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Abstract

Mathematical models have been widely used to describe the collective movement of bacte-
ria by chemotaxis. In particular, bacterial concentration waves traveling in a narrow channel
have been experimentally observed and can be precisely described thanks to a mathemati-
cal model at the macroscopic scale. Such model was derived in [1] using a kinetic model
based on an accurate description of the mesoscopic run-and-tumble process. We extend
this approach to study the behavior of the interaction between two populations of E. Coli.
Separately, each population travels with its own speed in the channel. When put together, a
synchronization of the speed of the traveling pulses can be observed. We show that this
synchronization depends on the fraction of the fast population. Our approach is based on
mathematical analysis of a macroscopic model of partial differential equations. Numerical
simulations in comparison with experimental observations show qualitative agreement.

Author Summary

The use of mathematical tools to describe self-organization of bacterial communities has
raised a lot of interest since it permits a precise description of experimentally observed
phenomena. In the last 40 years a hierarchy of mathematical models for the dynamics of a
single bacterial population has been proposed. These models have progressively taken into
account more precise aspects of individual bacterial behavior (like the run and tumble
behavior). Nowadays, a natural and challenging issue is to use such models to describe the
interaction between different populations of bacteria. In this work, we consider a macro-
scopic system of equations derived from the mesoscopic scales to describe the interaction
between two populations of bacteria. The prediction obtained thanks to this model is com-
pared to experimental observations concerning the behavior of traveling pulses of bacteria
in a channel.
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Introduction

The ability of microorganisms to sense their environment helps them to colonize regions by
using chemical cues to move towards favorable areas (e.g. with higher concentration in nutri-
ents like in the present study). This biological process called chemotaxis has been extensively
studied. Since pioneering works of Adler [2] (see also [3, 4]), we know that many bacteria like
E.Coli may gather, feel the nutrient (oxygen, glucose) and move towards it. Many models
including the famous Keller-Segel system (see [5-8]) were proposed to describe mathematically
this behavior. In [9], Saragosti et al. described the propagation of bacterial concentration waves
in micro-channels using a macroscopic model. This model (1) gives the dynamics of the den-
sity of cells p(x, £) and the concentrations in chemoattractant S(x, ) and nutrients N(x, t)

9,p =DAp—V - (p(uls] + ulN])),
0,S =DAS—aS+p, (1)
O,N = DyAN — ypN,

where u[S], u[N] are given by
ulS] = 1’ sgn (9,8), u[N] = 1" sgn (O,N),
with D, D, Dy, 1 x> @, y positive constants. Here sgn is the sign function:

1, if x>0,
sgn (%) = -1 if x<0

The velocity fields u[S] and u[N] model the biased motion of bacteria due to the attraction of
chemoattractant and nutrient. The function sgn allows to model the fast response of bacteria to
variations in their environment; this choice is motivated by the comparisons with experimental
data presented in [1, 9] which shows a good agreement with numerical simulations for this
macroscopic model.

When initially put on the left of a channel filled with nutrients, the bacteria consume nutri-
ents located at this side. This creates a gradient of nutrients (oriented) towards the right which
induces the motion of bacteria represented by the drift term u[N] in the equation for p (see Fig
1). While traveling in the channel, bacteria stay together thanks to the chemoattractant S they
produce. From a mathematical point of view, particular solutions in translation with constant
velocity are called traveling waves. Such solutions have been studied for a long time for reac-
tion-diffusion equations, since the seminal work of R. A. Fisher [10] (see also [11]). However,
in such models, the motion of the front is induced by the reaction term whereas in the case of
model (1) there is no reaction term: the displacement by chemotaxis is modeled by the drift
term in the equation for the bacteria density. In [9], existence of traveling waves for model (1)
is proved, analytical forms for p and S are provided and the speed of the wave o satisfies the fol-
lowing relationship

N s o

— 0=
* t \/4Dgo 4 o

This model predicts the double asymmetric exponential shape of p and the speed o as observed

(2)

experimentally. However, when we have several different strains of bacteria simultaneously,
new behaviors may emerge and this model might no longer be valid. For instance, if we start
now from a mix of two bacterial strains having different swimming speeds what happens? Do
they swim together? How does one population affects the other? This is the type of questions
we want to address in the present paper.
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A

Fig 1. Collective migration of Escherichia coli in a PDMS micro-channel. (A) Schematic view of a portion of the micro-channel. The channel is filled with
a homogeneous suspension of bacteria and then centrifuged to accumulate bacteria on the left end. Few minutes after the centrifugation has been stopped, a
concentration wave of bacteria propagates at constant velocity from left to right (see [9]).(B) A concentration wave of E. coli chemotactic bacteria observed by
fluorescence microscopy (white scale bar = 1 mm) propagating inside the micro-channel (top view). Successive snapshots of the same channel (600 s
between successive images, the fluorescence intensity reflects the local concentration). The population migrates at a constant velocity (Vwave = 2.2 um/s for
this particular experiment).

doi:10.1371/journal.pcbi.1004843.9001

In this work, we study the case of a population composed of two different subpopulations of
E.Coli that, when they are alone, form bands traveling at different speeds (subpopulation 1,
green, being the one traveling at a slower speed 0; and subpopulation 2, red, being the one trav-
eling at a higher speed 05, see Fig 2).

For the two strains used in this study, we observed that even if separately they travel at dif-
ferent speeds, when they are in presence of each other they may form a single band and travel
together. More precisely, our experiments show that when the ratio between the number of
individuals of type 2 (fast subpopulation) and the number of individuals of type 1 (slow
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Fig 2. Wave velocity distribution for two different bacteria. The same strain (RP437) transformed with
two plasmids (PZE1R-GFP in green and PZE1R-mCherry in red) exhibits two different velocities for the wave
propagation. The mean wave velocities obtained from about 15 experiments for each color, are respectively
Vgreen=1.9 um/s and Vred = 4.1 um/s.

doi:10.1371/journal.pcbi.1004843.9002

subpopulation) is sufficiently small, there is a single band (i.e the two subpopulations travel
together with an intermediate speed o such that 0; < ¢ < ;). We provide a mathematical
model to describe this behavior and handle the dependency of the speed of the wave on relative
sizes of subpopulations.

On the other hand, when this ratio is big, our experiments and our numerical simulations
(Fig 3) show that the two subpopulations travel at different speeds.

