0Þ ¼ 0;P3ð0Þ

¼ 0;P4ð0Þ ¼ 0;Mð0Þ ¼ 0gxi11 x
i2
2 x

i3
3 x

i4
4 yj;

F2ðx2; x3; x4; y; 0; tÞ ¼
X

i2;i3 ;i4;j

probfP2ðtÞ ¼ i2; P3ðtÞ ¼ i3; P4ðtÞ ¼ i4;MðtÞ

¼ jjP2ð0Þ ¼ 1;P3ð0Þ ¼ 0; P4ð0Þ ¼ 0;Mð0Þ ¼ 0g

xi22 x
i3
3 x

i4
4 yj;

F3ðx3; x4; y; 0; tÞ ¼
X

i3 ;i4 ;j

probfP3ðtÞ ¼ i3; P4ðtÞ ¼ i4;MðtÞ ¼ jjP3ð0Þ ¼ 0;

P4ð0Þ ¼ 0;Mð0Þ ¼ 0gxi33 x
i4
4 yj;

F4ðx4; y; 0; tÞ ¼
X

i4 ;j

probfP4ðtÞ ¼ i4;MðtÞ ¼ jjP4ð0Þ ¼ 0;Mð0Þ ¼ 0g

xi44 yj:

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð7Þ

It is easy to obtain the following survival function, that is, probability of no tumor at time t,

SðtÞ ¼ Cð1; 1; 1; 1; 0; 0; t � TlagÞ ð8Þ

and then

hðtÞ ¼ �
S0 ðtÞ
SðtÞ
¼ �

C
0
ð1; 1; 1; 1; 0; 0; t � TlagÞ

Cð1; 1; 1; 1; 0; 0; t � TlagÞ
ð9Þ
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The probability generating functions in formulas (7) satisfy the following Kolmogorov

backward equations [25, 26],

dCð1; 1; 1; 1; 0; 0; tÞ
dt

¼ mNN½F1ð1; 1; 1; 1; 0; 0; tÞ � 1�;

dF1ð1; 1; 1; 1; 0; 0; tÞ
dt

¼ ap1
F2

1
ð1; 1; 1; 1; 0; 0; tÞ � ðap1

� bp1
� mp1

ÞF1ð1; 1; 1; 1;

0; 0; tÞ þ mp1
F1ð1; 1; 1; 1; 0; 0; tÞF2ð1; 1; 1; 0; 0; tÞ þ bp1

;

dF2ð1; 1; 1; 0; 0; tÞ
dt

¼ ap2
F2

2
ð1; 1; 1; 0; 0; tÞ � ðap2

� bp2
� mp2

ÞF2ð1; 1; 1; 0; 0; tÞ
þ mp2

F2ð1; 1; 1; 0; 0; tÞF3ð1; 1; 0; 0; tÞ þ bp2
;

dF3ð1; 1; 0; 0; tÞ
dt

¼ ap3
F2

3
ð1; 1; 0; 0; tÞ � ðap3

� bp3
� mp3

ÞF3ð1; 1; 0; 0; tÞ
þ mp3

F3ð1; 1; 0; 0; tÞF4ð1; 0; 0; tÞ þ bp3
;

dF4ð1; 0; 0; tÞ
dt

¼ ap4
F2

4
ð1; 0; 0; tÞ � ðap4

� bp4
� mp4

ÞF4ð1; 0; 0; tÞ þ bp4
:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ð10Þ

The detailed derivation of above equation can be seen in S1 Text. By the definitions of the

probability generating functions, the initial values of equations (10) are as follows

Cð1; 1; 1; 1; 0; 0; 0Þ ¼ 1;

F1ð1; 1; 1; 1; 0; 0; 0Þ ¼ 1;

F2ð1; 1; 1; 0; 0; 0Þ ¼ 1;

F3ð1; 1; 0; 0; 0Þ ¼ 1;

F4ð1; 0; 0; 0Þ ¼ 1:

8
>>>><

>>>>:

ð11Þ

Then, hazard function can be obtained by solving equations (10) with the initial conditions

(11).

