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Abstract

AU : Pleaseconfirmthatallheadinglevelsarerepresentedcorrectly:How can we figure out how the different microbes interact within microbiomes? To combine

theoretical models and experimental data, we often fit a deterministic model for the mean

dynamics of a system to averaged data. However, in the averaging procedure a lot of infor-

mation from the data is lost—and a deterministic model may be a poor representation of a

stochastic reality. Here, we develop an inference method for microbiomes based on the idea

that both the experiment and the model are stochastic. Starting from a stochastic model, we

derive dynamical equations not only for the average, but also for higher statistical moments

of the microbial abundances. We use these equations to infer distributions of the interaction

parameters that best describe the biological experimental data—improving identifiability

and precision. The inferred distributions allow us to make predictions but also to distinguish

between fairly certain parameters and those for which the available experimental data does

not give sufficient information. Compared to related approaches, we derive expressions that

also work for the relative abundance of microbes, enabling us to use conventional metagen-

ome data, and account for cases where not a single host, but only replicate hosts, can be

tracked over time.

Introduction

Numerous studies have shown how important the microbiome is for their hosts, ranging from

development to health [1,2]. The promise of manipulating the microbiome relies on having

understood the ecological and evolutionary processes operating on it [3]. Although metage-

nomics studies have widely characterized microbiome samples [4], their connection to mathe-

matical models and eco-evolutionary theories lags behind. Part of the gap is explained by an

intrinsic difficulty in analyzing microbiome data [5], in particular, the inverse problem of

robustly inferring model parameters—and thus interactions between microbes—from data.

Despite this difficulty, researchers have striven to enable the widespread use of parameter

inference software in microbiome studies [6,7]. Pioneering work using linear regression to
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infer interactions of the linearized Lotka–Volterra model [8] showed that matching the micro-

biome composition dynamics does not imply matching the true value of interactions in simu-

lations [5]. This apparent contradiction stems from 2 challenges. First, in some models the

value of individual parameters can not be told apart; this structural identifiability problem

occurs even for infinite noiseless data [9]. Remien and colleagues showed, for example, that a

Lotka–Volterra model of relative abundances is only locally identifiable; thus, without absolute

abundance data, interactions can not be uniquely inferred in their deterministic model [10].

Second, as Cao and colleagues [5] discuss extensively, the fact that data is incomplete and the

high dimensionality of the parameter space limit inference in practical ways. In addition, mea-

surement noise of data makes the inference problem more challenging. There are indications

that stochastic models, which track more statistical information than deterministic models,

can overcome these challenges to some extent [11]. Using stochastic modeling, parameters

were successfully inferred in systems biology [9,12] and cancer studies [13].

Here, we combine Bayesian inference—where probability distributions are inferred for the

parameter values [14]—and stochastic modeling (akin to [9,12,13]) to improve parameter

inference in microbiome studies. We propose a computational workflow that goes from

microscopic transition rates in a mathematical model—describing ecological and evolutionary

events (such as birth, migration, mutation, or speciation)—to macroscopic dynamics of the

statistical moments of microbiome composition [9,12,13], see Fig 1. This Bayesian inference

workflow, which naturally bypasses known limitations of linear regression (i.e., point value)

inference [5], is sufficiently flexible to test different mathematical models and microbiome

samples while quantifying the parameter uncertainty stemming from data limitations (Fig 1C),

including measurement noise. We use 2 classical ecological models—logistic growth and the

Lotka–Volterra model—to illustrate its application on data sets describing absolute or relative

abundances of microbes. For the relative abundance models, we show that our workflow over-

comes non-identifiability of communities with a small number of types, enabling parameter

inference from conventional metagenome data. The workflow outlined here bridges a gap

between microbiome data and theoretical modeling by addressing fundamental and practical

aspects to infer microbial interactions.

Results

Developing an inference workflow

We propose a parameter inference workflow grounded on a mechanistic description of the

dynamics of absolute abundances in a microbiome (Fig 1C). For simplicity, let us define a vec-

tor n, where each element corresponds to the population of a microbial type. We can write

down microscopic transition rates T describing changes in the microbiome composition of

one host, n, to other compositions n0, given the set of parameters θ,

Tðn! n0Þ ¼ f ðn; θÞ: ð1Þ

Now, instead of tracking the microbiome composition n in a single host, we can describe

how the probability of a microbiome composition n in an ensemble of hosts P(n, t), changes

with time,

@Pðn; tÞ
@t

¼
X

n0
Pðn0; tÞTðn0 ! nÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

probability influx to n

�
X

n0
Pðn; tÞTðn! n0Þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

probability outf lux from n

: ð2Þ
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This expression, called the master equation [15], allows us to compute statistical information

about the microbiome composition beyond its mean behavior. Here, the probability influx and

outflux terms indicate an increase or decrease in the probability of composition n caused by tran-

sitions from and to other microbiome compositions (n0). Therefore, the dynamics of the micro-

biome depend on the ecological and evolutionary processes contained in the transition rates.

Using the master equation, we derive equations for the statistical moments of the micro-

biome composition in an ensemble of hosts—namely, the product of the master equation by a

variable of interest (gk, where k is an identifying index) summed over all possible microbiome

compositions n,

dhgki

dt
¼
X

n

gk
@Pðn; tÞ
@t

: ð3Þ

Fig 1. Parameter inference workflow proposed and microbiome data properties. (A) Mathematical models serve as a link between parameters and data.

