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Abstract

Determining network structures that are neither local nor global is an area of
research that has received considerable attention. The study of these intermediate
structures has been primarily concerned with the detection of network communities
but also includes the examination of network roles, core and peripheral structure,
etc. In an increasingly relevant line of research, persistent homology has also been
used to analyze the shape of a network in terms of the network’s cycle structure
and its higher-dimensional analogues. In this work, we bring these two perspectives
together by introducing a non-parametric partition of a network derived from its
persistent homology. This partition, which we call the network’s persistence parti-
tion, is defined using the concept of a persistence surface, assigning to each node
a measure of its individual persistence relative to its position in the network. We
examine the extent to which this partition aligns with standard notions of network
roles defined via combinatorial equivalence. We then compare how persistence
partitions relate to communities and to the core—periphery structure of a network.
Our analysis draws on both real and synthetic networks and demonstrates that
persistent homology can reveal distinctive structural features that are not detected
by conventional methods.

Author summary

The position a node occupies in a network influences quantities such as the
node’s importance, role(s), community affiliation(s), etc. within the network. As
we show in this paper, this position is possible to characterize relative to the
voids and gaps found in the network. Here the voids and gaps refer to places
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left empty by the network’s cycles and their higher-dimensional analogues,
which are the objects of study of persistent homology. To characterize this ho-
mology we introduce the notion of a node’s persistence surface, which reflects
the order in which each network cycle, etc. are encountered as we move away
from the node. Comparing these surfaces naturally leads to a partition of the
network: nodes whose persistence surfaces coincide belong to the same class.
The resulting persistence-based partition is uniquely determined by the choice
of distance function on the network. It provides a way to analyze how a net-
work’s persistent homology induces a node partition, and to compare this with
partitions obtained from other network-science techniques. This includes node
partitions by community, role, core and peripheral structure, etc. Some initial
results and discussion relative to real and synthetic networks are described in
this paper. A node’s position within a network shapes many of its properties,
including its importance, functional role, and potential community or core—
periphery affiliations. In this paper, we show that this positional information
can be characterized in terms of the network’s voids and gaps—regions left
empty by cycles and their higher-dimensional analogues, which are precisely
the structures studied in persistent homology. To capture this relationship, we
introduce the notion of a node’s persistence surface, which records the order
in which the network’s cycles and higher-dimensional features are encountered
as one expands outward from the node. Comparing these surfaces naturally
leads to a partition of the network: nodes whose persistence surfaces coincide
(equivalently, nodes that “see” the same homological features in the same
order) belong to the same class. The resulting persistence-based partition,
which is uniquely determined by the chosen distance function on the network,
provides a principled way to understand how persistent homology induces a
node equivalence relation. This perspective enables direct comparison with
partitions arising from other areas of network science, including those based
on communities, roles, core—periphery structure, and more. In this paper, we
present initial results and examples illustrating how persistence-based parti-
tions behave on both synthetic and real networks.

1 Introduction

Partitioning the nodes of a network based on notions of similarity is a central
theme of network science. These partitions are often used to understand the
community, role, and core-periphery structure of networks, among others. In
community detection a wide variety of approaches exist to partition the nodes of a
network including modularity maximization [1], spectral partitioning [2], and similar-
ity methods [3], as well as other model-based approaches that partition based on
creating synthetic communities. This includes stochastic block models [4], random
geometric graph models [5], etc. Likewise, role-based methods partition networks
into nodes that play similar roles using structural and functional methods including
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both deterministic and stochastic approaches [6—13]. Partitioning a network into its core and peripheral structure
divides a network into its most central vertices and the surrounding layers. Here, approaches range from using cen-
tralities and capacities to modularities, random walks, and reduction methods to determine core-peripheral structures
[14-18].

In a very different but increasingly relevant line of research, persistent homology has been used in network analysis to
analyze the shape of a network in terms of its “voids” or “gaps” [19]. The idea behind persistent homology involves filling
in these gaps while tracking the changes to the network’s structure. These gaps often have useful interpretations in the
application context, and these methods have become widely used in applications such as the analysis of text systems
[20], sensor networks [21], porous material [22], genealogical networks [23], brain networks [24], and others.

In the present work, we combine these two research areas with interesting results. We use local persistent homol-
ogy features of nodes, given by a node’s persistence surface, to place nodes into equivalence classes. This notion of a
persistence surface is one of the main contributions of this paper. It associates to every node a mapping of the node’s
individual persistence relative to its position within the network (see Definition 3). If two nodes have equivalent sur-
faces, they are grouped together creating a nonparametric partition of the network into what we refer to as persistence
partition.

We examine the extent to which a network’s persistence partition aligns with standard notions of network roles, com-
munities, and core—periphery structure. In particular, we compare persistence partitions with measures of combinatorial
equivalence—commonly used in social network analysis—to detect role structure, including structural and automorphic
equivalence. As a natural extension of automorphic equivalence, we consider two additional role-finding notions, equitable
equivalence and latent equivalence, and compare these to persistence equivalence given by the network’s persistence
partition.

We further investigate how persistence partitions relate to community structure and to core—periphery organization.
This analysis draws on examples from genealogical, social, and transportation networks, as well as synthetic benchmarks.
Altogether, we provide an extensive comparison of our homological partitioning framework with these well-established
partition types, highlighting cases in which our approach is finer, coarser, or simply distinct.

In summary, we make the following contributions:

* Introduce the notion of a persistence surface and its use as a tool for determining persistence partitions of general
networks.

» Describe potential applications of persistence partitions in determining the community structure, role structure, and
peripheral structure of a network.

» We prove that persistence, equitable, and latent equivalence each yield partitions that are refined by any partition
induced by automorphic equivalence.

* Report both similarities and differences between standard community structure and persistence partitions, as well as
differences between conventional core—periphery structure and persistence partitions.