Results

Comparison of two solutions

To analyze the effect of the growth rate of cells on the risk of cancer, we fix the following

parameter values

N ¼ 107; mpi
¼ 10� 5; lpi

¼ 0:1þ ði � 1Þ ∗ 0:05;

and let the growth rate of cells, api , takes different values, for example, api ¼ 0:5, api ¼ 1, api ¼

10 and api ¼ 50. The logarithm of hazard functions from formula (6) and equations (10) with

the initial conditions (11) are illustrated in Fig 2(A), and the corresponding absolute errs are

seen in Fig 2(C). From Fig 2(A) and 2(C), we find that the difference between the approximate

solution and the exact numerical solution of the model goes up with the growth rate of cells

increases, especially for older patients. The higher the growth rate api , the larger the err

between the approximate solution and the exact numerical solution of the model at an earlier

time (younger ages). In like manner, the result holds true by varying death rate of cells (see Fig

2(B) and 2(D). For the pure birth process (bpi
¼ 0), the difference between the approximate

solution and the exact numerical solution of the model is still significant. Then, Fig 2 shows

that the approximate solution is far greater than the exact numerical solution when the divi-

sion rate or death rate of cells is quite large. In addition, the approximate solution only reflects

the effect of net growth rate on hazard function. Nevertheless, the exact numerical solution

involves the growth rate and death rate of cells in addition to net growth rate of cells. In fact,

the approximate solution is given assuming that the probability of malignant cells is zero [11].

The approximate solution will get worse with an increase in the growth rate or death rate of
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cells. Therefore, the approximate solution may not be an excellent choice to simulate the risk

of cancer, especially for a cancer with a high incidence rate.

For stem cell in colon, it divides on average every five days [27]. It is shown that a stem cell

produces two identical daughter cells by symmetry division and one mutated cell and one

Fig 2. Comparison of the approximate hazard function given by (6) with the exact numerical solution of hazard function given by (9). All parameters of the model

are set as follows: N = 107, mN ¼ mpi
¼ 10� 5; ði ¼ 1; 2; 3; 4Þ, λi = 0.1 + (i − 1) ∗ 0.05.

https://doi.org/10.1371/journal.pcbi.1011225.g002
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equivalent daughter cell by asymmetric division. In the model, the mutation rate, mpi
, signifies

an asymmetric division rate of per cell per year. That is, the sum of the mutation rate (mpi
) and

the growth rate (api) of the model is equal to the division rate of per cell per year. However, the

mutation rate, mpi
, is far less than the growth rate, api . Therefore, it is easy to estimate the

growth rate of stem cells, approximately 73 per cell per year. By the Fig 2, using the approxi-

mate solution may produce a large difference in estimating the risk of colorectal cancer com-

pare to the exact numerical solution. As a consequence, we simulate the incidence rate of

colorectal cancer at specific age by using the numerical solution obtained by equations (9),

(10) and (11).

The order of gene alterations

Gene mutation is the leading cause of drug resistance whose emergence is a great obstacle for

tumor treatment [28, 29]. For example, the mutation of KRAS leads to the resistant to gefitinib,

erlotinib and cetuximab which induce the apoptosis of cancer cells in the therapy of cancer

[30, 31]. Hence, knowing the order of gene alterations in a tumor is extremely crucial for the

early treatment of cancer, which provides the guidance to the selection of medicines. Here, we

investigate all possible mutation orders of three driver gene in the colorectal cancer by the

mathematical modelling. Tumor, including all alterations of the three drive genes, involves six

cases with the order of gene alterations. The detailed descriptions are seen in Fig 3. All possible

pathways of alterations in the genes, KRAS, APC and TP53, are displayed in Figs A–F in S1

Text.

TSG can inhibit tumor formation by inducing the death of abnormal cell, whose function is

blocked only when both alleles are inactivated (TSG−/−). In other words, the cells do not grow

abnormally when only one allele is inactivated (TSG+/−). However, the activation of oncogene

just takes one hit (oncogene+), which promotes the proliferation of cells. Thus, by the clonal

Fig 3. All orders of gene mutations for three driver genes, KRAS, APC and TP53, in colorectal cancer.

https://doi.org/10.1371/journal.pcbi.1011225.g003
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expansion of premalignant cells, all possible pathways for the alterations of three genes can be

summarized as follows:

