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Abstract

Computational modelling of dynamical systems often involves many free parame-
ters estimated from experimental data. The information gained from an experiment
plays a crucial role in the goodness of predictions and parameter estimates. Opti-
mal Experiment Design (OED) is typically used to choose an experiment containing
maximum information from a set of possible experiments. This work presents a novel
Bayesian Optimal Experiment Design Selection principle for generalised parameter
distributions. The generalization is achieved by extending the S-information gain to
the discrete distributions. The S-information gain is based on what is known as the
Bhattacharyya coefficient. We show that maximising the -information gain is equiva-
lent to maximising the angle between the prior and posterior distributions. We analyt-
ically show, with uniform prior, selecting an experiment that maximises -information
gain reduces the posterior’s uncertainty. Further, we apply the proposed experiment
selection criteria for two realistic experiment designs in systems biology. Firstly, we
use the B-information gain to choose the best measurement method for parameter
estimation in a Hes1 transcription model. The measurement method selected by the
B-information gain results in the minimum mean square error of the parameter esti-
mates. In the second case, we employ the proposed information gained to select an
optimal sampling schedule for the HIV 1 2 LTR model. The sampling schedule cho-
sen by the presented method reduces both prediction and parameter uncertainty.
Finally, we propose a novel method for model selection using -information gain and
demonstrate the working of the proposed method in the model selection in compart-
mental models.
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Author summary

In this work, we present a generalized Bayesian framework for designing infor-
mative experiments and selecting suitable models in biological systems. In
simple terms, our method identifies which experiments or measurements are
most useful in improving parameter estimates and model predictions. The key
idea is based on a new information measure called 8 -information gain, which
uses the Bhattacharyya coefficient to quantify how much knowledge is gained
from an experiment. We show that maximizing this gain is equivalent to reduc-
ing uncertainty and improving model confidence. Through case studies on the
Hes1 transcription model and HIV-1 2-LTR dynamics, we demonstrate how this
approach efficiently chooses the best experiments and sampling schedules. Our
method also provides a novel and interpretable tool for model selection. Overall,
this study provides a practical and computationally simple way to perform optimal
experiment design in data-driven modeling in systems biology.

1 Introduction

System identification of biological processes poses numerous challenges at each
stage of system identification [1]. Experiment design, model structure selection and
parameter estimation are three crucial stages in system identification [2]. Obtaining
precise/practically identifiable parameter estimates from noisy and limited data is
one of the prevailing challenges in systems biology. Further, the nature of the multi-
parameter non-linear models being sloppy hampers the quality of the parameter
estimates [3—6]. Anisotopic sensitivity in the parameter space is the prime reason.
It is well known that the factors contributing to the sloppiness are both experimen-
tal conditions and the nature of the model structure [4,7,8]. Hence, maximising the
information content in the experimental data is an ineludible solution to obtain good
predictions and parameter estimates.

Fisher Information Matrix (FIM) and covariance matrix of the parameter estimates
are the most commonly used Optimal Experiment Design (OED) criteria [9,10]. Fol-
lowing are the three frequently used optimal design criteria to minimise variability
in the parameter estimates: (i) A—optimal, maximising the trace of the FIM, (ii) E—
optimal, maximising the minimum eigenvalue, and (iii) D—optimal, maximising the
determinant of the FIM. Some works based on optimising FIM-based criterion are
[11-13]. This work focuses on maximising the information gained in the Bayesian
framework. One of the perceived advantages of the Bayesian framework is its abil-
ity to incorporate the prior information about a parameter in the form of a p.d.f (prob-
ability density function); moreover, posterior parameter distributions obtained from
Bayesian inference allows us to use global methods rather than the aforementioned
local Fisher information-based methods as the Fisher information for nonlinear pre-
dictors is usually numerically computed at the optimal parameter estimates.
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Bayesian Optimal Experiment Design has seen several developments in the past two decades. A concise review of
BOED is given in [14,15]. Initial attempts were focused on reducing the information entropy in the posterior parameter dis-
tribution, as entropy is a measure of uncertainty [16—18]. Juliane et al. use the concept of entropy and mutual information
to design experiments that maximise the information content in terms of both parameter estimates and predictions [19].
BOED based on reducing the prediction variability was proposed in [20]. A computationally efficient method is proposed
in [21]. A decision-theoretic approach with Kullback-Leibler divergence as the design criterion was proposed to design
experiments for non-linear systems [22]. A recent FIM-based method to choose experiments to optimise the confidence
region of the parameter estimates has been proposed in [23].