The paper is organized as follows. In Section 2, we review the persistent homology of networks, the main tool used to
develop the notion of a persistence partition. In this section we introduce the concept of a persistence surface and pres-
ents the persistence surface algorithm (PSA), which is used to compute a network’s persistence partition. In Section 3,
we formalize the persistence partition as an equivalence relation and compare it with both standard and newly introduced
methods for determining network roles. In the same section, we examine persistence partitions of several real and syn-
thetic networks, highlighting their similarities and differences with community structure and core—periphery organization.
Finally, in Section 4, we summarize our findings and outline several open questions.
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2 Materials and methods

The topology of a network, which is the structure of the network’s connections, is most often represented by a graph. A
graph G=(V,E) is a collection of vertices V ={1,2,...,n} or nodes, where vertex i represents the ith element of the net-
work. The edge set E consists of the edges {i,j} representing an undirected edge between vertices i and j.

More generally, networks can be weighted as well as directed, in the sense that each edge is assigned a weight and/or
direction. However, in this paper we only consider unweighted undirected networks, or networks where all interactions are
considered to have unit weight and no direction. That said, the work presented in this paper can be applied to weighted,
directed, and time-dependent networks in similar fashion. Similarly, although we limit ourselves to shortest paths in this
paper, the method we propose can also be applied using any distance metric on a graph. We leave these extensions to
others as the point of this paper is to lay the groundwork for describing a method of partitioning a network using persistent
homology.

The point of this section is to describe the persistent homology of a network, which will be the main tool we use in this
paper to analyze real-world networks. To introduce the notion of persistent homology we require the following setup.

The distance matrix for a network with graph G = (V,E) is given by D(G) = [d;] where dj = d(i,j) is the length of the
shortest path between vertices i and j. We form a simplicial complex G; for each value § in the distance matrix D(G) as
follows. The set of vertices of G is the set of 0-simplices of Gs. Here, we use the terms 0-simplex and vertex interchange-
ably and index the 0-simplices the same way as the vertices given that the distinction between the vertices and the
O-simplices is purely formal. As such, we may consider G to be a simplicial complex as well as a graph.

We let the edge {i,j} € E be identified with the 1-simplex formed by i/ and j. We note that the simplicial complex Gs may
contain objects that do not have equivalent representatives in the network G, namely the n-simplices for n > 2. For each
integer n > 2, the set of n-simplices in Gs consists of all n-simplices [ap a1 ... a,] such that each a; € V and d(a;, a;) < ¢ for
0 <i<j < n.Inother words, Gy includes an n-simplex o if each vertex listed in ¢ is within a distance § of every vertexin o.

We extend our definition of G4 to include all non-negative integers in order to simplify our remaining definitions. Specif-
ically, let §; be the greatest entry of D(G) such that §; < i for i > 0 and let G; = G,. Our construction of G; along with this
definition ensures the following three important properties hold for all G;.

1. Once a simplex is included for some G;, it is present in all later G;. That is, for i<j, G; C G;.
2. The simplicial complex G, has exactly the same edges and vertices as G so that G C Gj.

3. As the graphs we consider are finite, there is a maximal simplicial complex Gy that contains all other G;. In particular, if
M = max; d(i, j), then for all i, G; C Gy. Furthermore, for i > M, G; = Gy.

Example 1. (Decagonal Theta-Curve Network) Consider the decagonal theta-curve network given by the graph
G=(V,E) formed by adding a single edge between the first and fourth vertices of a decagon (see Fig 1(b)). This network
has the distance matrix

0121234321
1012345432
2101234543
1210123432
2321012343

DO=13 432101234
4543210123
3454321012
2 343432101

123234321 0
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(a) Go (b) G1 (c) G2 (d) G3 (e) G4 (f) G5

Fig 1. The decagonal theta-curve G=G, in Example 1 is sequentially filled in by the graphs G; = (V, E;) as i increases from 0 to 5. This produces
the 1-skeletons of the simplicial complexes G, G,, G,, G,, G,, and G,; shown left to right.

https://doi.org/10.1371/journal.pcsy.0000109.g001

For the values i=0 through i = 5 = max; d(i, j), we form six simplicial complexes G, G, G,, G,, G, and G, where each
G includes vertices V, edges E;, and additional n-simplices as described below. E is empty since no two distinct vertices
are at distance 0. Thus G, consists of exactly 10 vertices and no higher dimensional simplices. For E,, we obtain the 11
edges that are present in the original graph. Furthermore, this network has no trivial cycles (i.e., triangles), so G, contains
no n-simplices for n > 2. Therefore, G,=G. Note that there are two minimal-length cycles that generate the first homology
group of G, denoted H (G), an 8-cycle, n, and a 4-cycle, .. (For details related to this topic see [25] Chapter 2.)

In G, we gain 12 new edges as well as higher-dimensional simplices corresponding to each induced subgraph that is a
complete graph. In particular, the induced subgraph from the vertices of . is complete. Therefore, by construction, . cor-
responds to the trivial element of H1(Gz). In G,, we gain another 12 new edges and other higher-dimensional simplices.
While the vertices of n do not induce a complete subgraph, the G, complex is topologically equivalent to a point, and
therefore 7 is equivalent to the trivial element of H1(G3). G, and G, also gain edges and higher-dimensional simplices, but
these are also topologically equivalent to a point and therefore introduce no new homology features. Since there are no
vertex pairs at distances greater than 5, every subsequent simplicial complex is identical to G,.

Because each G; includes the previous complexes, we can study the original structure of G by looking at how the
homology changes as i increases. The goal is to understand features of the network that persist across multiple val-
ues of . In practice, features that arise from measurement error or random chance typically appear only briefly. The
distinction between brief and not brief can be stated exactly according to the Stability Theorem of Persistent Homol-
ogy (see the Main Theorem of [26]). Roughly speaking, if the error in measuring a network is bounded by some
constant C>0, then the persistent homology of the true network and the persistent homology of the noisy network
will differ by no more than C. Therefore, any feature that persists for more than C values of i must be a feature of the
true network.

Because the G; simplicial complexes are ordered by inclusion, we also have homomorphisms between each H¢(G;j).