1. lp2
¼ lp1

and lp4
¼ lp3

, which involves the following sequences of mutations

• KRAS+! APC+/−! APC−/−! TP53+/−! TP53−/−

• KRAS+! TP53+/−! TP53−/−! APC+/−! APC−/−

2. lp3
¼ lp2

¼ lp1
, which involves the following sequences of mutations

• KRAS+! APC+/−! TP53+/−! APC−/−! TP53−/−

• KRAS+! TP53+/−! APC+/−! APC−/−! TP53−/−

• KRAS+! APC+/−! TP53+/−! TP53−/−! APC−/−

• KRAS+! TP53+/−! APC+/−! TP53−/−! APC−/−

3. lp1
¼ 0 and lp3

¼ lp2
, which involves the following sequences of mutations

• APC+/−! KRAS+! TP53+/−! APC−/−! TP53−/−

• TP53+/−! KRAS+! APC+/−! APC−/−! TP53−/−

• APC+/−! KRAS+! TP53+/−! TP53−/−! APC−/−

• TP53+/−! KRAS+! APC+/−! TP53−/−! APC−/−

• APC+/−! APC−/−! TP53+/−! TP53−/−! KRAS+

• APC+/−! APC−/−! TP53+/−! KRAS+! TP53−/−

• TP53+/−! TP53−/−! APC+/−! APC−/−! KRAS+

• TP53+/−! TP53−/−! APC+/−! KRAS+! APC−/−

4. lp1
¼ 0 and lp4

¼ lp3
, which involves the following sequences of mutations

• APC+/−! KRAS+! APC−/−! TP53+/−! TP53−/−

• TP53+/−! KRAS+! TP53−/−! APC+/−! APC−/−

• APC+/−! APC−/−! KRAS+! TP53+/−! TP53−/−

• TP53+/−! TP53−/−! KRAS+! APC+/−! APC−/−

5. lp1
¼ 0 and lp2

¼ 0, which involves the following sequences of mutations

• APC+/−! TP53+/−! KRAS+! APC−/−! TP53−/−

• TP53+/−! APC+/−! KRAS+! APC−/−! TP53−/−

• APC+/−! TP53+/−! KRAS+! TP53−/−! APC−/−

• TP53+/−! APC+/−! KRAS+! TP53−/−! APC−/−

• APC+/−! TP53+/−! APC−/−! TP53−/−! KRAS+

• TP53+/−! APC+/−! APC−/−! TP53−/−! KRAS+

• APC+/−! TP53+/−! APC−/−! KRAS+! TP53−/−

• TP53+/−! APC+/−! APC−/−! KRAS+! TP53−/−
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• APC+/−! TP53+/−! TP53−/−! APC−/−! KRAS+

• TP53+/−! APC+/−! TP53−/−! APC−/−! KRAS+

• APC+/−! TP53+/−! TP53−/−! KRAS+! APC−/−

• TP53+/−! APC+/−! TP53−/−! KRAS+! APC−/−

There are five cases for the model with five hits by the above analyses, involving 30 path-

ways of gene mutations. To determine the specific order of three drive genes alterations, we

choose the numerical solution of the model to fit the incidence rate data of colorectal cancer

from the Surveillance Epidemiology and End Results (SEER) registry during the period 1973–

2013. However, not all parameters of the model can be estimated by the data alone. Here, we

assumed the growth rate of normal cells to be 73 per year, and the lag time from a persistent

malignant cell to tumor detected clinically to be 5 years [27, 32]. In addition, all mutation rates

of cells (mpi
) are limited in the range (0, 10−2), since the probability of a gene mutation (mpi

t) is

far less than one.

The activation of oncogene promotes the proliferation of cells, and the differentiation or

apoptosis mechanism of cells will disarrange if the inactivation of TSG happens [6]. Studies

showed that crypts carrying one of APC and KRAS alterations (that is the inactivation of APC

and activation of KRAS) confer a selective growth advantage to cells [33, 34]. It has been

shown that the net growth rate of the cells including only APC−/− is 0.2 per year, and 0.07 per

year for the cells with only KRAS+ [35, 36]. Furthermore, the inactivation of TP53 does not

provide any growth advantage to cells in normal conditions [37]. We assume that mutations

between genes have no interaction in cell growth. Therefore, the growth rate and death rate of

premalignant cells with different gene alterations in the model are set to be as follows:

• for the premalignant cells with TP53−/−, the growth rate and death rate are 73 per year and

73 per year, respectively;

• for the premalignant cells with KRAS+ or both TP53−/− and KRAS+, the growth rate and

death rate are 73.07 per year and 73 per year, respectively;

• for the premalignant cells with APC−/− or both TP53−/− and APC−/−, the growth rate and

death rate are 73 per year and 72.8 per year, respectively;

• for the premalignant cells with both APC−/− and KRAS+, the growth rate and death rate are

73.07 per year and 72.8 per year, respectively.

In our simulations, the fourth-order Runge-Kutta is utilized to solve Equations (10) with

the initial values (formulas (11)), and the model parameters, Y ¼ ðv; mp1
; mp2

; mp3
; mp4
Þ where v

= NμN, are estimated by using approximate Bayesian computation schemes involving the sim-

ulated likelihood density [22].