The problem of model selection is also linked to the information contained in the data set. The problem of model selec-
tion and the problem of optimal experiment design are two sides of the same coin. In the problem of model selection, the
experimental data is fixed, and the central idea is to choose the model that absorbs maximum information in the data. In
contrast, in the optimal experiment design, it is vice versa. Akaike information criterion (AIC) and Bayesian information cri-
terion (BIC) are the most commonly used model selection criterion. They attempt to strike a balance between the good-
ness of fit and parsimony of models [2]. However, they do not guarantee the goodness of the parameter estimates. To
circumvent this issue, an experiment design solely for model selection was proposed in [24]; they used the experiment
design criterion for Jensen—Shannon divergence. Daniel et al. proposed a Hellinger distance-based experiment design for
model selection [25].

In all of the aforementioned information criteria for experiment design and model selection, one of the two following
challenges prevails (i) Boundedness, (ii) Interpretability of bounds in terms of parameter estimates. From a system iden-
tification perspective, bounded information measures and the interpretability of the bounds have significant utility. Also,
assuming joint prior and posterior parameter distributions to be joint Gaussian is a strong assumption in most cases.
Hence, in this work, we extend the g-information gain-based BOED proposed in [29] to non-Gaussian prior and poste-
rior distributions. In addition to the advantages proposed above, estimating the Bhattacharyya coefficient is computation-
ally easier than the Kullback-Liebler divergence [26]. We work with the discretised sample prior and posterior distribu-
tions. The S-information gain proposed is bounded and has a natural interpretation in terms of the precision of the param-
eter estimates [29]. The B-information gain is based on what is known as a Bhattacharyya coefficient, and Bhattacharyya
distance [27]. The Bhattacharyya distance measures the distance between two probability distributions, while the Bhat-
tacharyya coefficient can be interpreted as the amount of sample overlap between two distributions. Further, we show that
maximising the g-information gain is equivalent to maximising the angle between prior and posterior distributions resulting
in a reduction of posterior uncertainty. We propose a machine learning-based method to estimate the g-information gain
for discrete distributions.

We demonstrate the proposed BOED on two benchmark systems biology problems, (i) select a measurement system
for optimal parameter estimation in Hes 1 model, the measurement method selected by the proposed method resulted in
the minimum mean square error of the parameter estimates, (ii) select an optimal six-point sampling schedule for parame-
ter estimates in HIV patients under treatment intensification, the parameters obtained from the sampling schedule resulted
in minimum prediction and parameter uncertainty. Finally, we propose a novel method for model selection based on the
B-information gain and demonstrate the working of the method in two-compartmental pharmacokinetic models.

The rest of the paper is organised as follows: Sect 2.1 contains the preliminary concepts and definitions. Sect 2.2
presents the preliminary results on extending the §-information gain to discrete distributions and its application to exper-
iment design and model selection and illustrates the working of the proposed method with numerical examples. Sect 3
contains the method for estimating the S-information gain and model selection. The paper ends with concluding remarks
in Sect 4.
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2 Results
2.1 Preliminaries

Experiment design problem in dynamical systems: Consider a general non-linear ODE model with discrete time noisy
measurements. The mathematical description of the model is given in Eq (1).

x(t) = f(x(D), 6, u(t))
y () = g(x(®, u(®) (1)
y(k) = y*(k) + &(k)

The structure of the state equation is assumed to be known. The unknown variables are the parameter vector 6, the
input u(t), the noise characteristics of {(k), the number of data points N, and the sampling interval T. In some cases, the
structure of y(k) and the way the input enters the model are also unknown. The goal of the experiment design is to design
one or more experiments to estimate the parameters 8 from data based on optimal criteria.

Degrees of freedom for optimal experiment design of dynamical systems. The goal of any optimal experiment
design problem is to select the experiment that has maximum information content. Information supplied by an experiment
is a function of the quality and quantity of data [18]. Fig 1 shows the dynamical system formulation, factors affecting the
quality and quantity of data.