If o € H1(Gj,) is not in the image of H4(G,_1), we say it has a birth time a. That is, o has a representative cycle that first
appears in G,. If o € Hi(Gp_4) is nontrivial in H{(Gp_1) and is mapped to the trivial element in H4(Gp), we say it has a
death time b. That is, every representative cycle for o is topologically equivalent to the trivial cycle in each G; with i > b.
In this case, we say that o has a persistence interval [a,b]. If o has birth time a, but is never mapped to a trivial element in
Gi>a, the death time is infinite and the persistence interval is [a, oo). For our purposes, it will suffice to consider the mul-
tiset of persistence intervals for n-cycles as the nth persistent homology group of G, denoted PH,(G). We note that the
persistent homology of G has much more structure, but it is not necessary for our construction in this paper.
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In Example 1 the persistence intervals are given by PHy(G) = {[0, 1] x 9, [0, c0) x 1}, corresponding to the 10 vertices in
no particular order; PH4(G) ={[1,2] x 1,[1, 3] x 1}, corresponding to the 4-cycle, ., and the 8-cycle, n, respectively; and
forn > 2, PH,(G) = 0.

2.1 Equivalence of persistence surfaces

The notion of a network’s persistence curve was recently introduced to study the differences among complex networks
[23]. Here, we build on this concept, introducing the idea of a persistence surface (see Definition 3). The goal is to use
these surfaces to determine a nonparametric partition of the network nodes that respects the network’s homotopic
structure.

2.2 Persistence curves

Definition 1. (Persistence Curves) Let G=(V,E) be the graph of a network with nonempty vertex and edge sets. For each
n € N, consider the set of all persistence intervals, {[a;, bj]|lo; € PHy(G)}. Note that when b; = oo, the interval is half-open:
[aj, bj = 00). Without loss of generality, we order o so that for b; < co, b1 —aj1 < bj—a; and if by = oo then j<k. The
dimension-D persistence curve of PH,(G) is the linear interpolation in R? of the set of points {(b;— a; + n, j)}.

Persistence curves allow us to visualize how many intervals of a given persistence there are in the network. This is
demonstrated in the following example.

Example 2. (Persistence Curves of the Gundangborn Genealogical Network) The Gundangborn network shown in
Fig 2 (left) is a genealogical network consisting of thirty-two individuals where edges indicate either a parent-child or union
relationship [27] (see S1 Text and S1 Data). The dimension-1 persistence intervals of the network are {[1,2] x 1,[1,3] x 1}.
The corresponding cycles are shown in Fig 2 (left) in red and blue, respectively. The intervals are both shown in blue
in Fig 2 (right), with the corresponding birth and death persistence curves in purple and cyan, respectively. The death
persistence curve is constructed by outlining (interpolating) the upper endpoints of the persistence intervals, and the birth
persistence curve outlines the lower endpoints.

2.3 Persistence surfaces

A network’s persistence curve gives us a global picture of its structure, describing how the network’s cycles are
related (or their equivalent higher-dimensional analogs). Starting from a given vertex v € V it is possible to use this
notion to describe the homological structure of the network as one moves farther from v. The result is the local per-
sistence structure of the network as viewed from the point of view of a specific vertex. To define this structure, we
will use the concept of an ego-graph, which allows us to view the network centered at a specific vertex restricted to a
specific radius.

Definition 2. (Ego-Graph) Let G=(V,E) be a network, and let v € V. The ego-graph E,(r) = (V,, &) of G centered at v is
the induced subgraph of G with vertex set V., ={i € V: d(v,i) < 1}, i.e., all vertices reachable by a path of length at most r
from vertex v, and all edges that exist between these vertices in the original network G.

In general, for a network G=(V,E) and a vertex v € V we can always form the sequence of persistence curves for the
ego-graphs E,(0), E,(1), ..., E/(d) = G where d < o is the diameter of the network. If d = oo, i.e., G is disconnected, we
can simply restrict our attention to the graph’s connected components where the diameter is finite. This sequence of net-
works can be used to create a persistence surface of the vertex v in the following way.

Definition 3. (Persistence Surface) Let G=(V,E) be a network of diameter d < oo and let v € V. The persistence sur-
face S,(G) of v is the linear interpolation of all persistence curves of the ego-graphs E,(i) fori=0,1,...,d in this order.

Example 3. (Ego-Graph of the Gundangborn Network) Consider the Gundangborn network G=(V,E) in Fig 2 (left)
with the vertex v € V. In Fig 3 the ego-graphs E,(0), E,(1), ..., E/7) = G are shown from top to bottom on the left-hand
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3 — Births Curve

4 Deaths Curve

—— PH Intervals
2
1

0 0 1 2

Interval Number
Gundangborn Genealogical Network Persistence Intervals

Fig 2. Left: Genealogical network for the Gundangborn of Arnhem Land, Australia consisting of thirty-two individuals (see). The relations are
of two types: either parent-child relations or union relationships but are not distinguished here. The cycles generating the [1,2] and [1,3] persistence
intervals are shown in red and blue, respectively. Right: The dimension-1 persistence intervals {[1, 2] x 1,[1, 3] x 1} and the birth and death persistence
curves for the network are shown in blue, purple, and cyan, respectively.

https://doi.org/10.1371/journal.pcsy.0000109.9g002

side of the left column, where the vertex v is labeled. On the right side of the column are the persistence curves corre-
sponding to each ego-graph, respectively, from top to bottom.

To create the persistence surface S,(G) we arrange the persistence curves along the y-axis, which indicates the ego-
graph radius. The other axes indicate the persistence interval index (x-axis) and the birth or death time (z-axis). This
results in a piecewise linear surface. Note that for a fixed radius r € {0, ..., 7}, the cross-section y=r produces the per-
sistence curve of the ego-graph E(r) at radius r.

In an effort to improve the appearance of the surface, we choose a viewing window of [0, /] x [0, R+ 1] x [0, T+ 1]
where | is the number of persistence intervals in PH,(G), R is the maximum distance from v to any other vertex, and T
is the maximum finite death time of any persistence interval in PH,(G). The process of first creating the ego graphs then
persistence curves, and then the persistence surface is indicated in Fig 3. The result is the persistence surface S,(S)
shown at the bottom right. Note that the purple and cyan colors represent the persistence curves and surfaces created
when using the birth and death times of the persistence intervals, respectively.

To create a vertex partition of the graph G=(V,E) we require the following characterization of a persistence surface in
terms of what we refer to as ledges.