We do twenty fits of model with the different proliferation rate of cells (λpi), since mutation

in first allele of TP53 and APC (TP53+/− and APC+/−) does not bring about the change in pro-

liferation rate of cell. These fits correspond to the pathways in Figs A–F in S1 Text. Our fitting

results suggest that only the orders with KRAS−APC−TP53, APC−TP53−KRAS and APC
−KRAS−TP53 can accepted to explain the incidence rate of colorectal cancer at different ages,

involving eleven pathways (see Fig 4). There are four pathway of mutations for the orders with

KRAS − APC − TP53 and APC − KRAS − TP53, and three sequences of mutations for the

order with APC − TP53 − KRAS. As a consequence, the first event is just activation of KRAS or

inactivation of APC, and the inactivation of TP53 is usually a late event in the development of

colorectal cancer.
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By the previous analyses, the five–stage models with KRAS+! APC+/−! TP53+/−!

APC−/−! TP53−/− and KRAS+! TP53+/−! APC+/−! APC−/−! TP53−/− (correspond to

Fig A3 of Fig A in S1 Text) have the same parameter values for the order with KRAS − APC −
TP53. It is the same for the order with APC − TP53 − KRAS involving APC+/−! TP53+/−!

APC−/−! TP53−/−! KRAS+ and TP53+/−! APC+/−! APC−/−! TP53−/−! KRAS+ (corre-

spond to Fig C2 of Fig C in S1 Text), and the order with APC − KRAS − TP53 involving APC+/

−! TP53+/−! APC−/−! KRAS+! TP53−/− and TP53+/−! APC+/−! APC−/−! KRAS+

! TP53−/− (correspond to Fig D3 of Fig D in S1 Text). The fitting results of the pathways in

Fig 4 are displayed in Figs 5–12, and the detailed values of parameters are shown in Tables 1–

8. They show that the first mutation rate is extremely low for all pathways in Fig 4, and the

mutation rate of the same gene is different in different mutation pathways. These parameter

estimates can provide some evidences for inferring the type of gene alteration.

For the pathway with KRAS+! APC+/−! APC−/−! TP53+/−! TP53−/−, Table 1 shows

the rate of mutation on first APC allele is larger than that of mutation on second APC allele,

approximately 2 times, which infers that inactivation of APC is caused by mutation in both

alleles, or by LOH in first allele and mutation in second allele. In addition, the inactivation

rates of APC and TP53 are much greater than the activation rate of KRAS and the point muta-

tion rate [38, 39]. The total number of driver positions in APC is 604 from reference [18], and

then the mutation rate of APC is 7.55 × 10−6 if the base pair mutation rate takes 1.25 × 10−8

from [39]. Our estimated value of alteration in APC (4.70 × 10−3) is much larger than

7.55 × 10−6. These imply that the inactivations of APC or TP53 may be accompanied by genetic

instability (microsatellite instability or chromosomal instability) that increases the mutation

rate of gene. Evidences manifested that chromosomal instability might result from mutations

in APC or TP53 [40, 41].

Fig 4. All pathways are accepted to explain the development of colorectal cancer at different ages.

https://doi.org/10.1371/journal.pcbi.1011225.g004
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By comparing the mutation rate of the first event in the orders with KRAS − APC − TP53,

APC − TP53 − KRAS and APC − KRAS − TP53, we find that the initiated rate in the order with

KRAS − APC − TP53 is lower than that in other orders with high probability in initiation of

colorectal cancer. Tables 1–8 indicate that the transform rate (μp4) of malignant cells is an

extraordinarily high value for all pathways. It is shown that genetic instability must exist in the

development of colorectal cancer. In addition, inactivation rate of APC (mAPC� =� ) in the path-

ways with APC+/−! APC−/−! TP53+/−! TP53−/−! KRAS+, APC+/−! APC−/−! KRAS+

! TP53+/−! TP53−/− and APC+/−! APC−/−! TP53+/−!KRAS+! TP53−/− is much less

than that in other pathways, approximately 1

10
. Evidences suggested that the point mutation

rate of genes with microsatellite instability is about ten times as much as that without

Fig 5. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with KRAS+! APC+/−! APC−/−! TP53+/−! TP53−/−. (a) NmKRASþ (NμN of model), (b) mAPCþ=� (mP1
of model), (c) mAPC� =� (mP2

of

model), (d) mTP53þ=� (mP3
of model), (e) mTP53� =� (mP4

of model), (f) The colorectal cancer incidence rate per 100,000 patients from SEER registry and rates predicted by the

model.

https://doi.org/10.1371/journal.pcbi.1011225.g005
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microsatellite instability for colorectal cancer [42, 43]. It can be used as a mark in identifying

the detailed mutation pathway for the orders with APC − TP53 − KRAS and APC − KRAS −
TP53.