Results
2.1 Description of the experiments

When confined at one end of a micro-channel, large enough populations of swimming bacteria
E. Coli propagate as concentration waves. To perform such experiments, we simply fill a
micro-channel (in our experimental setting they have height = 100 ym, width = 500 ym and
total length = 1.8 cm and are micro-fabricated using soft lithography [12]) with a homogeneous
solution of bacteria grown up to the mid-log phase (5x10® bacteria/mL). The channel is then
closed at both ends using epoxy glue and gently centrifuged to accumulate motile bacteria at
one end of the channel. When the centrifugation is stopped a concentration wave propagates
along the channel at a velocity of a few ym/s. We use fluorescently labelled bacteria and thus it
is possible to characterize the concentration profile of the traveling pulse using fluorescence
video microscopy. These experiments are reported in previous publications [1, 9].

In this work, in order to consider the case of multiple subpopulations, we used two types
of bacteria: one carrying a plasmid expressing GFP (green) and the other carrying a plasmid
expressing mCherry (red). The concentration waves obtained with the red ones are two times
faster than the concentration waves of the green ones (see Fig 2). In the present paper we study,
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Fig 3. Kymographs showing the wave behavior for different bacterial compositions. ¢,.4 corresponds to the ratio of red bacteria over the total number
of bacteria at the beginning of an experiment. (A) Experimental result obtained with ¢,.q = 10%. (B) Experimental result obtained with ¢,.q = 90%. (C)
Simulation based on our model with ¢,.q = 10%. (D) Simulation with ¢,.o = 90%. The white rectangle in the lower left corner corresponds to the size of images
A, B and C. In this case, the simulation is extended to show what happens at longer timescales (beyond the transitory regime so that the peaks are well
separated). The small shift between the green and the red fronts in A and B (less visible in the insets) is due to the fact that while acquiring the images, we
switch between the green and the red fluorescence channels every minute. Insets: typical concentration profiles (corresponding to bacteria concentration
profiles along the white dashed line for each kymograph). We normalized the green and the red peaks (so that the maximum value is one). The length of the
the horizontal axis on the profile plots is 1.3 cm (this corresponds to the length of the dashed lines on the kymographs).

doi:10.1371/journal.pcbi.1004843.9003

both experimentally and with our mathematical model, the behavior of the concentration

waves obtained for different ratios ¢,,, = —=21
re green

two sub-population of bacteria) keeping constant the total number (M +Mgyc.,) of bacteria.

(where M,.q and My, are the sizes of the

2.2 The one species model

For the reader’s convenience, we recall briefly in this subsection the main results obtained in
[9]. That work establishes the existence of traveling waves for the one species model (1). Look-
ing for traveling wave solutions to system (1) boils down to looking for particular solutions of
the form p(t,x) = p(x — at), S(t,x) = S(x — at) and N(t, x) = N(x — at). Moreover, since
we are looking for a pulse, we have lim |, 5(z) = 0. Injecting these expressions into the first

equation of system (1) we get, after one integration,
—0p =Dp' — p(r°sgn (8') + 1" sgn (N)).

To solve this equation, we make the ansatz that the wave moves from the left to the right, i.e.

PLOS Computational Biology | DOI:10.1371/journal.pcbi. 1004843  April 12,2016 5/22
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the gradient of the nutrient is positive (N’ > 0), and suppose that p and S are maximal at the
same point (which, by translational invariance, is assumed to be 0). Then, on (o0, 0), we have
sgn (8') = sgn (N') = 1, 0n (0, +00), we have sgn (§') = —1 and sgn (N') = 1. Solving the
differential equation, we have

p(z) = e 2P for z < 0; p(z) = e 7P for z> 0. (3)

In order to satisty the vanishing condition at infinity, the velocity o should satisty the condition
1N-1° < o < x" + 4. Finally, we compute the velocity o. To do so, since S is maximal at 0, we
have §'(0) = 0. From the expression for p in Eq (3), we may solve the equation for S. Then, the
condition §'(0) = 0 gives a nonlinear problem for the velocity o. After tedious but straightfor-
ward computations (see the supplementary materials of [9]), we obtain and have to solve eq
(2); since its left hand side is decreasing with respect to o whereas its right hand side is nonde-
creasing, there exists a unique traveling speed o solving eq (2).

Finally, we notice that we have a simple explicit expression of the density profile in Eq (3).
In [9] (in particular see Fig 2) this profile was compared to the one observed experimentally,
showing a good agreement between experimental and analytical results.

2.3 Description of the model

We study the migration of a bacterial population composed of two subpopulations which react
to two common chemical substances: the chemoattractant S and the nutrient N. These two
chemical substances play different roles since bacteria produce the same chemoattractant
which gathers the population and at the same time they consume the common nutrient which
triggers the motion. Each species is represented by its density at position x € R and time

t> 0, pi(x, t) for i = 1, 2. The chemoattractant and the nutrient are described respectively by
their concentration S(x, f) and N(x, t). Dynamics of p;, p,, S, N are given by coupled advection-
diffusion-reaction equations:

Op, = DyAp, = V- (py (u,[S] + u,[N])),

9,0, = DyAp, =V - (p,(u[S] + 1,[N])),
8.8 =DAS—aS+p, + p,,

O,N =DyAN —v,p,N — y,p,N,

where Dy, D, Ds, Dy, @, ¥1, ¥, are positive constants.

The model is an extension to the two subpopulation case of the single population model (1).
The starting point of the modeling is the Othmer-Dunbar-Alt model which illustrates the run-
and-tumble process characterizing the motion of individual bacteria. Then, the macroscopic
equation is recovered by drift-diffusion limits. By this means, we derive our model (4) from
kinetic equations describing the phenomenon at the microscopic scale (see [13]) and obtain
expressions for 1;[S], u;[N] (this derivation is detailed in subsection 4.6). Since the phenomenon
we are considering is uni-directional, we restrict our study to one dimension in space (d = 1)
and for computational purposes, we consider the following particular forms of u;[S] and u;[N]

wlS) =1 sgn (0,S), uNl=y'sgn(ON), i=12, (5)

with y}, %V, the chemotactic sensitivities of subpopulation i to the chemoattractant S and the
nutrient N. We recall that sgn is the sign function.
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2.4 Theoretical bifurcation result

Separately, the two subpopulations travel at different speeds and we name o, the slow speed
and o, the fast one. The speeds o;, i = 1, 2, are computed thanks to the one species formula (2)
with the corresponding y} and Y. We denote M; the size of the subpopulation i, ¢, = ﬁ
the fraction of the fast subpopulation (bacteria mCherry) and I; the interval [yN — 7, ¢ + 1]
fori=1,2.