Definition 4. (Persistence Surface Ledge) Let {E\,(r)},d:0 be the set of ego-graphs for a vertex v € V in a network given
by G = (V,E), where d < o is the diameter of G. Let i,i+ 1 € {0, ..., d} be such that the multiset of persistence intervals
present in E, (i) is not equivalent to the multiset of persistence intervals present in E, (i + 1). In other words, the ego-graph
E. (i + 1) contains at least one additional persistence interval more than the ego-graph E,(i). If this is the case a ledge is
formed at radius i+ 1. This ledge is visually represented by a ridge or shelf in the persistence surface at r=i+1.

The sequence of ledges is the list of radii r, ..., r,, at which ledges form as r increases from 0 to d. The sequence
of ledge heights hy, ..., h,, is the death times h; of the longest persistence interval corresponding to the ledge r; for
i=1,...,w.

In dimensions one and two, a vertex’s persistence surface measures a vertex’s relation to the cycles and closed singu-
lar surfaces in the network, respectively, as we move further and further from the vertex. This allows us to incrementally
observe the persistent homology of the network as we increase our distance from a given vertex. Specifically, each ledge
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v e
Y Persistence Curves

Persistence Surface
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Fig 3. Left: The ego-graphs E,(r) for the vertex v in the Gundangborn network (see Fig 2, top) are shown left for r=0,...,7 together with the
corresponding persistence curve, shown right. Following the arrows, the persistence surface S,(G) is constructed by stacking the persistence curves
(see Example 3 for details). The purple and cyan surfaces are the persistence surface created using birth and death times, respectively.

https://doi.org/10.1371/journal.pcsy.0000109.9g003
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at radius r; of the surface corresponds to a different cycle or set of cycles with death-time h;. Since the surface is ordered
in such a way that the radius increases at each step, the ledges occur in order (moving along the x-axis) of the cycles that
become trivial as the radius of the ego-graph increases.

We note that just as persistence intervals belong to a specific dimension, so do persistence curves and persistence
surfaces. To simplify illustrating our method, we consider only persistence surfaces for dimensions one and two in this
paper. The dimension one persistence surfaces of the Gundangborn network are considered in the following example.

Example 4. (Persistence Surfaces of the Gundangborn Genealogical Network) The Gundangborn network
G=(V,E) has |V|=34 individuals each with their own persistence surface Sj(G),i=1,...,34. The surfaces of the vertices

can be grouped according to type (see Fig 4):
i. the surface has two ledges that both remain in line with the top of the surface;

ii. the surface has one ledge; and
iii. the surface has two ledges, the first of which peaks above the top of the surface before dropping back down.

These surfaces suggest that each individual in the network plays one of three roles relative to the network’s persistent
homology within the network corresponding to (i)-(iii). If we color these individuals in (i)-(iii) red, green, and yellow, respec-
tively, the result of this partition is shown in Fig 2 (top). The red vertices see the five-cycle “first,” represented by the first

PH Interval
PH Interval
PH Interval

.5
In, 10
tt‘rvd ¢ Mumth D <
r

20

30 30
25 % 25 % 25 %
20 & 20 & 20 &
0 g 0 g il
15 & i5 E 15 £
10 T 10 X 10 X
05 05 05
0.0 0.0 0.0

0.0 & 00 & 0.0 4 1.6‘&

"’"@i 1Y 5 & ”’fgj, L0 s & ’”‘ei L0 s 2&&@-
iy 0 > 20 0 M Nump, 20 O ¥

”“’"be,- 20

Type-(i) Surfaces (red) Type-(ii) Surfaces (green) Type-(iii) Surfaces (yellow)
Fig 4. Shown left, center, and right are two distinct persistent surfaces for each of the surface types (i)-(iii) of the Gundangborn network con-
sidered in Example 2. Each surface type corresponds to two different vertices in Fig 2 (top) colored red, green, and yellow; respectively.

https://doi.org/10.1371/journal.pcsy.0000109.9g004
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ledge, and then “later” see the larger seven-cycle represented by the second ledge. Each of the green vertices see both
cycles at the same time-step, corresponding to the single ledge of their surfaces. The yellow vertices see the seven-cycle
first, corresponding to the first large ledge, and then later see the smaller five-cycle corresponding to the second ledge.
Thus, the types of persistence surfaces reflect the order in which each vertex first “sees” the cycles in a given network in
terms of distance.

The vertex partition described in Example 4 is relative to the cycle structure or higher-dimensional analogues of the net-
work. In Section 3, we consider how well the elements of this partition align with the standard notions of communities and
roles in real and synthetic networks. In the following, we formalize the method used in Example 4 to partition the vertex
set of the Gundangborn network.

2.4 Persistence surface partitioning algorithm

To formalize the grouping of surfaces described in Example 4 we define an equivalence relation on the set of persistence
surfaces of a network.

Definition 5. (Persistence Partition) Suppose G=(V,E) has vertices i,j € V. The persistence surfaces S;(G) and
Sj(G) are topologically equivalent if they have the same sequence of ledge heights hy, ..., h,,. In this case, we write
Si(G) ~ S{(G). This is an equivalence relation that induces a partition {P1, ..., P¢} of V, where each P; is a collection of
vertices with topologically equivalent surfaces. For fixed dimension D > 1 we refer to this collection (P))%, as the per-
sistence partition of G, where each P; C V is a persistence cell of G.

We refer to the process of finding a network’s persistence birth surfaces and using these to determine the network’s
persistence partition as the Persistence Surface Algorithm (PSA). We use the program Ripser (from the Python package
Ripser) [28] to calculate the persistence intervals of a network given by G=(V,E). Ripser has a computational and spatial
complexity of O((n+m)?®) where n=|V| and m=|E|. Here, the number n+m is the number of network simplices.

Using the Persistence Surface Algorithm requires that we calculate the persistent homology for each ego-graph in the
network, resulting in the Ripser algorithm being run at most d times, where d is the diameter of the network. Because
this is repeated for each node, finding the network’s persistence surfaces has a computational and spatial complexity
O(dn(n+m)3). While this may be prohibitively expensive for large networks, we note that a network’s persistence partition
can be approximated by limiting the size of a vertex’s ego-graph to some maximal radius ry, < d. This yields what may be
viewed as a local persistence partition, whose computation has temporal and spatial complexity O(rynu(ny + my)®) where
ny denotes the maximum number of vertices in an ego—graph E,(r)) over all v € V, and my, denotes the maximum num-
ber of edges among these ego-graphs.