The number of cells with different genetic alterations

We next use the five-stage models with KRAS − APC − TP53, APC − TP53 − KRAS and APC −
KRAS − TP53 to detect the changes of the mutated cells with different genetic mutations over

time. By Fig 4, the cells with single genetic mutation have two types: the cells with activation of

Fig 6. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with APC+/−! KRAS+! APC−/−! TP53+/−! TP53−/−. (a) NmAPCþ=� (NμN of model), (b) mKRASþ (mP1
of model), (c) mAPC� =� (mP2

of

model), (d) mTP53þ=� (mP3
of model), (e) mTP53� =� (mP4

of model), (f) The colorectal cancer incidence rate per 100,000 patients from SEER registry and rates predicted by the

model.

https://doi.org/10.1371/journal.pcbi.1011225.g006
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KRAS and those with inactivation of APC. In addition, there are three types of mutated cells

with the combination of two genetic mutations. They are mutated cells with activation of

KRAS followed by inactivation of APC, those with inactivation of APC followed by activation

of KRAS, and those with inactivation of APC followed by inactivation of TP53. The detailed

formulas about the expected numbers of mutated cells with different genetic alterations are

Fig 7. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with KRAS+! APC+/−! TP53+/−! APC−/−! TP53−/− or KRAS+! TP53+/−! APC+/−!APC−/−!TP53−/−. (a) NmKRASþ (NμN
of model), (b) mAPCþ=� or mTP53þ=� (mP1

of model), (c) mTP53þ=� or mAPCþ=� (mP2
of model), (d) mAPC� =� (mP3

of model), (e) mTP53� =� (mP4
of model), (f) The colorectal cancer

incidence rate per 100,000 patients from SEER registry and rates predicted by the model.

https://doi.org/10.1371/journal.pcbi.1011225.g007
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given in S1 Text, and the changes in the number of mutated cells over time in different order

of gene alterations are plotted in Fig 13.

Fig 13 shows that the number of KRAS-mutated cells is much higher than that of cells with

both activated KRAS and inactivated APC at the beginning, and then the number of cells with

both KRAS-mutated and APC-mutated surpasses that of KRAS-mutated cells by middle age in

the order with KRAS − APC − TP53. For the orders with APC − TP53 − KRAS and APC −
KRAS − TP53, the number of cells with single-mutant outnumber those with double-mutant,

throughout the human lifetime. Additionally, the number of cells with double-mutant is close

to those with a single gene mutation over time for the order with APC − KRAS − TP53. These

changes in the number of cells with different gene alterations are able to offer some clues in

identifying the detailed order of gene alterations for patients with colorectal cancer.

Fig 8. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with APC+/−! APC−/−! TP53+/−! TP53−/−! KRAS+. (a) NmAPCþ=� (NμN of model), (b) mAPC� =� (mP1
of model), (c) mTP53þ=� (mP2

of

model), (d) mTP53� =� (mP3
of model), (e) mKRASþ (mP4

of model), (f) The colorectal cancer incidence rate per 100,000 patients from SEER registry and rates predicted by the

model.

https://doi.org/10.1371/journal.pcbi.1011225.g008
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Discussion

The order of driver gene mutations is very vital for the clinical treatment and even prevention

in the course of cancer. In this article, we construct the mathematical model considering all

possible orders of mutations in APC, TP53 and KRAS that are the most significant driver

genes in colorectal cancer. There are 30 pathways involving the alterations of all three driver

genes, which need five hits from a normal cell to a malignant cell with all mutations of these

driver genes. These pathways are classified as twenty cases based on the different proliferation

rates of mutated cells, which corresponds with the five-stage model with different net growth

Fig 9. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with APC+/−! TP53+/−! APC−/−! TP53−/−! KRAS+ or TP53+/−! APC+/−! APC−/−! TP53−/−! KRAS+. (a) NmAPCþ=� or

NmTP53þ=� (NμN of model), (b) mTP53þ=� or mAPCþ=� (mP1
of model), (c) mAPC� =� (mP2

of model), (d) mTP53� =� (mP3
of model), (e) mKRASþ (mP4

of model), (f) The colorectal cancer

incidence rate per 100,000 patients from SEER registry and rates predicted by the model.

https://doi.org/10.1371/journal.pcbi.1011225.g009
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rate of mutated cells (see Figs A–F in S1 Text). Studies showed that approximately 15% colo-

rectal cancer harbored alterations in all of the three genes [4, 5]. Therefore, we use the con-

structed model based on the net proliferation rates of mutated cells to match 15% incidence

rate of colorectal cancer for male and female in different ages instead of those of a fixed age

[18]. Our fitting results indicate that three mutation orders with KRAS! APC! TP53, APC
! TP53! KRAS, APC! KRAS! TP53, are supported to lead to tumor, involving eleven

pathways. Among them, there are seven pathways that inactivation of APC acts as the first

event in the colorectal cancer, and the inactivation of TP53 is the last event when the first

event is activation of KRAS in the development of colorectal cancer. This is line with the results

that the alternations of APC is an early driver event that accounts for 80% of colorectal cancers