The quality of data is affected by both input and output variables; from input direction, the number of inputs, the nature
of input functions and the way the input enters the system affect the data quality. From the output direction, the number
of outputs measured, signal-to-noise ratio, nature of the output function, number of data points, duration of the output and

Informative
Experiments

I

[ Quality [ Quantity
1. What inputs ? 1. Observation function
2. How many inputs ? 2. How many outputs?
3. Where the input is given ?
1. Observation length |_
2. Sampling interval
<
— N >
g >
U(t) ————— System » S > Z(t)
- N = >
> D >
=1

Fig 1. The diagram shows the relationship between system inputs, measurements, and the aspects of quality and quantity. The concept of
informative experiments is divided into two major components, quality and quantity. The quality aspect focuses on factors such as the type, number,
and location of inputs, the observation function, and the number of outputs. The quantity aspect deals with the observation length and sampling interval,
influencing the amount and resolution of data collected.

https://doi.org/10.1371/journal.pcsy.0000082.g001
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sampling interval affect the data quality. The quantity of data is affected by the number of data points, sampling interval
and duration of the measurement.

Bayesian optimal experiment design: In the Bayesian framework, OED is defined as follows: given a set of discrete
experimental conditions y = {z; ... z,}, prior information of the parameters in the form of a probability distribution function
and a model structure M, choose an experiment z; that maximises the distance between the prior and posterior of the
parameters:

max  d(p(6), p(6|2)) (2)

where d(-) any distance measure between probability distributions, p(6) is the joint prior distribution of parameters, p(6|z)
is the joint posterior distribution of parameters. This class of Bayesian optimal design problem’s primary objective is to
reduce the posterior distribution’s uncertainty. However, unlike FIM based metric, where the focus is only on reducing
the variability in the posterior distribution, obtaining a posterior distribution much different (in terms of assumed statisti-
cal/probabilistic distance) from the prior distribution is informative not only from the perspective of reduction of variability
but also from moving the Maximum A Posteriori (MAP) estimate close to the true parameters, if the data is informative.
Bhattacharyya coefficient and Bhattacharyya distance: Bhattacharyya distance (B,) is a measure of similarity
between two statistical distributions [27]. The B, can be used to quantify the relative closeness of two samples. The B, of
two densities p4(6) and p,(0) is given as

B, = f Vp1(8)p2(6)de (3)

where p4(6) and p,(0) have identical outcome space. B, is bounded between 0 < B, < 1. A distance measure associated
with this is the By:

By=—In(B,) (4)

The Bhattacharyya distance is bounded between 0 < B; < . It is noteworthy that the B, is not metric as it does not
obey the triangle inequality.

In this work, we work with arbitrary discrete prior/posterior distributions where the closed expression for the distribution
is unavailable; hence we turn towards the B, for discrete distributions.

B =D~/ P(E)P©]2) S)

where n is the number of bins in the multivariate histogram. The goodness of the estimate of the discrete Bhattacharyya
coefficient depends on the number of bins. The Bhattacharyya coefficient is widely used in feature extraction [28] and
optimal signal selection [26].

2.2 p-information gain for generalized distributions

In our previous work [29], we showed that the B-information gain index could be used as a Bayesian Optimal Experi-
ment Design criterion. We demonstrated that -information gain not only reduces the uncertainty in the posterior but also
prediction uncertainty. The primary assumption of the previous work is that the joint prior and posterior distributions are
Gaussian. In this work, we extend the S-information gain to non-Gaussian prior and posterior distributions.

In the case of discrete distributions, the information gain is defined as

B=1-211/pPOIPE]2) (6)

0<B<1

PLOS Complex Systems | https://doi.org/10.1371/journal.pcsy.0000082 January 14, 2026 5/ 19



https://doi.org/10.1371/journal.pcsy.0000082

PLO§- Complex Systems

Case 1: If p(6) = p(6|2) then g = 0. No new information is present in the experimental data apart from the prior.

Case 2: In the case of discrete probability mass functions, if only one of the samples is accepted in the posterior and if
that sample has negligible probability in the prior, then 8 ~ 1. This indicates that the experiment is highly informative such
that it has picked a low probability sample from the and Fig 2 shows the space of PMFs.

Geometric interpretation of the new information gain: Consider an n-dimensional vector space V where n is the
cardinality of the outcome space of possible parameter values as shown in Fig 2. Each element v of the vector space is
the square root of probabilities. Hence, each vector can be considered as a transformed probability mass function.