A natural question is whether persistence partitions capture traditional community structure or, alternatively, particular
role structures or core—periphery organization within a network. This is investigated in the following section.

3 Results

In the preceding section, we introduced the notion of a persistence partition and presented the persistence surface
algorithm (PSA) as a means of computing this partition. In the present section, we investigate the relationship between
persistence partitions and both classical and newly developed approaches to role detection—a methodological framework
frequently employed to identify structural roles in social networks (see, for instance, [9,10,13]). To facilitate this compar-
ison, we formalize the concept of persistence equivalence, whereby vertices contained in the same persistence cell are
deemed equivalent, i.e., they occupy an identical role with respect to the network’s persistence structure (see Definition
8). We then compare persistence equivalence with standard equivalence notions, as well as with the new equivalence
relation introduced here—latent equivalence—which extend the classical notion of automorphic equivalence (see Section
3.1). Finally, we analyze persistence partitions produced by PSA for several network models known to exhibit nontrivial
community structure, and we conclude with a detailed examination of persistence partitions for two empirical networks:
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the Zachary Karate Club and the New York City taxi network. For the Zachary Karate Club we also compare its persistent
partition to its core-periphery structure (see Section 3.2).

3.1 Persistence equivalence and role detection

Classical approaches to role detection in social networks are grounded in positional analysis, which seeks to group
vertices (actors) that share similar patterns of relationships with other vertices (actors). These methods partition network
vertices into roles based on various equivalence relations [9,10,13].

More recently, new techniques have been developed that assign roles to vertices using stochastic equivalence and net-
work embeddings. Stochastic equivalence partitions vertices according to a probability distribution: two vertices share the
same role if exchanging them yields a graph with the same distribution. Network embedding methods, in contrast, learn
low-dimensional representations of networks to uncover role structures, employing tools such as low-rank matrix factoriza-
tion, random-walk—based algorithms, and deep learning methods [11].

Among these approaches, the methods most closely aligned with the concept of a persistence partition are those that
define explicit equivalence relations. In each, the vertices of a network G=(V,E) are partitioned into the sets V = (V;)k,
where the vertices in V; are assumed to play the same role for each i =1, ..., k. The principal forms of this type of equiva-
lence are structural equivalence, automorphic equivalence, and regular equivalence, with structural equivalence being the
most restrictive (see [9], for instance).

Definition 6. (Structural Equivalence) For the graph G = (V,E) let T'(v) be the set of neighbors of v € V. Two vertices
u,v € V are structurally equivalent if T'(u) = T'(v).

Since structural equivalence is an equivalence relation, the vertex set V of the graph G=(V,E) is partitioned into equiva-
lence classes Sy, ..., Sk. We refer to this collection (S,'),’-‘=1 as the structural partition of G, where each S; C V is a structural
cell of G.

The second type of equivalence considered in the literature is automorphic equivalence which is related to graph sym-
metries, which are known to be ubiquitous in real-world networks [29]. Symmetries of a graph G=(V,E) can be understood
in terms of automorphisms ¢ : V — V that preserve adjacencies. More intuitively, an automorphism describes how parts of
a graph can be interchanged without affecting the structure of the graph. These parts (i.e., subgraphs) are symmetric and
together with the automorphism ¢ constitute a graph symmetry or vertices that are equivalent with respect to symmetry.

Definition 7. (Automorphism Equivalence) An automorphism ¢ : V — V of a graph G = (V,E) is a permutation of V
such that the adjacency matrix A=A(G) satisfies

Aj = Al
for each pair of vertices i and j. The orbit of a vertex v € V is the vertex set

O(v) = {¢/(v):i=1,2,...tfor ¢ =|¢|}

where 1 is the smallest positive integer such that ¢* is the identity. Vertices in the same orbit are automorphically equiva-
lent with respect to ¢.

If G=(V,E) has an automorphism ¢, the orbits of ¢ partition the vertices of G into the equivalence class of automorphic
vertices A1, ..., Ak. This is referred to as the automorphic partition (A,-)f‘=1 induced by ¢, where each A; is an automorphic
cell of G. As a graph may have many graph automorphisms it may have many different automorphic partitions. Our inter-
est in both structural and automorphic equivalence is whether such vertices are persistence equivalent.

Definition 8. (Persistence Equivalence) For the graph G = (V,E) let (P;)%, be its persistence partition. Vertices in the
same persistence cell P; are said to be persistence equivalent fori=1,2,...k.
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A partition P is a refinement of the partition Q if every cell (element) of P is a subset of some cell (element) of Q. Two
partitions are incomparable if neither is a refinement of the other. It is known that structural equivalence is stricter than
automorphic equivalence meaning that if (4;)%, is an automorphic partition of G then it is a refinement of its structural
partition (Sf=1) [13]. Similarly, automorphic equivalence is stricter than persistence equivalence.

Theorem 1. (Persistence and Automorphic Equivalence) Suppose (A,-)f.‘=1 is an automorphic partition of the graph G.
Then (A)X, is a refinement of the persistence partition (P,)%, of G in any dimension D > 1.

Proof. Let the graph G = (V, E) where the edge set E = {{#(i), o()}|{i, /} € E}. Since Aj = Ay then G= G or Gis
isomorphic to G meaning G is the graph G except the vertices of G have been relabeled. Thus, if ¢(a) = 3 then both
«, B € V have isomorphic ego-graphs E,(r) = Eg(r) for all r > 0. Because the ego-graphs determine the persistence
curves in any dimension D > 1 which in turn determine the persistence surface, then both o € V and 3 € V have the
same persistence surface and are in the same partition element of the network’s persistence partition.

Given that the relation o« ~ j if ¢(«) = S is an equivalence relation on the vertices of V, then all vertices in the same
orbit of ¢ are in the same persistence cell. m

As automorphisms preserve adjacencies between vertices of a graph, Theorem 1 indicates that if two vertices are sym-
metric, then they are structurally indistinguishable via some automorphism. Therefore, each ego-graph of each vertex is
structurally identical, so both vertices have the same persistence surface and are therefore in the same persistence cell.