[44, 45]. Inactivation of TP53 is critical in the transformation from early adenoma to advanced

Fig 10. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with APC+/−! APC−/−! KRAS+! TP53+/−! TP53−/−. (a) NmAPCþ=� (NμN of model), (b) mAPC� =� (mP1
of model), (c) mKRASþ (mP2

of

model), (d) mTP53þ=� (mP3
of model), (e) mTP53� =� (mP4

of model), (f) The colorectal cancer incidence rate per 100,000 patients from SEER registry and rates predicted by the

model.

https://doi.org/10.1371/journal.pcbi.1011225.g010
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tumor, which regulates G1 cycle and apoptosis of cells. As a result, the inactivation of TP53 is

usually a late event in the development of colorectal cancer. drugs that do not develop the

resistance caused by the mutation of KRAS and APC should be adopted preferentially in the

therapy of colorectal cancer.

The multi–type branching process is a useful tool to solve the risk function of the multistage

model. The approximate solution of hazard function is used to predict the risk of cancer by

some work [18, 46, 47]. Here, we consider the effect of the growth rate and death rate of cells

on risk cancer and make a comparison for the approximate solution without the death rate of

cells and the exact numerical solution including the growth rate and death rate of cells. It is

shown that the approximate solution will overestimate the risk of cancer compare to the exact

Fig 11. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with APC+/−! APC−/−! TP53+/−! KRAS+! TP53−/−. (a) NmAPCþ=� (NμN of model), (b) mAPC� =� (mP1
of model), (c) mTP53þ=� (mP2

of

model), (d) mKRASþ (mP3
of model), (e) mTP53� =� (mP4

of model), (f) The colorectal cancer incidence rate per 100,000 patients from SEER registry and rates predicted by the

model.

https://doi.org/10.1371/journal.pcbi.1011225.g011
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Fig 12. The fitting result and Probabilistic distributions of the estimated parameters using approximate Bayesian computation schemes involving the simulated

likelihood density for the pathway with APC+/−! TP53+/−! APC−/−! KRAS+! TP53−/− or TP53+/−! APC+/−! APC−/−! KRAS+! TP53−/−. (a) NmAPCþ=�

or NmTP53þ=� (NμN of model), (b) mTP53þ=� or mAPCþ=� (mP1
of model), (c) mAPC� =� (mP2

of model), (d) mKRASþ (mP3
of model), (e) mTP53� =� (mP4

of model), (f) The colorectal

cancer incidence rate per 100,000 patients from SEER registry and rates predicted by the model.

https://doi.org/10.1371/journal.pcbi.1011225.g012

Table 1. Estimate values of parameters in the pathway with KRAS+! APC+/−! APC−/−! TP53+/−! TP53−/−.

Mutation rate μKRAS+

(μN)

μAPCþ=�

ðμP1
Þ

μAPC� =�

ðμP2
Þ

μTP53þ=�

ðμP3
Þ

μTP53� =�

ðμP4
Þ

Value (per year) 8.93 × 10−9 4.70 × 10−3 1.99 × 10−3 6.99 × 10−4 2.52 × 10−4

95% CI [8.93, 9.31] × 10−9 [3.92, 5.58] × 10−3 [1.43, 2.76] × 10−3 [4.30, 14.09] × 10−4 [1.04, 4.23 × 10−3

The estimated values are obtained by calculating quartile of Fig 5(a)–5(e), and μKRAS+ is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t001
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Table 2. Estimate values of parameters in the pathway with APC+/−! KRAS+! APC−/−! TP53+/−! TP53−/−.

Mutation rate μAPCþ=�

(μN)

μKRAS+

ðμP1
Þ

μAPC� =�

ðμP2
Þ

μTP53þ=�

ðμP3
Þ

μTP53� =�

ðμP4
Þ

Value (per year) 9.30 × 10−8 2.60 × 10−3 1.60 × 10−3 1.02 × 10−4 8.12 × 10−4

95% CI [6.66, 12.49] × 10−8 [1.90, 4.10] × 10−3 [1.30, 2.30] × 10−3 [0.46, 2.47] × 10−4 [0.16, 2.00] × 10−3

The estimated values are obtained by calculating quartile of Fig 6(a)–6(e), and mAPCþ=� is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t002

Table 3. Estimate values of parameters in the pathway with KRAS+! APC+/−! TP53+/−! APC−/−! TP53−/− or KRAS+! TP53+/−! APC+/−! APC−/−!