We can prove our main result: if the following assumption holds

ILNL#0, and oy, — ¢ L NI, where I := [ — ). 1) + 1], (6)

Then, there exists ¢, €]0, 1] such that

red

o for ¢,.q < ¢, there exist traveling pulses. Moreover, the speed of the wave ¢ is between o,
and o, and satisfies

o 10) o
o — ) N + S + red H(o o — N + S — 07 7

where H is defined in Eq (20).

o for ¢,y > &, there do not exist single-speed traveling pulses

We remark that the speed of the wave ¢ is given by an implicit equation depending on the
parameters of the model and the subpopulation sizes M;. Note that in the case of a single popu-
lation (¢,.; = 0), we recover the single-species equation for o Eq (2). We also notice that with
our system’s parameters (see Table 1) condition (6) is satisfied and thus such a ¢, exists in
our case.

2.5 Numerical method

In order to provide comparisons between the solutions of the mathematical model for two spe-
cies Eq (4) and the experimental data, we perform numerical simulations. Eq (4) is discretized
by a finite difference semi-implicit scheme. Such schemes are employed to solve numerically
advection-diffusion equations. This allows to avoid a too restrictive CFL condition imposed by
diffusive terms. It consists in using an implicit time integration scheme for diffusive terms and
explicit time integration for other terms. Central finite differences are used for diffusive terms
whereas a finite volume approach allows to discretize advection terms of the equation for p;.
Let us consider a cartesian grid of space step Ax and time step At, then we denote x; = kAx,
fork € Z,and " = nAt, for n € N. For k € Z and n € N, we consider approximation of
pi(t", x;) for i =1,2, S(¢", x;), and N(t", x;) by Pl i=12,8, and N}, respectively.
For a given n € N, assume that S}, N}’ are known at time ¢" for all k € Z. Then, ;"' and
Ny are computed thanks to the following iterative process

S-S D
k k _ S (Sn+l _ 282+1 _'_Slrclir}) _ OCSZJr] +p;w]:] +p;;17

At A VR
Nn+1 — N* D
S = (N - 2N N = Nl — N

This boils down to solving a linear system.
For the equation for p;, i = 1,2, we proceed differently. The diffusion term is treated as before
using an implicit discretization, whereas the advection term is discretized thanks to a finite
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Table 1. Parameter values.

Effective bacterial diffusion of subpopulation 1 D4 1.79 x 10°cm?s~" Experimental measurement
Effective bacterial diffusion of subpopulation 2 D, 3.29 x 10%cm?.s~" Experimental measurement
Effective bacterial chemosensivity of subpopulation 1 3 6.49 x 10~°cm.s™" Experimental fit
Effective bacterial chemosensitivity of subpopulation 2 75 2.88 x 10~“cm.s™" Experimental fit
Effective bacterial chemosensitivity of subpopulation 1 2.57 x 10~*cm.s™" Experimental fit
Effective bacterial chemosensitivity of subpopulation 2 ;Y 4.74 x10"*cm.s™" Experimental fit
Chemical degradation a 5x107%s~" Experimental fit
Chemoattractant diffusion Dg 8 x 10%cm?.s™" [21]
Nutrient diffusion Dy 8 x 10%cm?.s™" [21]

doi:10.1371/journal.pcbi.1004843.1001

volume method of upwind kind. The overall discretization of p; reads:

p?ljl - pznk Di n n n 1 n n .
At = A_xz (pi,]j-il-l - 291‘,;1 + pi,l?—ll) + A_x (Fz:k+1/2 - Fi,k—1/2)’ i=12, (8)
where F, ., , is given by
Finp = (a7 [S] + a:k[N])er:l,k — (@S] +al [N]) Pl )

and a” = max{0, a} and a~ = max{0,—a} denote, respectively, the positive and negative part of a
real a. The discretized velocities a/,[S] and a], [N] are given by

autsi =zt (Tt v = e (M),
Since the scheme (8) can be written under the form p/'/' = pi, + £ (Ji11/o — Ji 1 2)» We verify
easily by summing over k € Z that the total mass is conserved. Finally, we observe that the
velocity field is discontinuous and we mention that in the case without diffusion (D; = 0), bacte-
ria profiles may concentrate strongly into Dirac deltas. The convergence of schemes (8) and
(9), even in this singular case with discontinuous velocities, in the sense of measures, has been
studied in [15] (we refer to [16] for the one species case).

Fig 3 displays a comparison between the experimental results in Fig 3A and 3B, and the
numerical simulations obtained with the above scheme in Fig 3C and 3D. The insets on the top
left of each figure depict the spatial concentration profiles of each population of bacteria at the
instant corresponding to the white dashed line in the kymograph. Fig 3A and 3C correspond to
aratio ¢,.; = 10%, whereas for Fig 3B and 3D we have ¢,.; = 90%. Comparing Fig 3A and 3C,
we observe that for low values of the ratio ¢,.; the matching between experimental and numeri-
cal results is very good, confirming our theoretical result. For Fig 3C and 3D, ¢,., is beyond the
threshold value ¢ , and thus we do not have the existence of a traveling wave. This is illustrated
here by the fact that the total population may split into several branches. In this case we have a
fast mode (1) and a slow mode (2) that we will see again in Fig 4.

Discussion

In this work we derive a macroscopic model (4) from microscopic assumptions on the run and
tumble motion of individual bacteria (in the spirit of [9]). This model extends the one proposed
in [9] for the one species case. The analytical study of the model enables us to determine the
profiles of the traveling wave solutions and to show that they travel with a speed o given by
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54

Vwave (rm/s)

Ored

0.00 0.25 0.5 0.75 1.00
Ored

Fig 4. Mean wave velocity of red bacteria as a function of bacterial composition ¢,.4: the experimental results are represented by their means
(open circles) and standard deviations (error bars). We use at least ten values for each point. These experimental results are compared to the simulation
(red and green curves). One observes a separation of the two strains around ¢,.q = 50%. The square corresponds to the mean velocity of the green wave
observed in Fig 3D.

doi:10.1371/journal.pcbi.1004843.9004

Eq (7). Moreover, we prove the existence of a critical proportion ¢, , of the red subpopulation
above which the theoretical single traveling wave solution no longer exists.