With this result in mind, we consider two generalizations of symmetries: equitable partitions and latent symmetries.
Equitable partitions have a history of being used in network analysis to partition networks into distinct roles (see, for
instance, [30]). Latent symmetries, however, represent a new class of symmetries that have been recently developed [31]
but have yet to be applied to role analysis.

While classically associated with the spectral properties of a graph [32], equitable partitions have more recently been
connected with dynamical phenomena such as synchronization and network growth [33—36]. The definition is as follows:

Definition 9 (Equitable Partition). An equitable partition of a graph G=(V,E) with adjacency matrix A € {0,1}"*" is a
partition (E;)k, of V with the property that for all a,b € {1,2,...,k}, the sum

ZA” = Sap

JEED

is constant for any i € Ej,.

For a simple graph G=(V,E), an equitable partition can be thought of as dividing the vertices of the graph into the parti-
tion (E;)X, where every vertex in E, has the same number of neighbors in E, for all a,b € {1,2, ..., k}. A graph can have
many different equitable partitions. To define the notion of equitable equivalence we use the a graph’s coarsest equitable
partition, which has the useful property that it is unique for any graph [37].

Definition 10. (Equitable Equivalence) An equitable partition (E;)%, of a graph G is the graph’s coarsest equitable
partition if, for any other equitable partition (Ej’-* f=1 on G, the cell Ej’-* C E; forsome je€ {1,...,Kk}. Vertices in the same cell
E; of the coarsest equitable partition are said to be equitably equivalent.

We refer to the elements of a graph’s coarsest equitable partition as its equitable cells. As shown in [32], every auto-
morphism ¢ : V — V induces an equitable partition. This implies that automorphic equivalence is stricter than equitable
equivalence.

Theorem 2. (Equitable and Automorphic Equivalence) Suppose (A), is an automorphic partition of the graph G.
Then (A,-)ﬁ‘=1 is a refinement of the coarsest equitable partition (E,-)f=1 of G.

Proof. The automorphic partition (A;)%, of G has the property that the set As, ..., A is an equitable partition of G.
Since any equitable partition is a refinement of the graph’s coarsest equitable partition (E;)%, by Definition 10 the result
follows. O
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A second generalization of the notion of a graph symmetry is the notion of a latent symmetry. Latent symmetries are
defined as automorphisms of a network with graph G=(V,E) after it has been transformed via an isospectral reduction.
Isospectral reductions were first developed in [38] and have been used more recently to improve eigenvalue estimates,
determine the dynamic stability of dynamical systems, perform link prediction on real-world networks, characterize
cospectral vertices, etc. (see [39-42]). An isospectral reduction of a graph (matrix) is a transformation that reduces the
size of a graph while preserving its spectral properties, e.g., eigenvalues and eigenvectors (see [43] for a detailed descrip-
tion and further applications).

An isospectral reduction of a graph (matrix) is defined as follows:

Definition 11. (Isospectral Reduction) The isospectral reduction of a matrix M € R"*" over the proper subset
SCN={1,2,...,n} is the matrix

Rs(M) = Mss — Mgg(Mggs — My "Mgg € WISIXIS

where S is the complement of S in N. The isospectral reduction of a graph G=(V,E) with adjacency matrix A over the set
S C Vis defined as the graph Rs(G) with adjacency matrix Rs(A).

In Definition 11 the set W is the set of rational functions in the variable A. The parameter )\ is used because the eigen-
values of the matrix M € R™*" and the smaller reduced matrix Rs(M) € WISIXISI gre typically the same. In order not to
violate the Fundamental Theorem of Algebra, the entries of Rs(G) cannot be scalars but instead are objects that can carry
more information.

Definition 12. (Latent Equivalence) Suppose Rs(G) = (V, £) is an isospectral reduction of the graph G=(V,E). If there
exists an automorphism ¢s : V — V, then the vertices of V that are in the same orbit of ¢s are referred to as latently
equivalent.

The notion of latent equivalence is based on the idea of a latent symmetry described in [31]. It can be shown that latent
equivalence defines an equivalence relation. Moreover, consistent with previous results, automorphic equivalence is
stricter than latent equivalence, at least for the undirected graphs considered here.

Theorem 3. (Latent and Automorphic Equivalence) Latent equivalence defines an equivalence relation on the
vertices of a graph. Furthermore, given an automorphic partition (A;)X, of the graph G, this partition is a refinement of the
latent partition (L;)~, of G.

Proof. Corollary 3.4 of [42] states that two vertices in an undirected graph are latently symmetric if and only if they are
cospectral. As cospectrality is an equivalence relation the result follows. m

Example 5. (Automorphic, Persistent, Equitable, and Latent Partitions) Consider the graph G=(V,E) in Fig 5 shown
in each of the four panels. The graph has the automorphic partition (A,-)?:1, the persistence partition (P,-),?’;1, the coarsest
equitable partition (E;)L,, and the latent partition (L,-),5=1. Vertices in the same cell of a given partition share the same color.
The automophic partition, shown top center, is a refinement of each of the other partitions as guaranteed by Theorems
1-3. As the graph G is a regular graph its coarsest equitable partition is a single set E, =V.

In Fig 5, the latent partition of the graph constitutes a refinement of its persistence partition, which itself refines the
coarsest equitable partition of the graph. This ordering need not hold universally. As illustrated in Fig 6, the persistence
and latent partitions may be incomparable. It remains an open problem to determine whether any nontrivial structural rela-
tions exist among a graph’s persistence, coarsest equitable, and latent partitions, such as those established for automor-
phic and related partitions in Theorems 1-3.

Since structural equivalence is stricter than automorphic equivalence combining this with Theorems 1-3 yields the
following corollary.