Either to simulate biological processes or to infer parameters from data. (B) Longitudinal sampling of the same hosts or an ensemble of them are used to obtain

datasets. (C) Workflow from microscopic rates of a model and experimental data to inference of parameters values by ABC. The microscopic rates describe

possible eco-evolutionary events (such as birth, migration, mutation, or speciation), leading to macroscopic patterns (statistical moments of abundance). Data

sets describe absolute abundances (counts) or relative abundances (frequencies) of microbes. To quantify the probability of parameter values given a data set,

prior knowledge about the parameters is updated to a posterior distribution based on the agreement of the model with the data. Note that because the model

describes the dynamics continuously, no correlation between time points is needed. Figure created in BioRender.com under a CC-BY-NC-ND license.

https://doi.org/10.1371/journal.pbio.3002913.g001
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This is a way to average a variable from the model. For example, computing the average

abundance of microbial type i implies setting gk = ni. If we set gk = ninj, we obtain an equation

for the co-moment of microbial types i and j. The resulting equations describe the expected

macroscopic dynamics of the microbiome: tracking a large stochastic system without an explo-

sive computational burden. Now, to extract sufficient statistical information from the model

we can derive several of these equations, even as many as the number of free parameters. For

example, in a Lotka–Volterra model with S microbial types, there are S growth rates and S2

intra- and inter-specific interactions, amounting to S + S2 parameters. We could derive S + S2

equations to match the number of parameters, including, S equations for the first moments

hnki, S for the second moments hn2
ki, and S(S—1) for the co-moments hnknli and covariances

hnk,nli (see the Methods). Note that each equation can depend on the vector of other moments,

i.e., hgki = f(hgi,θ,t). While in some models moments will depend on moments of equal or

lower order (“closed equations”), in others they will depend on even higher order moments,

leading to an infinite system of interdependent equations. Because closure is required to solve

any system of equations, we illustrate how to approximate higher-order moments in the Meth-

ods. Note that in spite of the large system of equations to solve, our approach exploits the fact

that, except from “closed equations,” many equations are linear thus quickly solved by conven-

tional ODE solvers. Here, we presented only the generic derivation of the workflow; a step-by-

step derivation from microscopic rates up to second-order moments for a logistic growth and

the Lotka–Volterra models can be found in the Methods. Such models include conventional

ecological events, such as growth, death, immigration, and direct and indirect interactions.

We now have the elements to infer the parameters θ from microbiome data. The focus now

switches to the fitting method, with 2 possibilities: likelihood-based methods such as Markov

Chain Monte Carlo (MCMC) [16] or likelihood-free methods such as Approximate Bayesian

Computation (ABC) [17] which use the dynamical equations instead. Here, we opt for ABC as

true likelihoods of stochastic models can rarely be derived [14]; however, MCMC assuming a

pseudo-likelihood (e.g., a Gaussian likelihood) can be a promising alternative to optimize

computational efficiency. The idea of ABC is to identify feasible parameters values by compar-

ing the data to dynamical model predictions [14]. Specifically, for any given set of parameters

values θ, a distance metric between the numerical solution of the equations for the moments,

hgki, and the equivalent moments from data, �gk, is estimated, e.g.,
X

k

X

i

j hgkiðhgi; θ; tiÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

model solution

� �gkðtiÞ|ffl{zffl}

data

j; ð4Þ

for the Euclidean distance (the effect of rescaling some moments is shown in S1 Fig), where the

sum over i refers to the data points, and the sum over k refers to the different moments. If this

distance is smaller than a threshold ε, the set θ is considered to be a valid parameter estimate.

By testing sets of parameters sampled according to an expectation—the prior distribution—and

recording those below the threshold ε, a posterior distribution of the parameters reflecting the

uncertainty of the inference can be obtained (Fig 1C). With a smaller threshold ε, this posterior

can become the new prior and the process can be iterated to narrow down the parameter distri-

butions. This method is called Approximate Bayesian Computation—Sequential Monte Carlo

(ABC-SMC). We show how to choose prior distributions of the parameters in Tables 3–5.

Properties of microbiome data

Given a microbiome data set of abundances with replicates, all statistical moments �gk can be

estimated from it. Concretely, this is done by averaging the variable of interest gk, over all
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replicates in each specific time point (Fig 1C). For example, for gk = ni the replicates of ni are

summed over and divided by the number of replicates, while for gk = ninj, the products of ni

and nj for each replicate are computed, then summed over and divided by the number of

replicates.

Microbiome data is nowadays typically produced by metagenome sequencing. Convention-

ally, for technical reasons, metagenomics only quantifies the relative abundanceAU : PerPLOSstyle; italicsshouldnotbeusedforemphasis:Hence; allitalicizedwordshavebeenchangedtoregulartextthroughoutthearticle:of each micro-

bial type in a sample (Fig 1C) [18]. More recently, some studies have measured absolute

numbers of culturable [19] and non-culturable microbes in samples [20]. We call these counts

absolute abundances.

Our former equations only track moments of absolute abundance, hgki. As Gloor and col-

leagues [18] show, inferring parameters from relative abundance (xk) data using these would

lead to spurious correlations (Fig 2A and 2B). To find equivalent expressions for the statistical

moments of relative abundance, we define nS�∑j nj, the total microbiome population, and the

dynamical equation for its first moment, hnSi, to be used as a scaling factor. A transformation

to moments of relative abundances, hγki, is given by

dhgki
dt
¼ f hγi; hnSi; θ; tð Þ: ð5Þ

Because relative abundance data sets lack information about the scaling factor, its initial

condition, �nSð0Þ, must be inferred as a free parameter, one parameter more than for absolute

abundance data. This scaling factor can be the quantity of interest sometimes [21]. Note that

because the relative abundances add up to one, ∑k xk = 1, the number of independent equations

for the microbial types decreases by 1, but the number of parameters per type remains. A

detailed derivation of transformations to relative abundance for a logistic growth and the

Lotka–Volterra models is shown in the Methods.

While some studies track the microbiome of the same host over time, in many microbiome

studies, replicate hosts are sampled at different time points and pulled together to produce a

single time series (Fig 1B). This is the case when hosts are sacrificed while sampling as in

experimental studies of Drosophila melanogaster, Caenorhabditis elegans [22], and Hydra vul-
garis [19,23]. In contrast to deterministic models, the workflow shown here can deal with

hosts pulled together as it accounts for stochastic demography. Concretely—akin to the con-

cept of biological replicates—if the parameter values and initial conditions are the same in

each host sampled, we can account for their emerging demographic differences, i.e., expected

differences in microbiome composition resulting from a stochastic reality.

Finally, our workflow does not make assumptions about the experimental technology to

obtain microbial abundance data. However, it is important to be aware of potential biases

introduced while obtaining and preprocessing raw data [24].