Beyond this value ¢ ,, we clearly observe in Fig 3 that subpopulations 1 and 2 split. After a
transitory regime, they move separately at their own speed. We notice that it might take a long
time for the separation to be completed in order to have a well defined speed for each pulse.
Then, to define these speeds we consider the density profiles of the green and red subpopula-
tions at each later time and notice that both subpopulations have a clear peak around their
maximum density. It is the spatial position of this maximum point at each time that is used to
define the position of the corresponding subpopulation pulse. This position is then used to
compute the speed of each subpopulation pulse. These speeds are reported in Fig 4 where a
comparison between the numerical results and the experimental results is provided for differ-
ent values of ¢,.,.

The numerical simulations (Fig 4) show that, for small values of ¢,.4 the two subpopula-
tions travel together in a single wave of speed o given in Eq (7) as predicted by our theoretical
study. For higher values of ¢,., there is clearly a bifurcation at the proportion ¢’,, beyond
which the two subpopulations travel in separate waves with different speeds. The experimental
results (Fig 3) confirm this separation of the two subpopulations for high values of ¢,,, but our

PLOS Computational Biology | DOI:10.1371/journal.pcbi. 1004843  April 12,2016 9/22
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experiments are not sufficiently precise to enable us to look for the experimental bifurcation
point (for intermediate values of ¢, the experimental data on the population density are dif-
fuse and do not have clear peaks).

In Fig 3, we notice that for ¢,.; = 0.9 the experimental point corresponding to the red sub-
population is below the red curve and the one corresponding to the Green subpopulation is
above the Green curve. This should be due to the fact that our experimental channel is probably
not long enough. In fact, in the simulation (see Fig 3D), the experimental setting corresponds
to the white rectangle in the lower left corner, while the full separation of the pulses only hap-
pens for later times (further to the right in Fig 3D). Therefore, the experimental measurement
might still be influenced by the transitory regime which would lead to overestimating the speed
of the green pulse (due to the presence or interaction with the red subpopulation).

As observed in Fig 3, experimental results are not sufficiently precise for intermediate values
of ¢4, close to the bifurcation point. In particular, we notice that for ¢,.; = 75% (and also for
$rea = 50%), the error bar in the measurement of the speed of the front is larger than for other
values. It is due to the fact that for this intermediate value of ¢,.4, our experimental results do
not provide a clear separation into two branches of the wave front.

We also remark that the environment is changed after the passing of one wave of bacteria.
Consequently, the second wave of bacteria evolves in a different biochemical environment
from the one seen by first wave. This is not taken into account in our mathematical model. We
hope that it will be possible to do more detailed experiments (in particular having a better
knowledge of the changes in the properties of the medium when it is crossed by the first wave)
in the near future since they would provide us with important information to support the pre-
dictions of our model (and make it evolve if necessary).

As in [9], we could do the analytical study only in the case where the functions ;[S], u;[N]
have the particular form Eq (5). It would be extremely interesting, but very challenging, to be
able to extend this study to more general cases.

Materials and Methods
4 1 Bacterial strain and cell culture

We used the strain RP437 considered wild type for motility and chemotaxis. The strains were
transformed by heat shock with PZE1R-GFP and PZE1R-mCherry plasmids. Cells were cul-
tured in 3 mL LB medium (Sigma) with ampicillin at 33°C, with shaking, up to mid-exponen-
tial phase (Optical density ODgqg = 0.5), and re-suspended after centrifugation in the medium
used for the experiments: M9 Minimal Salts, 5x supplemented with 1 gL1 Bacto Casamino
Acids (both from Difco Laboratories, Sparks), 4 gL1 D-Glucose, and 1 mM MgSO4. The two
types of bacteria were cultured independently before being mixed at the desired ratio at a final
concentration corresponding to ODgg = 0.5.

4.2 Micro fabrication and centrifugation

The micro-channels were prepared using usual soft lithography techniques [12]. 100um-high
patterns were micro-fabricated on silicon wafers using SU-8 100 resin (MICROCHEM). The
PDMS was molded on the wafer and peeled off after curing. A clean glass slide and the micro
patterned PDMS were plasma treated for 30s and directly placed in contact thereby forming
an array of 8 PDMS/glass parallel micro-channels (width = 500pum, height = 100um,

length = 1.8cm). They were then filled by capillarity with the homogeneous suspension of
motile bacteria and sealed with a fast curing epoxy resin. The glass slide was gently centrifuged
(800rpm, rotor diameter 20cm) at room temperature for half an hour. The bacteria accumu-
lated at one end of the channels and stayed motile.

PLOS Computational Biology | DOI:10.1371/journal.pcbi. 1004843  April 12,2016 10/22
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4.3 Video microscopy

The channels were then immediately placed in a closed chamber maintained at constant tem-
perature (33°C). Few minutes after centrifugation had been stopped the concentration waves of
bacteria started to propagate inside the channels (Fig 1). The observations were performed
with a Leica MZ16F stereomicroscope equipped with two fluorescence sets: a green one, GFP2
(Leica) Ex480/Em510 and a red one, G (Leica) Ex546/Em590. Images were recorded on a CCD
camera (CoolSnapHQ, Roper Scientific) at a frame rate of one image per minute (switching
every minute from one fluorescence channel to the other). The image stacks were then post-
processed using Image] and Matlab.

4.4 Analytical forms of p;and S

Experiments show that bacteria are concentrated locally in space while traveling. Therefore,
traveling pulses (see [17, 18]) are particularly interesting to study. By definition, we say that Eq
(4) admits traveling pulses if and only if p;, S, N are traveling waves i.e functions satisfying the
ansatz

pl(t7x) :ﬁl(z)v pz(t’x) Zf)2(Z), S(tvx) ZS(Z)v N(tvx) :N(Z)’ where z = x — at,

with o being the speed of the wave. The unknowns of the problem are ¢ and the one-variable
functions S, N, 5, p,, where p,, p, are pulses as defined below.

Definition. A pulse is defined as a real-valued function which is increasing for negative
values of z, decreasing for positive ones and decays to zero at infinity.

Plugging these expressions into Eq (4) and dropping the tilde over variables yields

~a(p,) =D,(p)) — (p,(u,[S] + 4, [N])),

"

_G(pQ) = DQ(:D2) - (p2(u2[8] + u2[ND),, (10)
—0S = DS —aS+p, + ps,
—oN = DyN" —7,p,N = 7,p,N.