Corollary 1. (Role Equivalence and Refinements) For a graph G=(V,E) the automorphic, persistence, equitable, and
latent partitions of G are all refinements of the structural partition of G.
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Automorphic
Partition
Persistence Equitable
Partition Partition Partition

Fig 5. Different partitions of the graph G=(V,E) are shown where vertices in the same cell share the same color for a given partition. Top
Center: An automorphic partition (A,-)?=1 is shown. Bottom Left: The persistence partition (P,-)?=1 is shown. Bottom Center: The coarsest equitable partition
(E)L, consisting of a single cell is shown. Bottom Right: The latent partition (L,-),'-‘s=1 is shown. The automorphic partition is a refinement of each of the
persistence, equitable, and latent partition, respectively (cf. Theorem 1).

https://doi.org/10.1371/journal.pcsy.0000109.9g005

For example, the structural partitions of the graphs in Figs 5 and 6 are trivial: each cell contains exactly one vertex.
Consequently, these structural partitions refine every other partition on their respective graphs. In contrast, in Fig 8 (the
Zachary Karate Club network), the structural partition contains two nontrivial cells, corresponding to the orange and green
vertex sets, respectively.

Finally, it is worth noting that regular equivalence is a relaxation of structural equivalence that defines roles by how
nodes are similarly connected to equivalent types of other nodes, rather than requiring them to be identically connected
[10]. However, we do not consider regular equivalence here, as determining a graph’s regular partition can require knowl-
edge of the roles of each vertex in the graph (see [12], for instance). Because this goes beyond the information provided
by the graph’s topology alone, it falls outside the scope of our analysis.

3.2 Persistence partitions of some synthetic networks

Partitions of real-world networks are often created to detect the community, role, or the core and peripheral structure of a
network. Here our goal is to understand whether the PSA finds the partition structure either found or embedded in two net-
work models. The two models we consider are (i) the degree corrected stochastic block model (DCSBM) and (ii) random
geometric graphs (RGG).

Definition 13. (Degree Corrected Stochastic Block Model) A degree corrected stochastic block model is a model
that creates an undirected graph G=(V,E) with planted clusters. The vertex set V is partitioned into communities Cy, ..., Cx
where a symmetric matrix P = [0, 1] determines the probability Sjj that vertices u € C; and v € C; are connected.

These probabilities are modified by the parameters {0x};-, so that there is a directed edge from vertex u to vertex v with
probability
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Persistence Partition Latent Partition

Fig 6. Left: The persistent partition (P,-),1=11 of the graph G=(V,E) is shown where vertices in the same persistent cell have the same color. Right:
The latent partition (L,-),E1 is shown where vertices in the same persistence cell have the same color. Although the two partitions have the same number
of cells, the two partitions are incomparable.

https://doi.org/10.1371/journal.pcsy.0000109.9g006

P(u—v)=p-0,0,Sj

where p > 0 is choosen such that max,,,(p - 0.0,Sj) = 1. The resulting directed graph is undirected to create the simple
graph G=(V,E).

Example 6. (DCSMB and persistence partitions) Consider the stochastic block model network with two communities
C, and C, where |C1| = |C2| = 50. The probability of edges between vertices of the same community is S11 = Sz2 = .5, and
the probability of edges between communities is Sy, = So1 = .01. We choose each 6, € {1,2,,...,100} uniformly at ran-
dom for each k=1,2,...,100. A realization of this DCSBM is shown in Fig 7 (left). In contrast, choosing each 0y = 1 results
in the standard SMB model. A realization of this SBM is shown in Fig 7 (center) using |C4| = |Cz| = 50, S11 = Sy = .2 and
812 = 821 =.005.

Running PSA in dimension-2 on this network results in the colored persistence partition indicated in Fig 7 (left, center).
What can be seen here, and what happens in general, is that cells of persistence partitions need not belong to either C, or
C, but may have vertices in both.

To understand the extent to which these persistence cells are aligned with DCSBM and SMB communities, i.e., con-
tained within C, or C,, we compare the adjusted mutual information (AMI) score of the persistence cells against the
DCSBM and SMB communities to the AMI scores of one thousand random permutations of the vertex labels against the
DCSBM and SMB communities, respectively.

We find that the persistence cells have an average AMI score of 0.032 for the degree-corrected stochastic block model
(DCSBM), indicating that the relationship between persistence cells and the embedded communities in this model is
negligible. In contrast, for the standard stochastic block model (SBM), we observe an AMI score of 0.37, reflecting a sub-
stantially higher relationship. However, even in this case, the correspondence is only moderate and does not constitute a
meaningful match between the persistence cells and the embedded communities.

Next, we consider random geometric graphs, which are defined as follows.

Definition 14. (Random Geometric Graph) A random geometric graph (RGG) model is a model that creates an undi-
rected graph G = (V, E) where the vertices are randomly sampled from the uniform distribution spanning an underlying
metric space. Vertices are connected by an edge if and only if the distance between them is less than a parameter r>0.
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DCSBM SBM RGG
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Fig 7. Left: A degree corrected stochastic block model (DCSMB) network on two embedded communities C, and C, of size fifty each is shown.
The network has fourteen distinct cells, indicated by node color, which are not always contained in either C, and C,. Center: A stochastic block model
network (SBM) also on two embedded communities C, and C, of size fifty each is shown (see Example 6 for details). The network has sixteen distinct
cells, indicated by node color, which similarly are not always contained in either C, and C,. Right: The four cells in the network’s persistence partition of a
random geometric graph are shown where cells are indicated by color. The larger three cells are non-localized, spreading across the entire network (see
Example 7).

https://doi.org/10.1371/journal.pcsy.0000109.9007

Example 7. (RGG and persistence partitions) In Fig 7, an RGG is shown together with its persistence cells for verti-
ces a placed uniformly in a subset of R?. In this specific realization there are four persistence cells shown as red, purple,
yellow, and two blue vertices are spread throughout the network cutting across the embedded communities, i.e., local
subgraphs with high modularity. This is in contrast to what is typically seen in the SBM model we considered in Example
6. While the precise reason for this is unknown, this indicates that persistence cells can be quite different from standard
communities, and it is an open question as to how the number, size, and distribution of persistence cells depend on the
parameters |V|=n and r>0 in an RGG model.

3.3 Persistence partitions of two real-world networks

Zachary’s karate club is a social network that models the social interactions of members of a karate club. This network
is of particular interest as the club eventually split, with roughly half of the students following the club instructor and the
other half following the club president [44] (see S2 Text and S2 Data). This split is recovered almost exactly by maximizing
the modularity over all two-community partitions (see Fig 8, top left). We refer to these as the instructor community and
president community, which are shown in red and blue, respectively.