The advantages of our workflow for inference

Deriving dynamical equations for the moments is more cumbersome than writing down deter-

ministic equations. Nevertheless, the additional effort pays back on inference in at least 2 ways:

1. Firstly, the dynamics of the moments use more information contained in the data, increas-

ing the chance of estimating the true parameter values (Fig 3).

2. Secondly, the larger number of equations and their structural differences can improve the

structural identifiability of the parameters, guaranteeing that for infinite noiseless data their

unique value can be known.
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Using identifiability software, Browning and colleagues [9] showed that parameters can

turn identifiable when dynamical moments are considered. Such gain depends on the com-

bined effect of the number of equations, sampled time points, and latent (non-measured) vari-

ables. We used GenSSI [25], a Matlab package that uses series and tableaus to test the

Fig 2. Inferring true parameters from simulated data. (A, B) Time series comparison between simulations (dots, derived from only 4 replicates) and

equations for the statistical moments (lines) of absolute (nk) and relative abundance (xk) sharing true parameters (found in Tables 1 and 2). Two models with 3

microbial types (S = 3) were tested, (A) logistic growth with immigration and death 3S + 1 = 9 parameters and (B) Lotka–Volterra S + S2 = 12 parameters.

Inferred parameter posteriors from the relative abundance are compared to true parameters (dashed lines) and priors (black distributions). All microbial types

shared the same priors (Tables 3 and 4). (C) The inferred interactions for the Lotka–Volterra model resembled the true interactions, qualitatively (arrowheads)

and quantitatively (arrow thickness), with various certainties (grayscale, defined by the ratio of SD of posterior to prior). (D) For both data sets, the most

probable model was identified correctly. The settings for the inference are listed in Table 6 (a.u. = time units are determined by the rates, see Tables 1 and 2).

Networks on the left of A and B were created in BioRender.com under a CC-BY-NC-ND license. The data underlying this figure can be found in https://doi.

org/10.5281/zenodo.13958305.

https://doi.org/10.1371/journal.pbio.3002913.g002
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identifiability of a model (Fig 2 and Methods). Its expansion of the dynamical model around

sampled points to extract the information available of the parameters is one of the most used

methods for nonlinear systems [26,27]. We found that for absolute abundance, Lotka–Volterra

is globally identifiable, while logistic growth has finite possible values, thus, locally identifiable.

The relative abundance models retained these identifiability categories, improving the local

identifiability reported for a deterministic Lotka–Volterra model [10].

Overall, statistical moments can improve structural identifiability [9], narrowing down the

success of inference to the properties—quality and amount—of the data. In the following, we

illustrate this practical aspect with guarantees of improved identifiability and inference of

parameters from absolute and relative abundance microbiome data.

Fig 3. Outcome comparison of our workflow and linear regression of the deterministic Lotka–Volterra model. We inferred all parameter values (Table 2)

from simulated absolute abundance data as in Fig 2. While our workflow used the same setup of Fig 2, the linear regression method was based on [8] without

time-dependent perturbations or regularization. Our Bayesian workflow successfully “locates” the true parameter values, along their uncertainty, even if the

linear regression method does not. The initial parameters guess for linear regression was close to the true value (1.5 for growth rates, and −10−4 and 0 for intra-

and inter-specific interactions). For our workflow, we used the same parameter priors of Fig 2, summarized in Table 4. The data underlying this figure can be

found in https://doi.org/10.5281/zenodo.13958305.

https://doi.org/10.1371/journal.pbio.3002913.g003
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Inference from simulated and empirical data

We tested our inference workflow in 2 ways. Firstly, we inferred parameters from simulated

relative abundance data (Fig 2) to compare each inferred value to their true known value. Our

approach, with three microbial types, proved successful in models with and without inter-spe-

cific interactions, namely, data from Lotka–Volterra and logistic growth simulations. In fact,

in contrast to linear regression using a deterministic model [8] our approach “located” the true

Lotka–Volterra interaction values every time (Fig 3). The uncertainty of the parameters

reflected the limitations of the data, e.g., death rates being more uncertain as a result of data

only tracking a growth phase (Fig 2A). Beyond parameter values and certainty, we were able to

identify the correct data-generating model each time. Importantly, only 6 time points and only

4 replicates were included in each data set, a realistic scenario for experimental studies.

Measurement noise can increase the uncertainty of inferred values. To test our workflow,

we inferred parameters from simulated Lotka–Volterra data with increasing amounts of noise

(Figs 4 and S2). Although noise can be influenced by many factors [24], we focused on a case

where a shared noise distribution affects each microbial type at each time point. Inferring

parameters from relative abundance data led to larger uncertainty than inferring from absolute

abundance data. However, in both cases, uncertainty was reduced by having more replicates

and/or time points (Fig 4), with the number of time points having a stronger effect.

The encouraging results from simulations led us to apply our inference workflow to experi-

mental data. We used for this a thoroughly measured time series of replicates with a small

number of microbial types: the absolute abundance data of OMM12—a reduced mice micro-

biome [28] (Fig 5). Such data set tracks the growth of microbes in the gut from a germ-free

state. We used the logistic growth model, which describes transient and equilibrium stages, to

illustrate our approach. The inferred posteriors suggested the growth rates of Akkermansia
muciniphila, Bacteroides caecimuris, Bifidobacterium longum, and Muribaculum intestinale to

be most certain, with average doubling times ranging from hours to days. Meanwhile, except

from B. caecimuris, the average death and immigration rates were less certain, ranging from

�4 �105 to 1.4 �106 cells per day. Most of the certainties obtained from empirical data (Fig 5)

are smaller than those from simulations (Fig 2), highlighting the limits of the model tested and

inference from noisy, empirical data. However, in each case, we obtained a set of parameters—

capturing interactions between microbes—with some level of certainty. Our results point to

selection as the ecological driver of the OMM12 dynamics, despite a possible compatibility of

this data with a neutral hypothesis once it has reached steady state [29]. In this case, neutrality

would imply that the parameter posteriors overlap between all microbial types, which is not

the case (Fig 5).

Discussion

Our work is motivated by the goal of understanding how microbes interact and the need to

quantify the uncertainty of parameters (interactions) inferred from microbiome data.