Looking for a pulse, we prescribe the following boundary conditions
p(£o0) =0, p,(£oo) =0, S(+oo)=0. (11)

The fact that p; are pulses implies that (see subsection 5.1)

(p)) (£00) =0, §/(00) =0,

0,S>0 forz>0, 9,S<0 forz>0, (12)

ON>0 forzeR.
Therefore, u;[N] and 1,[S] are given by

w,lS] = —x sgn(z), u[N]=y" fori=1,2.

We integrate equations for p; in Eq (10) and use Eq (12) to obtain

{D]pll = (,[§] + u,[N] = a)p,,
D,p," = (u,[S] + u,[N] — 0)p,.
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We deduce the analytical forms of p; for i = 1,2 and S.

N S
pMexp (4 z), A = }',—&-D# > 0, for z < 0,
p, = N i=1,2. (14
M 1+ v _ X — X0
prlexp(A'z), 4 7T<O, for z > 0,
From the equation satisfied by S, we deduce that
+00
56 = [ KG9 0,0) + )y (15)
where K is given by
v/ 0% + 4oD
2D, 2D,

4.5 Speed of the wave o

Since S is maximal at z = 0, by definition of a pulse, we should have §'(0) = 0. Differentiating S
in Eq (15) gives

SO = [ K@0 (- + pa(-x)d.

00

We split this integral into two parts ' and S’ :

5(0) = / K'(x)(p, (—%) + pol—2))dx + / R (o (=) + po( ).

00

SO0)= S +8,.

From subsection 5.2.1, §" and §', are given by

g — —0 + /0% 4 4aDq 4 oM —0 + /0% 4 4aDy

T e + 4aDg — 2D/, P e + 4aDg — 2D
g u 0+ /0% + 4aDq 0+ /0% + 4aDq
+:p1

+py :
—0 — /0?4 4oDg — 2D P —0 — /0% + 4aDg — 2D/,
Putting together §' and S, gives
s()= o .
' (=0 — \/0? + 4aDs — 2D/, ) (—0 + \/0? + 40D — 2DJ;)

M %

e (-0 — \/0® + 4aDs — 2Dy, ) (—0 + \/o® + 40D — 2Dy7;)

with ¢; given by

Be;

¢, =4

(o + (0 - 1)V +4aDy), =12, (17)

o
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H(o)

Due to Eq (12), S is maximal for z = 0, then S’ vanishes at 0 and we obtain the equation for o
(0 + (6 — )/ T 1aDy) + (130 + (0 — 73) /o + 1aDy) x
D,py (=0 = /&* + 4aDs — 2DJ, ) (=0 + /o’ + 4aDs — 2DJ;) (18)

D,p} (_6 B \/m - 2Dsl;) (_6 +v 0 + doDg — 2D5/12+) B

We recall that /', are given by Eq (14). Unknowns p are obtained thanks to the conservation

of the total subpopulation M;. Indeed, from the conservative form of equations for p; Eq (4), it
follows that for all t > 0

+oo +oo
M, = / p,(x,t)dx = / pr(x)dx, i=1,2,
with pi" = p,(x, t = 0) the initial profile of p;. We deduce

+00 ’SD
M; = / pi(z)dz = waﬁ-
o0 (Xi) - (O-_Xi )

Replacing /", A, by their values in Eq (14) and using the previous relationship, Eq (18)
becomes

671N+S o + (bred
N E P

dH(ff) ((6%?) + %

— =0, (19
\/02 + 4oD;

with

_#D,() — (o= ) (o)
1D, (18)" = (6 — 1) ha(0)

(20)

D D D .
o) =a'(o 1) + (1= 20 ot Ve T BB+ () - ()~ D, 1= 1.2

D,

1

From subsection 5.3, we have that o belongs to Q = I, N I, N (0,, 6,). Since 0, and y) — y; do
not belong to Q, then Eq (19) rewrites

(z)red
1-—- ¢red ,

where G is a positive function bounded over Q given by

Glo)= M7+~ 11)+/* + 4aDy
H(o) (130 + (0 — 13')\/0® + doDy)

The function G admits a maximum which is finite. Therefore, there exists ¢, , € (0, 1) such
that

G(o) =

max G(g) = Ld*.
Q 1 - ¢red
For more details, we refer to subsection 5.3.

4.6 Derivation of the two-species macroscopic model

In this subsection, we derive formally macroscopic eq (4) from the kinetic descriptions of indi-
vidual motion of bacteria [19-21]. This motion is a succession of run and tumble phases as
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observed in [14]. During the run phase, bacteria move in straight lines and change their direc-
tion during the tumble phase. The Othmer-Dunbar-Alt model (see [1, 22, 23]) gives the mathe-
matical description of the individual behavior. It describes the dynamics of the distribution
density f;(x, v, t) of cells at position x € R? at time t having speed v € V, where V is a bounded,
symmetric and rotationally invariant domain of R?. It reads

Of +v-Vf = %/(T,.[S](x, v,V O (x, v, 1) — T[S](x, V', v, t)f.(x, v, £))dV

X e
+ i/V(Tl[N](xﬂ V? vl? t).f;(x7 VI? t) - TI[N](x7 V’) V7 t).f;(x7 V7 t))dvl7 for l = ]‘7 27

where T;[S](x, v, v, 0, T;[N](x, v, v/, £) stand for the amount of bacteria reorienting from the
direction v/ to v under the influence of the chemoattractant and the nutrient. They are usually
called tumbling kernels.

As proposed in [24], we consider that bacteria have a small memory effect allowing them to

sense the chemical concentrations along their trajectory and therefore to respond to gradients
of concentrations. Then the tumbling kernels T;[S] and T;[N] are given by

T,[S] =®,8](8,S+V -V.S),
T[N] =®[N|(O,N+V -V.N),
Let us introduce € the mean free path, i.e. the average distance between two successive tum-

blings, usually £ < 1. When the taxis (e.g. chemotaxis) is small compared to the unbiased
movement of cells, we perform a diffusive scaling (x = ex, f = £t) and get

1 3 X
Ofr 42 Vff =5 [WISOS v VS 0 = VIS0 + v V.S)f (v 1),
14

i

—|—% DIIN](ON + V' - V.N)f(x, v, t)dv' — |V|DI[N](O,N +v- V. N)f (x,v,t).
\'4

Since tumbling kernels are perturbations of constant tumbling rates for E.Coli, we can assume
that

(1+¢;(e0,S+v-V.9)),

OS]0, S+v-V.S) =
(1+e¢) (€, N+v-V.N)),

2
P[NJ(ON +v-V.N) =

where cbf, ¢" are decreasing functions.
We write expansions of f° when £ tends to zero.