N
v={[ypi VP2 - Ps|: 2 pi=1.0<p<1} (7)

The domain of the vector space is restricted to,
{veV:|Vlp=1,p; >0} (8)
The basis of the vector space are orthonormal basis
B=[e; e - & (9)
The basis vectors are PMF. of type Kronecker-delta function, i.e., the PMF has the form of Kronecker-delta function

(Deterministic). Given a vector v, the angle that it makes with a basis vector is inversely proportional to the probability of
the corresponding outcome.

€3

Fig 2. Three-dimensional view of the vector space V. In V, each point is considered as a Probability Mass Function. The Set of all probability mass
functions from a probability simplex.

https://doi.org/10.1371/journal.pcsy.0000082.9g002
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In a Bayesian framework, the sampled prior and posterior probability density function can be represented as vectors in
V. The proposed information gain index is

B=1-p=1-21/p@O)P®|2),0<p<1 (10)
i=1

where p is the Bhattacharyya coefficient, the Bhattacharyya coefficient can be seen as cos of the angle between two vec-
tors in V. We also know that the Bhattacharyya coefficient quantifies the amount of overlap between the distributions;
hence, the angle represents the amount of overlap. The lesser the angle between two vectors, the more they are similar.

cos(a) = 2\/p<e>p<e|z) O<a<3 (1)

Case 1: Whena =0 = p=1 = [ =0. There is no new information in the data. Prior and posterior are identical.

Case 2: Whena~Z = p~1 = B~0. Data has improved prior to the maximum in terms of reducing uncertainty.

Even when the posterior distribution is broad and overlaps significantly with the prior, 3 retains a well-defined geomet-
ric meaning: it quantifies the reduction in overlap between +/p(6) and /p(6|z) in the probability vector space. Maximizing
B therefore corresponds to moving these distributions apart, or equivalently, increasing the information gained about the
parameter without assuming any delta-like behavior.

Theorem 1. If the prior distribution of a parameter 6 is uniform with arbitrarily large countably finite outcome space and
posterior distribution in the form of Kronecker-delta for a given experiment e, then in the space V, the angle between prior
and the posterior distributions is % resulting in maximum S-information gain.

Proof: The angle between the prior and posterior distribution (Bhattacharyya coefficient B;) is derived as follows,

0
0 1
— _| /T /1 1 _ /1
sumese=[\ YT - V1] 2
0
For arbitrarily large 6,
I|m a—cos‘%[) — q—o =
ﬁ=1—BC=>1—cos(%)=>1 (13)
This concludes the proof 0

Thus maximising the angle is equivalent to reducing the uncertainty in the prior. In all other cases, maximising the
angle will drive the posterior vector towards one of the basis. The angle cannot be % because prior either has to be in an
infinite dimensional space or one of the basis as prior, which is not possible in practical scenarios. Table 1 summarizes
the extreme cases of Theorem 1.

Remark: The theorem considers an idealized boundary scenario often used in inference theory, where an unin-
formative (uniform) prior becomes fully informative through data, leading to a delta-like posterior centered on the
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Table 1. Entropy and variance of the uniform prior and the Kronecker-delta posterior.

PMF Entropy Variance

2_
Prior (p(8)) lim,_.5 H = log(n) — o lim,_. s % - o0
Posterior(p(6|z)) 0 0

https://doi.org/10.1371/journal.pcsy.0000082.t001

true parameter. This limiting case illustrates the upper bound of the S-information gain; however, the geometric and
optimization-based interpretation presented in this work remains valid for general, non-delta posteriors and non-uniform
priors.

2.3 Application in model selection

In the dynamical modelling of biological processes, model selection is considered one of the three classical problems from
a system identification point of view [1]. Given a set of possible model structures, prior information on the parameters and
a data set, the problem is to find the model that best explains the given data set. Factors influencing model selection are
(i) the parameter estimates and (ii) the goodness of the predictions. The ensemble and asymptotic properties of the esti-
mates generally assess the goodness of the estimates. However, minimising the uncertainty in the parameter estimates
and prediction for small sample scenarios is considered sufficient. This work uses a new information gain-based approach
for model selection in the Bayesian framework.

Problem statement: Given a model set M = {M;,M,,---,M,}, a data set Z, and the priors of the parameters in the form
of a p.d.f, choose an appropriate model structure that best explains the data.