Although point-value inference methods have been used previously [8], several issues limit

their quantitative application, restricting them to recreate qualitative patterns of data [5]. A

major issue is that models often have more parameters than equations [5,8,30], limiting the

information to constrain the large number of interactions to infer. We propose a solution by

deriving equations for the statistical moments of the microbiome composition—even as many

as the number of parameters—to make better use of the information contained in the data.

Supporting this idea, statistical moments have improved inference from molecular [12] and

cancer data [13]. Browning and colleagues [9] found that statistical moments improve the

structural identifiability of parameters in simulations, which we confirmed for logistic growth
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and Lotka–Volterra models of absolute and relative abundance [10]. Our approach is driven

by a mechanistic spirit, where microscopic rates must be written down first, based on hypo-

thetical mechanisms and stating assumptions. As opposed to approaches where analytic solu-

tions—or expensive stochastic simulations—are needed, here, a numerical solution is

sufficient to quantify the distance between equations and data, despite the large number of

parameters, microbial types, and population size [17]. This allows our workflow to handle

diverse models, where formal model comparison is possible [12,17].

The workflow is not limited by the properties of the microbiome abundance data [18]. As

we have shown, analyzing data sets describing the relative abundance of microbial types—even

if the total absolute abundance is dynamic [30]—is possible. Such is the nature of metagenomic

sequencing data—the most common method to characterize microbiomes [5]. In addition, by

tracking statistical moments of the microbiome, our approach naturally accounts for the

diverse types of experimental samplings, such as those where ensembles of hosts are used to

Fig 4. Effect of data measurement noise on the uncertainty of an inferred Lotka–Volterra parameter. We inferred all parameters from simulated data as

shown in Fig 2 (see Table 2). For simplicity, we show the effect of noise on a single parameter with true value I3,2 = −4.1 � 10−5 (dashed line). The effect on all

parameters is shown in S2 Fig. We simplified the nuances of empirical noise [24] assuming a scenario where all microbial abundances are affected

proportionally. Concretely, a uniform noise distribution was shared among all microbial types and constant through time. For low noise, data could be altered

by up to ±5%, while for medium and high noise, by up to ±10% and ±20%. Noise was sampled independently for each microbial type at each time point,

affecting the absolute abundances from which relative abundances were computed. (A) A larger number of replicates and/or time points help reduce the

increased uncertainty caused by noise. In particular, the number of time points has a stronger effect than the number of replicates. (B) The uncertainty

obtained from relative abundance data is consistently larger than from absolute abundance. Still, more replicates and/or sampling time points help to reduce

the uncertainty. The data underlying this figure can be found in https://doi.org/10.5281/zenodo.13958305.

https://doi.org/10.1371/journal.pbio.3002913.g004
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Fig 5. Inferring parameters from empirical data. The parameters of a logistic growth with immigration and death model were inferred from a mouse dataset.

The Oligo-Mouse-Microbiota (OMM12) data set [28] tracks a 12-species defined mice microbiome (S = 12), where the absolute abundances in the same

individuals were sampled from feces 11 times over 99 days. (A) We analyzed the first 21 days where 4 replicates are available, we show here the abundance of all

12 types averaged over the 4 replicates. We use the underlying data to infer the parameters of a logistic growth model with growth, death, and immigration,

with in total S + S2 = 156 moments used for the inference. (B) Of the 3S + 1 = 37 parameters inferred, we show only the posteriors of the 5 most certain ones

(defined by the ratio of SD of posterior to prior as a relative comparison of the certainty gained between parameters). All microbial types shared the same

uniform priors (black lines, Table 5) to have a fair measure of the parameter uncertainty reduced. (C) The parameters inferred for each species varied widely

with various certainties. For the shared carrying capacity, we found an average N� 1.45 � 107 bacterial cells, ±3.49 � 105 cells, and uncertainty of 0.0582. A

system of 156 equations was solved (S = 12 first moments and S2 = 144 second moments and co-moments). The settings for the inference are listed in Table 6.

The data underlying this figure can be found in https://doi.org/10.5281/zenodo.13958305.

https://doi.org/10.1371/journal.pbio.3002913.g005
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obtain a single time series. Concretely, compared to other methods, we track the demographic

variation between hosts explicitly and assign the remaining variation to external “environmen-

tal” noise. Measurement noise can be incorporated using knowledge about its distribution,

including: shape, dynamics, and how each microbial type is affected [9,10,13]. Missing this

information, we did not consider a noise model for the OMM12 data set. However, we showed

that parameter uncertainty from simulated noisy data could be reduced by increasing the

number of time points first, or the number of replicates second. Still, other considerations

including the interval between time points and capturing the transient dynamics could be

important to overcome the effect of noise in empirical data. For example, having more repli-

cates might be more beneficial for nearly steady-state dynamics.

Our workflow assumes that samples originate from the same environmental and initial con-

ditions. To date, such replicates are more easily obtained in laboratory conditions [28]. How-

ever, antibiotics, microbiome transplantations, or other perturbation treatments could be

explored as means to force the generation of replicates. Alternatively, models of higher taxo-

nomic levels, where microbial compositions are more similar [24], could be written.

Although by design, our workflow deals with common longitudinal (time series)—even

sparse—data, analyzing a single time point (snapshot) is in principle possible. For example, if

the microbiome composition is assumed to be at a steady state, the inference method’s aim is

to find parameters making the dynamical equations for the moments equal to zero. This does

not mean that the moments are zero, but that their rate of change is. This differs from quasi-

steady data, which is common in microbiome studies [31,32], but less informative than non-

steady data. However, single time points are not expected to be as effective as multiple time

points. As our results illustrate, given the various sources of uncertainty, non-steady data leads

to better parameter inference, in particular, those time intervals of “high activity” where many

compositional changes occur [5]. As Cao and colleagues [5] proposed, several of these intervals

could be analyzed simultaneously to improve the inference.

Bayesian inference can suffer the curse-of-dimensionality in large and diverse systems

[17]. By combining statistical moments readily solved numerically and data of sufficient

quality, we believe our workflow can overcome this to some extent, exploring the parameter

space in a feasible time. Physical and biological constraints can focus the parameter explora-

tion further [33]. We implemented an Approximate Bayesian Computation with Sequential

Monte Carlo in our workflow using tools from the Python package pyABC [34] (Table 6).