ff=f+ef!, fori=1,2.
Plugging these expansions in the equation for f* gives at the order 1/&”

O(x, v, t)dv O(x, t
fio(x’v’t):f‘/f’(|v ) :p1|(‘);7| )’ for i:172,

where | V] is the measure of V. At the order 1/, we get
1 1
f;l = _/ﬁl(x7 V/’ t>dv/ + o (¢f(v : VxSU) + 9{)5\’(1/ : VxNU))ﬁo(xv Vl7 t)dv/
VIJy 2lV]Jy

(0 T8 £ 6 VN ) = Vo
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where S° and N° are leading order terms of asymptotic expansions of respectively S and N and
are solutions to eq (4) for S and N with p;, = p?.
Integrating the equation for f7 over V yields the following conservation equation for

p; = fvﬁgdv
1
8t/ffdv+—v- (/vffdv) =0.
v € v

From the asymptotic analysis carried out before, we have that

/ff(x7 v, t)dv — p)(x,t).

v

Since V'is a symmetric bounded domain, we have the convergence of the scaled first moment

1 vie(x, v, t)dv — | v (x,v, 1)
) /

with
/Vvﬁ(x,v,t)z—(/ RS VS(’)dv) (x, £) — (/ S vzv())m) (x, 1)
ﬁ; Y, ol(x, ).

We finally obtain the equation for p? in Eq (4). This formal computation has been rigorously
established by part of the authors in [13].

4.7 Parameter estimation

In this part, we discuss the estimation of parameters in the model (4). We use a similar
approach to the one-species model (1) one developped in [9]. Diffusion coefficients Ds, Dy, D,
are measured experimentally (see [14, 25, 26]) whereas the other parameters are fitted thanks
to experimental data.

The fact that the two-species speed formula (7) extends the single-species one Eq (2) leads
us to fit separately parameters y\', 5 and x5, 3.

For the fitting of the couple of parameters (i}, z) for i = 1,2, we use experimental data
on the migration of the pure population i which corresponds to extreme cases (¢,.; = 0 and
¢req = 100%) and carry out the method used for the single-species case in [9].

The double asymmetric exponential profile of bacteria measured by 4.~ (4, > 0,4 < 0)
and the speed g; allow us to obtain i}, V, o as follows

D,(A = 7;)
S _ i i i
Xi - 2 9
N gy DU
2
s —A A

Parameters D, D;, x}, xV, o are found in Table 1.
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Results

In this section, we prove several technical results. It is written to provide the details of the
proofs and can be skipped by less mathematically oriented readers.

5.1 Proof of the result Eq (12) on the signs of 9, S and 9, N

We prove that: if p; and p, are pulses, then S is also a pulse and we have

9,S>0, forz<O0,
0,S<0, forz>0.

and

O,N >0, forzeR.

Let us prove this result. Eq (15) says that S = Kx(p;+p,). Since p; decays to zero at infinity,
we conclude that S also decays to zero at infinity. The equation for S in Eq (4) also implies that
S’ admits a limit at infinity. This limit has to be zero otherwise S would not have a limit at infin-
ity. Since limits of S are equal to zero at infinity, S’ vanishes at least once. Without loss of gener-
ality, let us suppose that §' vanishes at z = 0 if not, we can do a translation in z. Differentiating
the equation for S in Eq (4) yields

—00,8 =D0_,(S) —aS +9,p, + 0,p,
Since p; is a pulse, we have that 0, p; is positive in (—00, 0). We get that
—00,S —D0,S +aS >0 in (—00,0).
Consider u = -5, then u satisfies
—00,u— D0 u+au<0, (—o0,0).

Multiplying this equation by #*: = max(1,0) and integrating by parts yields

0 0 0
—o/ 6zu+u++DS/ 8zu+2—|—oc/ u? <.

Since the first term is zero
0
| o = (@ =0,

we get

D, /0 (azu+)2+a/0 (") <0,

00 o}

Since we have the sum of two nonnegative terms, this implies that

We have proved that 4™ = 0 for z € (—o0, 0) which by definition d of u means that 9, S > 0.
By a similar argument, we show that 9, S < 0 for z € (0,00).
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Now, we prove that 9, N > 0. By using the same technique, we can show that p;, i = 1,2 and
N are positive. Denoting u = —0, N and using the positivity of p; and N gives that

—ou— Dy >0, in (—o0,00).

By multiplying by u™ and integrating by parts, one has

+o00
0'/ (u*)? <0 which implies that O.N > 0, in (—o0, —00).

oo

5.2 Detailed computation of S’(0)

In this part, we provide missing computations of S, S, ¢;, h;, which are used to derive the dis-

persion relation (7) in the Results section.
5.2.1 Computations of §” , S".. From the definition of K Eq (16), K’ reads

21 4D 2+ 4D
SR VAt ) Y A VA s 0 P
2D, 2D, 2D, 2Dq

4

2D 2D 2D, 2D,

We have

0 —0+/0? + 4oDg [° \/02 + 4Dy
/ K'(x)p,(—x)dx = pf”Ts/ exp (—%x —l—Tsx — Alx | dx.
= N N N

o0 —00

It follows that

0 —0+4/ 02 +4aDy 5 iD 0
/ K'(x)p,(—x)dx = pM ———22_ x lexp( id VO D )] :
- i+ —00

R . = p; 7J+\/02+TDS _Q_sz_‘_Qisz_k"x
A
We conclude that
0 —0 + /0% 4 4aD
K'(x)p,(—x)dx = pM S .
[oc @ ~) A—— \/0> + 4aDs — 2DA;

In the same way, we can prove that

+oo o+ +/c% + 40D
| K@ -ade = v s
0 —0 — /0% + 40Dy — 2D,
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Finally, $" and S, read

0
S = [ K2+ i),
o —0 + /0% + 40D, " —0 + /0% 4+ 4oD;
- —0 + /0% + 4aDg — 2Dy P —6 + /0% + 4aDg — 2Dy);
5. = [ K@ () + pi(-0)is
0
o 0+ /0% + 4aDq 4 oM 0+ /0% + 4aDq
Py

- —0 — /0% + 4aDg — 2DgA;

—¢ — /o + 4aD — 2DsA;

5.2.2 Computations of c; and h;. Coefficients ¢; are defined in Eq (17)

¢=(-0+
+(o+
Expanding ; yields

02 4+ 4aDg)(—0 — y/0* + 4aDy)

¢=(-0+

+2Dy(6 — /02 + 4uD)A; — 2Dg(0 +

Recalling expressions of /.

we can write

¢, = 2Dy(g — /02 —|—4ocDS){

Xi_

)

After simplification, we obtain

D
¢ = —435(}511." — 0)y\/0% + 4aDg + 4

We now compute the functions 4; defined by:

The expansion of h; leads to

h(o) = (-0 — \/o* + 40D;) (-0 +
+2DgA (0 4 /02 + 4oDy) + 2Dy,

o, + 4ocDS) (—G
o2 + 4aDy) (—0 +

—2Dg(0 + /a2 + 4och){

— /0> + 4aDg — 2DyJ.] )
02 + 4oDg — 2D ).