TP53−/−.

Mutation rate μKRAS+

(μN)

μAPCþ=� (μTP53þ=� )

ðμP1
Þ

μTP53þ=� (μAPCþ=� )

ðμP2
Þ

μAPC� =�

ðμP3
Þ

μTP53� =�

ðμP4
Þ

Value (per year) 9.03 × 10−9 5.30 × 10−3 3.00 × 10−3 4.20 × 10−3 1.90 × 10−3

95% CI [8.63, 9.41] × 10−9 [4.70, 6.10] × 10−3 [2.20, 3.90] × 10−3 [2.80, 5.20] × 10−3 [0.97, 3.10] × 10−3

The estimated values are obtained by calculating quartile of Fig 7(a)–7(e), and mKRASþ is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t003

Table 4. Estimate values of parameters in the pathway with APC+/−! APC−/−! TP53+/−! TP53−/−! KRAS+.

Mutation rate μAPCþ=�

(μN)

μAPC� =�

ðμP1
Þ

μTP53þ=�

ðμP2
Þ

μTP53� =�

ðμP3
Þ

μKRAS+

ðμP4
Þ

Value (per year) 1.23 × 10−7 5.03 × 10−4 2.94 × 10−4 7.92 × 10−4 1.15 × 10−3

95% CI [0.71, 2.01] × 10−7 [3.08, 9.83] × 10−4 [1.37, 6.21] × 10−4 [3.34, 16.12] × 10−4 [0.73, 1.97] × 10−3

The estimated values are obtained by calculating quartile of Fig 8(a)–8(e), and mAPCþ=� is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t004

Table 5. Estimate values of parameters in the pathway with APC+/−! TP53+/−! APC−/−! TP53−/−! KRAS+ or TP53+/−! APC+/−! APC−/−! TP53−/−!

KRAS+.

Mutation rate μAPCþ=� (μTP53þ=� )

(μN)

μTP53þ=� (μAPCþ=� )

ðμP1
Þ

μAPC� =�

ðμP2
Þ

μTP53� =�

ðμP3
Þ

μKRAS+

ðμP4
Þ

Value (per year) 3.27 × 10−7 3.61 × 10−3 2.18 × 10−3 5.08 × 10−5 1.45 × 10−3

95% CI [2.44, 4.33] × 10−7 [2.55, 4.75] × 10−3 [1.49, 2.78] × 10−3 [2.87, 11.18] × 10−5 [0.43, 5.84] × 10−3

The estimated values are obtained by calculating quartile of Fig 9(a)–9(e), and mAPCþ=� or mTP53þ=� is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t005

Table 6. Estimate values of parameters in the pathway with APC+/−! APC−/−! KRAS+! TP53+/−! TP53−/−.

Mutation rate μAPCþ=�

(μN)

μAPC� =�

ðμP1
Þ

μKRAS+

ðμP2
Þ

μTP53þ=�

ðμP3
Þ

μTP53� =�

ðμP4
Þ

Value (per year) 8.89 × 10−8 7.23 × 10−4 1.74 × 10−4 8.64 × 10−4 9.83 × 10−4

95% CI [5.73, 14.26] × 10−8 [4.42, 11.75] × 10−4 [0.69, 4.20] × 10−4 [2.59, 19.22] × 10−4 [3.54, 19.85] × 10−4

The estimated values are obtained by calculating quartile of Fig 10(a)–10(e), and mAPCþ=� is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t006
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numerical solution when all parameters of model are fixed, especially for high growth rate or

death rate of cells. As a consequence, we choose the exact numerical solution of hazard func-

tion to fit the data with incidence rate of colorectal cancer from SEER register during the year

1973–2013. In our work, we do not fix all parameters of model like references [18], and only

growth rate and death rate of cells are decided from published references. The mutation rates

of gene are not accurately inferred only based on the mutational data due to genetic instability

and the type of gene mutation. For this purpose, the mutation rates of model are estimated by

fitting incidence rate data of colorectal cancer based on approximate Bayesian computation

Table 7. Estimate values of parameters in the pathway with APC+/−! APC−/−! TP53+/−! KRAS+! TP53−/−.

Mutation rate μAPCþ=�

(μN)

μAPC� =�

ðμP1
Þ

μKRAS+

ðμP2
Þ

μTP53þ=�

ðμP3
Þ

μTP53� =�

ðμP4
Þ

Value (per year) 1.21 × 10−7 5.26 × 10−4 2.91 × 10−4 7.49 × 10−4 1.71 × 10−3

95% CI [0.68, 1.83] × 10−7 [3.36, 10.33] × 10−4 [1.47, 5.67] × 10−4 [2.85, 14.53] × 10−4 [0.63, 3.22] × 10−3

The estimated values are obtained by calculating quartile of Fig 11(a)–11(e), and mAPCþ=� is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t007

Table 8. Estimate values of parameters in the pathway with APC+/−! TP53+/−! APC−/−! KRAS+! TP53−/− or TP53+/−! APC+/−! APC−/−! KRAS+!