Other optimizations, or combinations with methods such as Markov Chain Monte Carlo

[16], could greatly improve its wider application [14]. As proof-of-principle, we applied our

workflow to 2 simulated relative abundance datasets and recovered the true parameter val-

ues. We also applied it to a reduced microbiome in mice [28], where we estimated values

and certainties of parameters describing logistic growth, a quantitative characterization of

the microbes in situ. Our contribution builds towards the aim of developing tools to enable

the widespread use of parameter inference in microbiome studies, where large progress has

been made (see, e.g., [6,7]).

Although Lotka–Volterra and logistic growth are meaningful ecological models to investi-

gate first, other alternatives can be tested as well. For example, a model of logistic growth with

linear environmental noise, different from our demographic-noise-only model, suggests that

environmental perturbations determine many properties of the microbiome composition

[31,32]. Despite only considering time-independent pairwise interactions, our workflow can

incorporate higher-order interactions [35], as well as time-dependent [36] or time-delayed

interactions [37] in the transition rates. Even multilayer networks [38], i.e., assorted interac-

tions, can be modeled as we illustrate separating positive and negative interactions in a Lotka–

Volterra model. Similarly to the model comparison between Lotka–Volterra and logistic
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growth in our results, contrasting alternative models could point to the underlying mecha-

nisms operating in microbiomes.

In summary, we presented a Bayesian inference workflow bridging microbiome

data to theoretical modeling. We used the ability of stochastic models to track statistical

quantities beyond mean behaviors [9,11–13], enabling us to exploit useful information con-

tained in dynamical data. This workflow can be facilitated by existing automated software

to derive statistical moments from dynamical models [39]. By inferring from data sets of

microbial absolute and relative abundances, we showed its robustness—identifying likely

interactions and certainty of parameters in simulated and empirical data. Because mecha-

nistic rates serve as stepping stones of the workflow, similar microscopic models could

replace the 2 classical ecological models that we illustrated—including experimentally

informed models.

Methods

Derivation of dynamical equations for the microbiome moments

To track the statistical moments of a model, e.g., average, variances, and co-variances, we have

to account for the stochasticity of events. Thus, describing the probability of microbiome com-

positions is needed. The change in probability of each microbiome composition is described

by the master equation,

@Pðn; tÞ
@t

¼
X

i

Pðnþ ei; tÞTðnþ ei ! nÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

influx from states niþ1

þ
X

i

Pðn � ei; tÞTðn � ei ! nÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

influx from states ni � 1

�
X

i

Pðn; tÞTðn! nþ eiÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
outflux to states niþ1

�
X

i

Pðn; tÞTðn! n � eiÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
outf lux to states ni � 1

;

ð6Þ

where n is the vector of absolute microbial abundances, and ei is the amount of change, a vec-

tor with one in the i-th entry and zero otherwise.

Dynamical equations for the statistical moments can be obtained from the master equation

by multiplication and subsequent summation; e.g., for the first moment hnki, equivalent to the

average, we have

dhnki

dt
¼
X

n

nk
@Pðn; tÞ
@t

¼ . . .
X1

nk¼0

. . . nk
@Pðn; tÞ
@t

; ð7Þ

where for clarity, we make summations more explicit. For the second moment hn2
ki, we have

dhn2
ki

dt
¼
X

n

n2

k
@Pðn; tÞ
@t

¼ . . .
X1

nk¼0

. . . n2

k
@Pðn; tÞ
@t

; ð8Þ

and for the co-moments hnknli,

dhnknli

dt
¼
X

n

nknl
@Pðn; tÞ
@t

¼ . . .
X1

nk¼0

X1

nl¼0

. . . nknl
@Pðn; tÞ
@t

: ð9Þ

For models with a finite carrying capacity, the upper sum limit is changed to a finite

number.
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Logistic growth with immigration and death

Let us exemplify the former steps with a logistic growth model. Similarly to Allouche and col-

leagues [40], let us define the microscopic transition rates for one microbial population i,

T n! nþ eið Þ ¼ fini þmið Þ
N �

P
j nj

N
ð10aÞ

T n! n � eið Þ ¼ �i
ni

N
; ð10bÞ

where N is the maximum number of microbes in a host (shared carrying capacity), fi is the

maximum growth rate, and ϕi and mi are the death and immigration rates for each type i. We

assume small death rates ϕi (Table 1), following the typical logistic growth concept, where only

birth occurs. But, in addition, close to ∑j nj� N death occurs. In such limit, the model resem-

bles a death-birth process where the microbial abundances (n) slowly move towards an equi-

librium less influenced by the initial abundances but more by the rates of birth, death, and

immigration [41].

Now, we illustrate how to derive dynamical equations for the moments. Let us start with

the first moment,

dhnki

dt
¼ . . .

XN� 1

nk¼0

. . . nkPðnþ ek; tÞTðnþ ek ! nÞ

þ . . .
XN

nk¼1

. . . nkPðn � ek; tÞTðn � ek ! nÞ

� . . .
XN

nk¼0

. . . nkPðn; tÞTðn! nþ ekÞ

� . . .
XN

nk¼0

. . . nkPðn; tÞTðn! n � ekÞ

þ . . .
XN

nk¼0

XN� 1

ni¼0

. . . nk

X

i6¼k

Pðnþ ei; tÞTðnþ ei ! nÞ

þ . . .
XN

nk¼0

XN

ni¼1

. . . nk

X

i6¼k

Pðn � ei; tÞTðn � ei ! nÞ

� . . .
XN

nk¼0

XN

ni¼0

. . . nk

X

i6¼k

Pðn; tÞTðn! nþ eiÞ

� . . .
XN

nk¼0

XN

ni¼0

. . . nk

X

i6¼k

Pðn; tÞTðn! n � eiÞ;

ð11Þ

Table 1. Parameters in simulated logistic growth with immigration and death (Fig 2A). The growth and death rates as well as the immigration parameters were only

chosen for illustration, thus, time units are arbitrary. We used a relatively small population size for simplicity. However, larger population sizes can be easily tested.