The persistence partition of the unweighted Zachary’s karate club also recovers this split to some degree (see Fig 8,
right). In particular, all of the network’s twelve persistence cells except one belong to either the instructor’s community or
the president’'s community. We refer to the exception as the mixed community, which is shown in purple. The president
and instructor each form their own persistence cell, and the other cells form the peripheral structure of the network on the
side of the instructor and/or president. In this way of thinking, each individual performs a specific type of role within the
network relative to the instructor and president. For instance, the individuals in the dark green community interact only
with the president and the second most well-connected individual in the president's community by degree.

To provide a point of comparison, we analyze the network’s core—periphery structure (see, e.g., [16,45,46]). Detection
is performed using the method proposed in [18], which is based on isospectral reduction (see Definition 11). Applying this
method using the criterion that selects all vertices except those with the smallest degree centrality yields the core—periph-
ery structure shown in Fig 8 (bottom right). This procedure identifies seven hierarchical levels. This includes the core
followed by successive peripheral layers, corresponding to the vertices colored red, yellow, purple, orange, green, indigo,
and dark blue. The innermost core (red vertices) contains both the club’s instructor and president, along with several
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Automorphic, Equitable, Latent Partitions Core and Peripherial Structure

Fig 8. Zachary’s karate club is shown both left and right, top and bottom with the club’s instructor and president indicated by v;, and vy,
respectively. Top Left: Maximizing modularity over all two-community partitions results in those shown in red and blue. Top Right: The twelve per-
sistence cells of Zachary’s karate club are shown, indicated by color. Bottom Left: The automorphic, coarsest equitable, and latent partitions of the net-
work are shown; in this case, all three coincide. Colors denote the cells of the partition, with the exception that each blue vertex forms its own singleton
cell. Bottom Right: The core-periphery structure of the network is shown created using isospectral reductions.

https://doi.org/10.1371/journal.pcsy.0000109.9g008

members occupying paths between them. As one moves outward, the peripheral layers expand from these central verti-
ces. This pattern differs substantially from that of the network’s persistence partition resulting in two partitions are incom-
parable. The key difference is that the core—periphery structure is less refined, merging the orange and green vertices of
the automorphic/equitable/latent partition, whereas these are separated in the persistence partition.

Currently, it is unknown whether persistence partitions correspond more to specific roles in real-world networks, to stan-
dard notions of communities, or are better suited for describing core and peripheral structures (cf. the New York taxicab
network, SMB and RGG models, and the Zachary karate club, respectively).

As a second example, the New York taxicabs network G=(V,E) consists of |V| =265 taxi zones or neighborhoods in
New York City where there is an edge {i, j} € E between neighborhoods j and j if there was a taxicab that picked up a
passenger in neighborhood i and dropped them off in neighborhood j [47] (see S3 Text and S3 Data). Here we consider
the edges to be undirected and unweighted, although, as mentioned in the introduction, both directionality and edge
weight could be incorporated into our persistence surface algorithm. For simplicity, we only consider the undirected and
unweighted version of this network, ignoring the directionality and frequency of travel.

The persistence partition of the New York taxicab network is shown in Fig 9, where color is used to indicate each of the
cells. The network itself is not shown, but rather the neighborhood map of New York City. This is to emphasize the fact
that persistence cells are often not spatially connected but are spread throughout the city’s five boroughs. That is, there
are neighborhoods that are distant from one another, but nevertheless see the same types of traffic dynamics. We note
that this interpretation suggests that persistence partitions represent specific transportation roles, as opposed to the more
classical notion of communities, such as the city’s boroughs.

Similarly to Zachary’s karate club, the taxicab’s persistence cells do not appear to represent standard communities,
rather specific types of communities that are more aligned with roles or functions, each determined by structure rather
than modularity. In the context of the New York City taxicab network, this distinction may be useful in the process of
designing and building city roads and other traffic-related infrastructure, as topologically similar regions may experience
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Fig 9. The persistence partition of the New York taxicab network is shown where color is used to indicate each of the cell. The network consists
of vertices representing city neighborhoods and edges indicating whether taxi cabs move passengers from one neighborhood to another. The network
itself is not shown but rather the neighborhood map of New York City is shown to scale. The majority of the ten persistence cells are spread throughout
each of the five New York City boroughs. The base layer of the map can be found at https://d37ci6vzurychx.cloudfront.net/misc/taxi_zones.zip. The data-
set is publicly available under the New York City Open Data Terms of Use: https://opendata.cityofnewyork.us/overview/#termsofuse.

https://doi.org/10.1371/journal.pcsy.0000109.9g009

similar traffic patterns. If a particular infrastructure works well in neighborhood i, we might predict that the same infrastruc-
ture may be useful in region j if neighborhoods i and j are in the same persistence cell.

4 Discussion

In this paper we propose the concept of a persistence surface, which can be constructed for each vertex v € V of a graph
G=(V,E). By grouping vertices according to their persistence surfaces, we create a partition of the graph’s vertices whose
elements or cells form the persistence partition of the graph.

Currently, it is not known how a network’s persistence partition is relate to its community structure that is typically stud-
ied in network science. The two appear correlated at times (see the SBM and Zachary’s karate club examples) and quite
different at others (see the RGG example and New York taxicab network). Similarly, it is unknown whether persistence
partitions are a better approximation of the roles played in a network or a useful method for determining a network’s core
and periphery structure.

With respect to other partitions of a network’s vertices, we show that automorphic partition always refines the per-
sistence partition, as well as the two new partitions introduced here; equitable and latent partitions. Although persistence,
equitable, and latent partitions may sometimes refine one another and may be incomparable in other cases, the precise
relationships among these three partition types remain unknown.
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It is likewise unclear how these new network partitions compare with recent advances in algorithmic network partition-
ing, such as algorithmic probability methods [48] and low-rank, random-walk—based, and deep-learning—based network
embedding methods [11]. A thorough comparison lies beyond the scope of the present work, but we intend to examine
these relationships in a subsequent paper. At present, whether these modern techniques identify structures analogous to
those uncovered by persistence partitions remains an open question.

Supporting information
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(TXT)
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S2 Data. Zachary Karate Club network dataset. CSV file containing the Zachary Karate Club network data.
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