Measure of goodness of fit: Compute the sum-squared error for every 6 in the posterior distribution

N () — y(t,6)))
s”/—Z(z() ¥(t,6))

= (14)
t=1 N
Then the measure of goodness of the predictions is computed by
A=E) (15)

In this work, we use the sample mean as an estimator of E({).

2.4 Numerical results

Hes 1 oscillator: We consider a three-state model with mRNA regulatory dynamics of Hes 1 oscillator [19]. The state
variable m, p4, and p, represent the Hes1 mRNA concentration, cytoplasmic concentration and nuclear protein concen-
tration. The parameter P, is the amount of Hes1 protein in the nucleus, v is the translation of Hes1 mRNA, A is the hill
coefficient, and k; is the rate of transport of Hes1 protein. The model equations are given in Eq (2)

1
(1+ p2/Po)h
P1 = —KgegP1 + Vi — k1P4
P2 = —KgegP2 + K1P1

m= —kdegm +

M: (16)

The parameter k4 is experimentally measured as 0.03 min~". In this case, using Western Blots, it is possible to mea-
sure either the mRNA using real-time PCR or total Hes1 protein concentration (p4 + p,). In this example, we use the
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proposed method to investigate which mode of measurement results in minimum parameter uncertainty. The reference
parameters of the model are 6 =[1.4 57 0.02 0.09]. The initial conditions are x, =[5 2.5 2.5] and the model is
simulated for t = 0 to t = 200 seconds with sampling interval T, = 5 seconds.

The parameters are estimated using Markov Chain Monte Carlo-based Approximate Bayesian Computation (MCMC-
ABC). Figs 3 and 4 show the histogram of the prior and posterior distributions along with the actual parameters. The data
has significantly shrunk the uncertainty in the parameters P, and h. However, the parameter v,, has been estimated with
poor precision. On the other hand, in the combined measurement of p; and p,, the parameters P, and k; have been esti-
mated with considerable precision, but the parameters h and v, are estimated with poor precision. The information gain is
maximum for the experiment where mRNA is measured. From Table 2, it can be observed that both bias and reduction in
the variance of the parameter estimates. By measuring mRNA alone, three out of four parameters are precisely measured
while measuring two proteins,only two parameters are precisely measured, and there is a significant bias in the parame-
ters h and Py. In addition, from Table 3, the experiment with maximum information gain has minimum Mean Square Error
(MSE). Detailed analysis is supporting information file S7 File - S4 File.

This case study shows that the experiment chosen by g-information gain has minimum mean square error. Further, it
reduces both parameter uncertainty and bias for the stiff parameter estimates.

HIV 1 2-LTR dynamics: In this example, we design optimal experiments to select optimal sampling times for estimating
model parameters in the HIV 2-LTR model. This model is developed in [30] to predict 2-LTR concentration post-treatment
intensification with an integrase inhibitor. The clinical trials are primarily costly, and along with it, the burden experienced
by the patients must also be considered. Institutional Review Board (IRD) regulates clinical trials on patients. Hence opti-
mal scheduling becomes extremely important in clinical trials. The model equations are given below:

yt) =—-(1-(1 —npupR)ay +ye (17)
¢(t) = pkp(1 — npupRay + kpnpugRay — éc (18)
01 [ Prior 02 [ Prior

[ Posterior [ Posterior
> True Value > 0.15 True Value
= =
8 0.057 I 041
o e
o %005

0 0
4 4.5 5 55 6
h
0.08 [ Prior 01 I Prior

[__1Posterior [ Posterior
> 0.06 True Value > True Value
é 5
004 8005
e e
% 0.02 o

0 0
0.01 0.015 0.02 0.025 0.03 0.08 0.085 0.09 0.095 0.1
Vi k1

Fig 3. Prior and posterior distribution of all the parameters estimated by measuring both proteins. The variability in parameters Py and k4 has
considerably reduced compared to the parameters v,,, and h.

https://doi.org/10.1371/journal.pcsy.0000082.9g003
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I Prior [ Prior
0.1 |—IPosterior [ Posterior
> True Value > 0.06 True Value
% % 0.04
-g 0.05r -5
o & 002t
0 0
4 4.5 6
0-08  gm prir 01 [ prior

[ Posterior [__1Posterior
> 0.06 True Value > True Value
3 3
S 004 8 0.05¢
2] g
& 002t o