Microbial type Growth fi Death ϕi Immigration mi Shared carrying cap. N Initial pop. size

i = 1 0.5 100 2,000 105 2,800

i = 2 0.8 130 4,000 105 1,400

i = 3 1.4 160 3,000 105 700

https://doi.org/10.1371/journal.pbio.3002913.t001
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where the first 4 lines describe birth or death of a microbe of type k and the last 4 lines describe

birth or death of a microbe of type i different from k. Note that by definition at the boundaries

Pðnþ ei; tÞjni¼N ¼ 0 and Pðn � ei; tÞjni¼0 ¼ 0, so their summation indices go up to ni = N– 1,

or start from ni = 1, respectively.

After appropriate transformations of variables to only deal with P(n,t) and re-indexing, we

obtain

dhnki

dt
¼ . . .

XN

nk¼0

. . . ðnk � 1ÞPðn; tÞTðn! n � ekÞ

þ . . .
XN

nk¼0

. . . ðnk þ 1ÞPðn; tÞTðn! nþ ekÞ

� . . .
XN

nk¼0

. . . nkPðn; tÞTðn! nþ ekÞ

� . . .
XN

nk¼0

. . . nkPðn; tÞTðn! n � ekÞ

þ . . .
XN

nk¼0

XN

ni¼0

. . . nk

X

i6¼k

Pðn; tÞTðn! n � eiÞ

þ . . .
XN

nk¼0

XN

ni¼0

. . . nk

X

i6¼k

Pðn; tÞTðn! nþ eiÞ

� . . .
XN

nk¼0

XN

ni¼0

. . . nk

X

i6¼k

Pðn; tÞTðn! nþ eiÞ

� . . .
XN

nk¼0

XN

ni¼0

. . . nk

X

i6¼k

Pðn; tÞTðn! n � eiÞ:

ð12Þ

Note that the last 4 terms reduce to zero, and that at the boundaries Tðn! n � ekÞjnk¼0 ¼

0 and Tðn! nþ ekÞjnk¼N ¼ 0, which allows including nk = 0 and nk = N in the summations.

Simplifying, we find

dhnki

dt
¼ . . .

XN

nk¼0

. . . Pðn; tÞðTðn! nþ ekÞ � Tðn! n � ekÞÞ; ð13Þ

and substituting the transition rates T(n!n+ei) and T(n!n−ei) from Eqs (10) leads to

dhnki

dt
¼ fk hnki �

X

j

hnknji

N

 !

þmk 1 �
X

j

hnji

N

 !

�
�k

N
hnki: ð14Þ

For other moments and models similar derivations can be done.

For the second moment, we find

dhn2
ki

dt
¼ . . .

XN

nk¼0

. . . ð1þ 2nkÞPðn; tÞTðn! nþ ekÞ

þ . . .
XN

nk¼0

. . . ð1 � 2nkÞPðn; tÞTðn! n � ekÞ;

ð15Þ
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which after substituting T(n!n+ei) and T(n!n−ei) from Eqs (10) reduces to

dhn2
ki

dt
¼ fk hnki �

X

j

hnknji

N
þ 2 hn2

ki �
X

j

hn2
knji

N

 ! !

þmk 1 �
X

j

hnji

N
þ 2 hnki �

X

j

hnknji

N

 ! !

þ
�k

N
hnki � 2hn2

ki
� �

:

ð16Þ

For the co-moments, we find

dhnknli

dt
¼ . . .

XN

nk¼0

XN

nl¼0

. . . nlPðn; tÞTðn! nþ ekÞ

þ . . .
XN

nk¼0

XN

nl¼0

. . . nkPðn; tÞTðn! nþ elÞ

� . . .
XN

nk¼0

XN

nl¼0

. . . nlPðn; tÞTðn! n � ekÞ

� . . .
XN

nk¼0

XN

nl¼0

. . . nkPðn; tÞTðn! n � elÞ;

ð17Þ

which after substituting T(n!n+ei) and T(n!n−ei) from Eqs (10) leads to

dhnknli

dt
¼ fk þ flð Þ hnknli �

P
j

hnknlnji

N

� �

þmk hnli �
X

j

hnlnji

N

 !

þml hnki �
X

j

hnknji

N

 !

�
�k þ �l

N
hnknli:

ð18Þ

Because each equation depends on even higher moments, e.g., dhnknli/dt depends on

hnknlnji, it is not possible to solve this system of equations without additional assumptions.

However, one can find approximate expressions, where lower moments replace higher

moments. For example, hn2
knji and hnknlnji are approximated as functions of the lower

moments: hn2
ki; hnknli, and hnji. This technique, called moment closure approximation, leads

to a closed system of ODEs and we use it in our approach. Various approximations stemming

from numerical observations, physical considerations, or heuristics have been used with great

success [42], and are available in automated software tools (e.g., MomentClosure.jl [39]).

Kuehn [42] makes a thorough review of this technique. Here, we illustrate the approximation

of third-order moments as the product of one co-moment and one moment,

hnknlnji�hnknlihnji. The key of our approximation lies on the covariance of a pair of microbes

and a single microbe being close to zero, hnknl,nji�0, with 3 possible ways to distribute k, l,
and j. We used hnknlnji�hnknlihnji and hn2

knji � hn2
kihnji all along. The validity of our approxi-

mation can be tested by checking the covariances hnknl,nji of the experimental data set, choos-

ing a different approximation otherwise [42].
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Lotka–Volterra

Now, for a model with intra- and inter-specific interactions, let us define the transition rates,

Tðn! nþ eiÞ ¼ niðfi þ
X

j

Ai;jnjÞ ð19aÞ

Tðn! n � eiÞ ¼ ni

X

j

Bi;jnj; ð19bÞ

where A and B are positively defined matrices containing the interactions, satisfying Ai,j = 0 if

Bi,j > 0, and Bi,j = 0 if Ai,j > 0. Ecologically, while interactions in A promote growth, those in B
lead to death. Note that interactions (i,j and j,i) can be asymmetrical. Finally, fi is the intrinsic

growth rate.

For the first moment, similarly to Eq (13), we have

dhnki

dt
¼ . . .