02 4 4oDg)(—0 + /0* + 4aDy)

02 + 4aDy) ;.

+ (0 +

W4y —o
D,
Ay iy
D.

i

w—o_un
D, DJ

1 1

Dy

s
1 0.
D Zi

i

7) (—a + /0% + 4aDg — 2Ds),i+).

h(o) := (—a — /0% + 4aDg — 2D,

02 + 4aDy)

(0 — /0% + 4aDy) + 4D22} 2] .
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Straightforward computations give
2
D§ N D§ S < Ds N 2 S\2
h(o) = —4och+4B‘J(Xi —0)— 43‘)(1.\/62 + 4aD; + 4 o (0 —0) = (1))
i i P

We obtain after further simplifications

D . (D D D
o) =40 (e 1) o (1-20) — Vo B+ () - () - D).

1

5.3 Complete analysis of traveling pulses

In this part, we detail the study of the dispersion relation presented briefly in subsection. We
suppose the existence of traveling pulses, which implies the double exponential shapes of p; as
given in Eq (14) with

W —ag+ys

v e =l -r<o<d 4y
At _X,-—U—X;<O
1 Dlp

The non-emptiness of the intersection of I; and I, in assumption Eq (6) is the first condition to
have the existence of traveling pulses. This gives the interval to which o must belong. The dis-
persion relation will be studied in this interval. For ¢ in this interval, 4. is positive and /" nega-
tive, then

h,(o) = (a —+/o*+4aD; — 2Ds/11.> <0' + /0% + 4oD;

<0

21%2?) <0.

>0
Moreover,

0= (=50 =) -0 —a) >0
Therefore,

_ 16D, (1) = (' = 0)" (o)
1605 (18)" = (Y — 0)" (o)

H(o)

We recall the dispersion relation (7) obtained in the section Results,

o ¢red N S o
+ Ho)| (60— ) +ts—F/————=
/o2 + 4och> 1— ¢, (o) (( %)+ 1 /6% T daD. 4och>

Denote g; the map o+—— (o — V) + 15 \/+—1D defined over I,. Then g; is an increasing map
o2 +4aDg

((a—x’f) + 1

, 4oDy

: — 14 > 0.
(&) (°) (62 + 4aDy)+/0? + 4D
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Moreover,
' /fv - /zs S
s =) =0+ 3 % <0,
(N = 15)” + 4aDq
<1
s %+ s

s +x) =1+ 2 (i
(¥ +27)" + 4aDy

By a monotonicity argument, there exists a unique o; € I, such that gi(¢;) = 0. This corresponds
to the individual speed of subpopulation i.

From the hypothesis that subpopulation 2 moves faster than subpopulation 1, we have
01 < 0, From the dispersion relation (7), g;(0) and g,(0) are of opposite signs. Thus, from the
monotonicity of g;, we deduce that

o€ (a,,0,).
Putting together the two conditions, we get
o€ (0,0,)N(I,NL).
If the two following conditions hold

Xlzvf}f;%I]ﬁIQ

= (6,,0,) N (I,NL) = (a,, 1) + 7).
O_2¢11012 (1 2) (1 2) (1 1 1)

The dispersion relation (7) is equivalent to

where G is defined by

1D, 81(0) hy(0) (Xi)Z - —o

G(0) = = 4D, (@) I(0) () = (1 — o)

Since 0, ¢ (I,NL,), we have x) + y3¢ (I, N I,) and the denominator of G does not vanish
on[o,, 75 + x\]. We conclude that the function G is a bounded, positive and continuous func-
tion on [g,, 5 + xV]. Thus, G attains its maximum over [g,, 75 + xV'], denoted 1*, and we have
that

¢ d * * }‘*
__Tred <« i = < — .
1 _ ¢n,d — ¢red — ¢red 1 + ix

This leads to the following conclusion

o g < ¢r; =  Existence of a speed o satisfying the dispersion relation (7)

o g > 05, =  Non-existence of a 0.

Acknowledgments

We thank V.Calvez, D.Lopez, J.Saragosti and P.Silberzan for numerous discussions and their
help in setting up the experiments.

PLOS Computational Biology | DOI:10.1371/journal.pcbi. 1004843  April 12,2016 20/22



B PLOS | Suryanonat

Traveling Pulses for a Two-Species Chemotaxis Model

Author Contributions

Conceived and designed the experiments: AB CG. Performed the experiments: AB CG. Ana-
lyzed the data: AB CE LNdA NV. Contributed reagents/materials/analysis tools: AB CE LNdA
NV. Wrote the paper: AB CE LNdA NV. Conceived the research project: AB CE LNdA NV.
Developed and studied the mathematical model: CE LNdA NV. Supervised the Research: AB
LNdA NV.

References

1.

10.

1.

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

Saragosti Jonathan, Calvez Vincent, Bournaveas Nikolaos, Perthame Benoit, Buguin Axel, and Silber-
zan Pascal. Directional persistence of chemotactic bacteria in a traveling concentration wave. PNAS,
108(39):16235-16240, 2011. doi: 10.1073/pnas.1101996108

Adler Julius. Chemotaxis in bacteria. Science, 153(3737):708-716, 1966. doi: 10.1126/science.153.
3737.708

Berg HowardBudrene Elena. Dynamics of formation of symmetrical patterns by chemotactic bacteria.
Nature, 6(376), 1995.

Keller Evelyn Fox and Segel Lee Aaron. Traveling bands of chemotactic model: A theoretical analysis.
J.Theor. Biol., 30(2):235-248, 1971. doi: 10.1016/0022-5193(71)90051-8 PMID: 4926702

Keller Evelyn Fox and Segel Lee Aaron. Model for chemotaxis. J. Theor. Biol., 30(2):225-234, 1971.
doi: 10.1016/0022-5193(71)90050-6 PMID: 4926701

Hillen Thomas and Painter Kevin. A user’s guide to PDE models for chemotaxis. J. Math. Biol., 58(1—
2):183-217,2009.