0 0
0.01 0.015 0.02 0.025 0.03 0.08 0.085 0.09 0.1
v
m

Fig 4. B-information gain for each sampling schedule.
https://doi.org/10.1371/journal.pcsy.0000082.g004
Table 2. Summary statistics of sample posterior distributions.
Parameter Estimate Bias Reduction in o2
y(@) m p1+p2 m p1+p2 m p1+p2
Py 1.4066 1.3259 0.0066 -0.0741 99.7% 95.88%
h 5.6319 5.2985 -0.0681 -0.4015 96.5% 32.47%
7 0.0211 0.0206 0.0011 57x10~* 0.28% 62.12%
ki 0.0911 0.0897 0.0011 -3.1x1074 77.3% 93.57%

https://doi.org/10.1371/journal.pcsy.0000082.t002

Table 3. Information gain § and MSE for both the experiments.

y(® B MSE
m 0.84 0.0185
P+ P2 0.74 0.3993

https://doi.org/10.1371/journal.pcsy.0000082.t003

where c¢ is a concentration of 2-LTR circles and y is a concentration of actively infected CD4+ T-cells, y,-exogenous

sources of infected cells unaffected by treatment, ¢k;(1 —npug)Ray - rate at which 2-LTR circle forms post intensification,
(1 — (1 = npup)R)ay- turnover rate of the infected cells completing a cycle, uy is a binary parameter indicating the pres-
ence or absence of the treatment and & being the decay rate of the 2-LTR circles’ formation. From [30], it is assumed that
the dynamics have attained steady-state prior to treatment intensification; Eqs (20) and (21) are steady-state equations

5nHR(e—5t _ e—a(1 -(1 —nn)R)t)

— _ -6t
c(t) = c(o0) + (c(0) — c(o0))e™ ! + C(oo)(1 —R)@a(d = (1 =3R) =) (19)
_ kHYe¢R
knYe(¢ + 1 — ¢ R)
c(o0) = 21
)= =50 = —mR) @0
PLOS Complex Systems | https://doi.org/10.1371/journal.pcsy.0000082 January 14, 2026 10/ 19



https://doi.org/10.1371/journal.pcsy.0000082.g004
https://doi.org/10.1371/journal.pcsy.0000082.t002
https://doi.org/10.1371/journal.pcsy.0000082.t003
https://doi.org/10.1371/journal.pcsy.0000082

PLO§- Complex Systems

Experimental conditions: In this work, we replicate the experimental conditions used in [30]. We consider the produc-
tion of 2-LTR circles in the presence of 2-LTR circle treatment intensification. The replication of the 2-LTR circles in the
presence of treatment is quite high, as predicted by the model and has been clinically observed in [30]. The measurement
technique used to measure 2-LTR circles was a PCR process which introduces log-normal uncertainty; the measurement
equation, along with measurement noise, is given below.

2(k) = c(k) + e(k), e(k) ~ LN(0,5?) (22)
o= 10—0.21—0.24log10(42><1.2) (23)

The variance of the noise in Eg (22) is taken from [30], which replicates the measurement error induced by a PCR
process. The parameter values used for data generation are given in Table 4.

This work considers four different six-point sampling schedules obtained from four different optimal design criteria [31].
We investigate four sampling schedules informative with respect to § information index. We use MCMC-ABC to estimate
parameters. We generate two hundred noise realisations with the same SNR and estimate -information gain.

From Table 5, we can see that the average §-information gain is maximum for the D-optimal sampling schedule. Fol-
lowed by E-optimal, A-optimal and ELK-optimal. From Table 5, it is evident that all the estimates of 8 are tightly con-
strained. The mean square error is also the minimum for the D-optimal sampling schedule.

From Table 6, all the sampling schedules are informative with respect to the parameter R (probability of infected cells
infecting a target cell). D-optimal schedule is more informative with respect to the parameter ¢ (Ratio of probability of 2-
LTR circle formation) and & (decay rate of 2-LTR circles). With respect to the parameters 7, and k,y,, E-optimal sampling
schedule contains more information.

Table 4. Parameter values estimated from the experiment.

parameter Value units

¢ 0.0018 —

5 0.46 day~’

R 0.9994 —

Nr 0.19 —

kYe 0.39 2LTR/infected cells

https://doi.org/10.1371/journal.pcsy.0000082.t004

Table 5. Sampling times selected from different optimal criteria.