X1

nk¼0

. . . Pðn; tÞðTðn! nþ ekÞ � Tðn! n � ekÞÞ; ð20Þ

which after substituting T(n!n+ei) and T(n!n−ei) from Eqs (19),

dhnki

dt
¼ fkhnki þ

X

j

Ak;j � Bk;j

� �
hnknji; ð21Þ

takes the form of the conventional, deterministic Lotka–Volterra equations for the abundance

with growth rate fk and interaction matrix Ak,j−Bk,j.

For the second moment, similarly to Eq (15)

dhn2
ki

dt
¼ . . .

X1

nk¼0

. . . ð1þ 2nkÞPðn; tÞTðn! nþ ekÞ

þ . . .
X1

nk¼0

. . . ð1 � 2nkÞPðn; tÞTðn! n � ekÞ;

ð22Þ

which after substituting T(n!n+ei) and T(n!n−ei) from Eqs (19) leads to

dhn2
ki

dt
¼ fkðhnki þ 2hn2

kiÞ

þ
X

j

ðAk;j þ Bk;jÞhnknji þ 2
X

j

ðAk;j � Bk;jÞhn
2

knji:
ð23Þ

For the co-moments, similarly to Eq (17), we derive

dhnknli

dt
¼ . . .

X1

nk¼0

X1

nl¼0

. . . nlPðn; tÞTðn! nþ ekÞ

þ . . .
X1

nk¼0

X1

nl¼0

. . . nkPðn; tÞTðn! nþ elÞ

� . . .
X1

nk¼0

X1

nl¼0

. . . nlPðn; tÞTðn! n � ekÞ

� . . .
X1

nk¼0

X1

nl¼0

. . . nkPðn; tÞTðn! n � elÞ;

ð24Þ
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which after substituting T(n!n+ei) and T(n!n−ei) from Eqs (19) reduces to

dhnknli

dt
¼ fk þ flð Þhnknli þ

X

j

Ak;j � Bk;j þ Al;j � Bl;j

� �
hnknlnji: ð25Þ

As previously, a moment closure approximation is required to solve the system of equa-

tions. We used hnknlnji�hnknlihnji and hn2
knji � hn2

kihnji.

From absolute to relative abundance

The former equations account for the change in absolute abundance. To focus on relative

abundance data, we define the relative abundance as follows:

xk ¼
nkP
j nj
; ð26Þ

and

nS ¼
X

j
nj; ð27Þ

to serve as a scaling factor. Thus,

nk ¼ xknS: ð28Þ

Let us find the transformation to relative abundances for the first moment. Using the defi-

nition of the covariance hxk; nSi ¼ hxknSi � hxkihnSi, such that hxknSi ¼ hxkihnSi þ hxk; nSi,
we have

dhnki

dt
¼

dhxknSi
dt

¼ hnSi
dhxki

dt
þ hxki

dhnSi
dt
þ

dhxk; nSi
dt

:

ð29Þ

Rearranging, the transformation is given by

dhxki

dt
¼

1

hnSi
dhnki

dt
� hxki

dhnSi
dt
�

dhxk; nSi
dt

� �

: ð30Þ

For second-order moments, we use that hxkxln2
S
i ¼ hxkxlihn2

S
i þ hxkxl; n2

S
i and approxi-

mate hn2
S
i � hnSi

2
. Then, using the chain rule

dhnknli

dt
¼

dhxkxln2
S
i

dt

¼ hnSi
2 dhxkxli

dt
þ 2hxkxlihnSi

dhnSi
dt
þ

dhxkxl; n2
S
i

dt
:

ð31Þ

Rearranging, the transformations are given by

dhxkxli

dt
¼

1

hnSi
2

dhnknli

dt
� 2hxkxlihnSi

dhnSi
dt
�

dhxkxl; n2
S
i

dt

� �

; ð32Þ
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and

dhx2
ki

dt
¼

1

hnSi
2

dhn2
ki

dt
� 2hx2

kihnSi
dhnSi
dt
�

dhx2
k; n

2
S
i

dt

� �

; ð33Þ

where the differential equation for hnSi is given by

dhnSi
dt
¼

dh
P

j nji

dt
¼
X

j

dhnji

dt
: ð34Þ

A close look at the dynamics of the covariances shows their contribution is negligible in

large populations. To see this, let us write

dhxk; nSi
dt

¼ . . .
X1

nk¼0

. . .
nk

nS
� h

nk

nS
i

� �

nS � hnSið ÞP nþ ek; tð ÞT nþ ek ! nð Þ

þ . . .
X1

nk¼0

. . .
nk

nS
� h

nk

nS
i

� �

nS � hnSið ÞP n � ek; tð ÞT n � ek ! nð Þ

� . . .
X1

nk¼0

. . .
nk

nS
� h

nk

nS
i

� �

nS � hnSið ÞP n; tð ÞT n! nþ ekð Þ

� . . .
X1

nk¼0

. . .
nk

nS
� h

nk

nS
i

� �

nS � hnSið ÞP n; tð ÞT n! n � ekð Þ

þ . . .
X1

nk¼0

X1

ni¼0

. . .
nk

nS
nS � hnSið Þ

X

i6¼k

P nþ ei; tð ÞT nþ ei ! nð Þ
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after the appropriate transformations of variable to only deal with P(n,t) and re-indexing, we
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Note that if nS � 1; nS � 1 � nS, then, if either nk� 1, such that nk±1�nk or
nS � hnSi

nS
� 0,

the terms from the previous equation simplify, leading to

dhxk; nSi
dt

� 0: ð37Þ

Similar arguments lead to conclude that,

dhxkxl; n2
S
i

dt
� 0; ð38Þ

and

dhx2
k; n

2
S
i

dt
� 0: ð39Þ

These approximations of the covariances are sensible in microbiomes, where nS,nk�1 is

often the case. Moreover, in the infinite population limit, covariances must be zero.
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Putting all together, the approximated change of the first moment of relative abundance in

large populations is given by
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while for the second moments of relative abundance
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and
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ð42Þ

As Joseph and colleagues [30], we see that the second term of each equation serves as a “cor-

rection factor” due to the fact that relative abundances must add up to one at all times. Finally,

to solve these equations in terms of relative abundances only, changes of variable such as

hnii � hxiihnSi; hninji � hxixjihnSi
2
, etc., are needed all along. These approximations are

valid in large populations, where the covariance between relative abundance terms and nS are

comparatively much smaller than the product of their averages.