TP53−/−.

Mutation rate μAPCþ=� (μTP53þ=� )

(μN)

μTP53þ=� (μAPCþ=� )

ðμP1
Þ

μAPC� =�

ðμP2
Þ

μKRAS+

ðμP3
Þ

μTP53� =�

ðμP4
Þ

Value (per year) 2.76 × 10−7 3.42 × 10−3 2.64 × 10−3 2.78 × 10−5 3.14 × 10−3

95% CI [2.03, 3.89] × 10−7 [2.46, 4.29] × 10−3 [1.95, 4.00] × 10−3 [2.02, 4.19] × 10−5 [1.61, 5.22] × 10−3

The estimated values are obtained by calculating quartile of Fig 12(a)–12(e), and mAPCþ=� or mTP53þ=� is derived by assuming N = 108 [20].

https://doi.org/10.1371/journal.pcbi.1011225.t008

Fig 13. The logarithm of expected number of mutated cells with the combination of different genetic mutations for the pathways involving KRAS+! APC+/−!

APC−/−! TP53+/−! TP53−/−, APC+/−! APC−/−! TP53+/−! TP53−/−! KRAS+ and APC+/−! APC−/−! KRAS+! TP53+/−! TP53−/−. The values of

parameters are decided by Tables 1–8.

https://doi.org/10.1371/journal.pcbi.1011225.g013
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schemes with simulated likelihood density. We consider the simulation of incidence rate data

of colorectal cancer from 0 to 84 years old instead of that at 80 years old in reference [18]. The

estimated mutation rates are extremely valuable to predict the risk of colorectal cancer. More-

over, approximate Bayesian computation schemes is a good method to estimate the biological

parameters. Among them, approximate Bayesian computation with Markov chain Monte

Carlo and sequential Monte Carlo was applied to biological systems with success [48, 49].

Here, we use approximate Bayesian computation schemes with simulated likelihood density to

estimate our model parameters, which is effective for inferring parameters in high-dimensional

stochastic model, and can reduce the probability of getting stuck the low probability regions

compared to approximate Bayesian computation with Markov chain Monte Carlo [22].

To further identify the feature of different gene mutation orders, the sizes of premalignant

cells in the evolutionary pathways with KRAS! APC! TP53, APC! TP53! KRAS, APC
! KRAS! TP53 are analyzed. We find that the sizes of cells with single-mutant and double-

mutant are significant difference in different gene mutation orders. The number of KRAS–

mutated cells is higher than that of cells with both activated KRAS and inactivated APC at the

beginning, and the number of cells with both KRAS–activated and APC–inactivated will sur-

pass that of KRAS–mutated cells over time for the order with KRAS! APC! TP53. For the

orders with APC! TP53! KRAS and APC! KRAS! TP53, the cells with APC−/− far out-

number those with APC−/−TP53−/− and APC−/−KRAS+. These results can be used as the mark

of colorectal cancer diagnosis and inferring the sequence of gene mutation.

In this paper, we not only give the mutation order of three driver genes, but also provide

the detailed pathway of gene mutations. However, there are still some limits in our work. Our

results obtained do not consider the interaction effect between mutations in two genes, since

no evidence suggests that epistatic interactions occur in mutations of two genes [4]. As is well

known, inactivation of each allele of TSG has two ways involving point mutation and the

LOH. We do not discuss the detailed pattern of alteration in TSGs, APC and TP53 in our

model. The reason is that the model involving the pattern of inactivation in TSGs includes too

many parameters, which results in non–identifiability issue of model parameters. Moreover,

the type of genomic instability is unclear because of heterogeneity of tumor. However, we dis-

cuss the mutation rate of gene in different pathway obtained by fitting the incidence rate data

of colorectal cancer at different ages. These estimated values of mutation rates can provide

some information for inferring the pattern of alteration in TSGs and the existence of genetic

instability. With the development of DNA sequencing, sequenced cancer genomes and gene

expression data are important data source for inferring the evolutionary pathway in cancer

progression, and some methods are developed to predict tumor evolution [50–52]. Although

these data and methods do not give the rate of gene mutation, they can provide new ideas for

constructing specific mathematical model of cancer. Thus, more diverse data deserve to be

considered in further studying evolutionary pathways of cancer, which will be the direction for

future research.
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