Tindall Marcus, Maini Philip, Porter Steven, and Armitage Judith. Overview of mathematical
approaches used to model bacterial chemotaxis. II. Bacterial populations. Bull. Math. Biol., 70
(6):1570-1607, 2008. doi: 10.1007/s11538-008-9322-5

Perthame Benoit. Transport equations in biology. Frontiers in Mathematics. Birkhduser Verlag, Basel,
2007.

Saragosti Jonathan, Calvez Vincent, Bournaveas Nikolaos, Buguin Axel, Silberzan Pascal, and
Perthame Benoit. Mathematical description of bacterial traveling pulses. PLoS Comput. Biol., 6(8):
1000890, 12, 2010. doi: 10.1371/journal.pcbi.1000890

Ronald A. Fisher. The genetical theory of natural selection. Clarendon Press, 1930.

A. N. Kolmogorov, |. G. Petrovski, and N. S Piskunov. Etude de I'équation de la diffusion avec crois-
sance de la quantité de matiere et son application a un probléme biologique. Bulletin Université d’Etat
de Moscou (Bjul. Moskowskogo Gos. Univ.), Série internationale, pages 1-26, 1937.

Xia Yang and Whitesides George. Soft lithography. Angewandte Chemie, 37:550, 1998. doi: 10.1002/
(SICI)1521-3773(19980316)37:5%3C550::AID-ANIE550%3E3.3.CO;2-7

Emako Casimir, Neves de Almeida Luis, and Vauchelet Nicolas. Existence and diffusive limit of a two-
species kinetic chemotaxis model. Kinet. Relat. Models, 8:359-380, 2015. doi: 10.3934/krm.2015.8.
359

Berg Howard. E. coli in Motion. Biological and Medical Physics, Biomedical Engineering. Springer,
2004.

Casimir Emako-Kazianou, Jie Liao, and Vauchelet Nicolas. Synchronising and non-synchronising
dynamics for a two-species aggregation model. submitted.

Francois James and Vauchelet Nicolas. Numerical methods for one-dimensional aggregation equa-
tions. SIAM J. Numer. Anal., 53:895-916, 2016.

Horstmann Dirk and Stevens Angela. A constructive approach to traveling waves in chemotaxis. J.
Nonlinear Sci., 14(1):1-25, 2004. doi: 10.1007/s00332-003-0548-y

Nagai Toshitaka and lkeda Tsutomu. Traveling waves in a chemotactic model. J. Math. Biol., 30
(2):169—-184, 1991. doi: 10.1007/BF00160334

Othmer Hans and Hillen Thomas. The diffusion limit of transport equations. |l. Chemotaxis equations.
SIAM J. Appl. Math., 62(4):1222—1250 (electronic), 2002. doi: 10.1137/S0036139900382772

Chalub Fabio, Markowich Peter, Perthame Benoit, and Schmeiser Christian. Kinetic models for chemo-
taxis and their drift-diffusion limits. Monatsh. Math., 142(1-2):123—-141, 2004.

Hwang Hyung Ju, Kang Kyungkeun, and Stevens Angela. Drift-diffusion limits of kinetic models for che-
motaxis: a generalization. Discrete Contin. Dyn. Syst. Ser. B, 5(2):319-334, 2005. doi: 10.3934/dcdsb.
2005.5.319

PLOS Computational Biology | DOI:10.1371/journal.pcbi. 1004843  April 12,2016 21/22


http://dx.doi.org/10.1073/pnas.1101996108
http://dx.doi.org/10.1126/science.153.3737.708
http://dx.doi.org/10.1126/science.153.3737.708
http://dx.doi.org/10.1016/0022-5193(71)90051-8
http://www.ncbi.nlm.nih.gov/pubmed/4926702
http://dx.doi.org/10.1016/0022-5193(71)90050-6
http://www.ncbi.nlm.nih.gov/pubmed/4926701
http://dx.doi.org/10.1007/s11538-008-9322-5
http://dx.doi.org/10.1371/journal.pcbi.1000890
http://dx.doi.org/10.1002/(SICI)1521-3773(19980316)37:5%3C550::AID-ANIE550%3E3.3.CO;2-7
http://dx.doi.org/10.1002/(SICI)1521-3773(19980316)37:5%3C550::AID-ANIE550%3E3.3.CO;2-7
http://dx.doi.org/10.3934/krm.2015.8.359
http://dx.doi.org/10.3934/krm.2015.8.359
http://dx.doi.org/10.1007/s00332-003-0548-y
http://dx.doi.org/10.1007/BF00160334
http://dx.doi.org/10.1137/S0036139900382772
http://dx.doi.org/10.3934/dcdsb.2005.5.319
http://dx.doi.org/10.3934/dcdsb.2005.5.319

@' PLOS | soMpuTaTioNAL
NZJ : BIOLOGY Traveling Pulses for a Two-Species Chemotaxis Model

22. Othmer Hans George, Dunbar Steve, and Alt Wolfgang. Models of dispersal in biological systems. J.
Math. Biol., 26(3):263—298, 1988. doi: 10.1007/BF00277392

23. Alt Wolgang. Biased random walk models for chemotaxis and related diffusion approximations. J.
Math. Biol., 9(2):147—-177, 1980. doi: 10.1007/BF00275919

24. Dolak Yasmin and Schmeiser Christian. Kinetic models for chemotaxis: hydrodynamic limits and spa-
tio-temporal mechanisms. J. Math. Biol., 51(6):595-615, 2005. doi: 10.1007/s00285-005-0334-6

25. Hanna Salman, Zilman Anton, Loverdo Claude, Jeffroy Marie, and Libchaber Albert. Solitary modes of
bacterial culture in a temperature gradient. Phys. Rev. Lett., 97:118101, Sep 2006. doi: 10.1103/
PhysRevLett.97.118101

26. Berg Howard. Random walks in biology. Princeton University Press, 1993.

PLOS Computational Biology | DOI:10.1371/journal.pcbi. 1004843  April 12,2016 22/22


http://dx.doi.org/10.1007/BF00277392
http://dx.doi.org/10.1007/BF00275919
http://dx.doi.org/10.1007/s00285-005-0334-6
http://dx.doi.org/10.1103/PhysRevLett.97.118101
http://dx.doi.org/10.1103/PhysRevLett.97.118101