True parameters in simulations

Tables 1 and 2 contain the parameters used to simulate data.

Inference settings

Tables 3–5 contain the probability priors for the inference of simulated and experimental data.

Table 6 contains the settings for the inference of all data.

Table 2. Parameters in simulated Lotka–Volterra (Fig 2B). The interaction parameters as well as the growth rates were only chosen for illustration, thus, time units are

arbitrary. We used relatively small initial populations for simplicity. However, larger initial populations can be easily tested.

Microbial type Interaction Ii,j Growth fi Initial population size

j = 1 j = 2 j = 3

i = 1 −4.8 � 10−5 2.7 � 10−5 −5 � 10−5 0.9 700

i = 2 −2.9 � 10−5 −6.3 � 10−5 3.3 � 10−5 1.7 7,000

i = 3 2 � 10−5 −4.1 � 10−5 −5.4 � 10−5 1.3 12,000

https://doi.org/10.1371/journal.pbio.3002913.t002
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Table 3. Priors for simulated logistic growth with immigration and death (Fig 2A). A combination of uninforma-

tive (uniform) and informative (normal) priors were used for illustration. These priors span a wide range of values to

test the ability of the inference workflow to find the true parameters in simulations (Table 1). Uða; bÞ indicates a uni-

form distribution in the range from a to b. N ða; bÞ indicates a normal distribution with mean a and standard deviation

b.

Parameter Units Prior

Growth fi time−1 Uð0; 2Þ

Death ϕi cells/time Uð0; 200Þ

Immigration mi cells/time N ð3; 000; 1; 000Þ

Shared carrying capacity N cells N ð105; 104Þ

Initial scaling factor �nSð0Þ cells Uð4; 000; 6; 000Þ

https://doi.org/10.1371/journal.pbio.3002913.t003

Table 4. Priors for simulated Lotka–Volterra (Fig 2B). A combination of uninformative (uniform) and informative

(normal) priors were used for illustration. These priors span a wide range of values to test the ability of the inference

workflow to find the true parameters in simulations (Table 2). Uða; bÞ indicates a uniform distribution in the range

from a to b. N ða; bÞ indicates a normal distribution with mean a and standard deviation b.

Parameter Units Prior

Growth fi time−1 N ð1:5; 0:5Þ

Intra-specific Ii,i (cells � time)−1 Uð� 10� 4; 0Þ

Inter-specific Ii,j (cells � time)−1 N ð0; 5 � 10� 5Þ

Initial scaling factor �nSð0Þ cells Uð1:5 � 104; 2:5 � 104Þ

https://doi.org/10.1371/journal.pbio.3002913.t004

Table 5. Priors for logistic growth with immigration and death in empirical mouse data (Fig 5). Available evidence and back-of-the-envelope calculations (marked by

*) were used to propose wide priors. Uða; bÞ indicates a uniform distribution in the range from a to b. N ða; bÞ indicates a normal distribution with mean a and standard

deviation b.

Parameter Units Prior Motivation

Growth fi day−1 Uð0:25; 72Þ cell division from 4 days to 20 min [43]

Death ϕi cells/day Uð0; 2 � 106Þ from 0 to�23 cells/second*
Immigration mi cells/day Uð0; 2 � 106Þ from 0 to�23 cells/second*

Shared carrying capacity N cells Uð1:4 � 107; 1:6 � 107Þ max. number of cells in data [28]

https://doi.org/10.1371/journal.pbio.3002913.t005

Table 6. Settings for ABC-SMC code. These settings were chosen to decrease the computing time, but still robustly minimize the distance between data and model. We

used tools from the Python package pyABC [34], mainly ABCSMC. The maximum number of generations, mismatch threshold (ε) minimum, and minimum ε change

between generations are all stopping criteria (marked by *). LSODA is a numerical solver capable of selectively adapting to the stiffness of a system of differential equations.

NA: not applicable.

Setting Simulations (Fig 2) Mouse data (Fig 5)

Logistic Lotka–Volterra Logistic

Numeric integration method (numpy) LSODA LSODA

ABC-SMC (pyABC)

Calibration samples (to get first ε) 2,000 400

*Max. number of generations 15 10

Accepted samples per generation Adaptive Population Size (CV = 0.4) APS (CV = 0.25)

Samples in first generation 750 2,000

Min. samples per generation 500 500

(Continued)
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Supporting information

S1 Fig. Effect of 2 alternative distance metrics on the inference outcome of the Lotka–Vol-

terra model. We inferred all parameters from relative abundance simulated data as shown in

Fig 2. However, for the distance metric between model and data, Eq (4), statistical moments

were rescaled or not. While for absolute abundance, the second-order moments and co-

moments are naturally larger than the first-order moments, for relative abundance data, the

opposite is true. Rescaling the moments can modify their importance during the inference

process. To test this, we took the square root (of the squared errors) of second-order moments

and co-moments for absolute abundance, and of first-order moments for relative abundance

data. The posteriors of rescaled and non-rescaled moments largely overlap, with non-rescaled

moments (our approach in the other figures) leading to more certainty. The data underlying

this figure can be found in https://doi.org/10.5281/zenodo.13958305.

(TIF)

S2 Fig. Effect of data measurement noise on the uncertainty of inferred Lotka–Volterra

parameters. We inferred all parameters from simulated data as shown in Fig 2. To show the

effect of noise on all parameters, we computed the L-2 norm of relative errors of the parame-

ters (Table 2). We simplified the nuances of empirical noise assuming a scenario where all

microbial abundances are affected proportionally. Concretely, a uniform noise distribution

was shared among all microbial types and constant through time. For low noise, data could be

altered by up to ±5%, while for medium and high noise, by up to ±10% and ±20%. Noise was

sampled independently for each microbial type at each time point, affecting their absolute

abundance from which relative abundances were computed. The data underlying this figure

can be found in https://doi.org/10.5281/zenodo.13958305.

(TIF)
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