Experiment ID Optimal criterion 112 |3 |4 5 6 E(B) MSE
Ex1 A-optimal 0|1 (4 |9 27 28 0.859(+0.0006) 0.65

Ex2 D-optimal 0 (1 ]2 |4 11 26 0.893(+0.0008) 0.54

Ex3 E-optimal 0|2 (4 |10 26 27 0.867(+0.004) 0.69

Ex4 EKLD 112 |3 |11 27 46 0.846(+0.006) 0.745
https://doi.org/10.1371/journal.pcsy.0000082.t005

Table 6. Reduction in variance for all the parameters.

Parameter A-opt D-opt E-opt EKLD

¢ 38.7% 58.0% 39.5% 25.9%

) 80.9% 84.8% 80.6% 47.8%

R 99.7% 98.2% 99.9% 99.1%

Nr 47.2% 14.7% 63.0% 11.2%

koYe 9.5% 22.3% 69.3% 29%

https://doi.org/10.1371/journal.pcsy.0000082.t006
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From Fig 5, it is clear that the samples obtained from D-optimal sampling schedule constraints the predictions most
than all other sampling schedules. The EKLD-optimal sampling schedule having the least information gain has poor pre-
diction uncertainty. The §-information gain has chosen the experiment (D-optimal) with the minimum mean square error.
Further, the shared parameters ¢, a and replication rate (R) (crucial for detecting an ongoing infection) has been esti-
mated with very high precision in the chosen experiment.

An illustrative example on model selection: In this example, we demonstrate the working of the proposed method
in the leak ambiguity problem in two compartmental multi-input, multi-output models given in [32]. Fig 6 shows the candi-

date models and the data generating process is (M1) with nominal parameter vector 6* = [1 15 2 1]T. The output is
measured as z(t) = x4(t) + x»(t) + e(t). The noise variance is adjusted such that the signal-to-noise ratio of the measured
data is 30. The input (u4) is given as a unit impulse given at t = 0, and the model is simulated for { = 1 to t = 10 seconds.
Parameters are estimated using MCMC-ABC.

From Fig 7A and Fig 7B, the information gain index 8 and the prediction uncertainty measure E({) are maximum and
minimum, respectively, for the true model (M;) from which the data is generated. Thus, the proposed method has selected
the best model that explains the data in terms of parameter and prediction uncertainty.

Table 7 contains the parameter estimates and standard errors for all the candidate models. Also, from Fig 8, we learn
that the parameters ky; and ky, are sensitive/stiff parameters and ky, and k4, are sloppy/insensitive parameters. The pro-
posed method has chosen the model with low parameter bias and uncertainty on stiff parameters. It can also be seen
that the point estimates of the stiff parameter k,; in M, have a high bias. Similarly, the point estimates of ky; and ky4 in M5
have high bias.

Fig 9 contains predictions from sample posterior distributions generated from each candidate model. The predictions
from M, and M5 are highly uncertain and have a significant systematic error compared to M,. The bias in the estimates of
the stiff parameters is the prime reason. Hence, the proposed model selection method selects the best model based on

A- Optimal Predictions D- Optimal Predictions

[
o
o
N
o
o

-
(4]
o
-
(4]
o

100 100

50 50

2 LTR Concentration/ 108 PMBC
2 LTR Concentration/ 108 PMBC

0 10 20 30 40 50 0 10 20 30 40 50
time(days) time(days)
E- Optimal Predictions EKLD-Optimal Predictions
200 200

150 150

100 100

50

2 LTR Concentration/10® PMBC
2 LTR Concentration/10® PMBC

0 10 20 30 40 50 0 10 20 30 40 50
time(days) time(days)

Fig 5. Predictions from the sample posterior parameter distributions for all the sampling schedules. Predictions from D-optimal are well con-
strained around the predictions from true parameters. Black-Predictions from true parameters, Blue-Predictions from A-optimal, -predictions from
D-optimal, -predictions from E-optimal, Red-predictions from EKLD-optimal.

https://doi.org/10.1371/journal.pcsy.0000082.9g005
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ko
Zy = — (ko1 + ka1)z1 + kioze +ul 7y = —ka1xy + k1pxa + ul @y = —(kor + k1)1 + kipze + ul
Ty = —(kog + k12)xa + ko1 +u2  Ta = — (ko2 + k12)z2 + karzy +u2 @2 = —kex2 + knzy +u2

Fig 6. Candidate models. Possible models that can represent the data generating process.

https://doi.org/10.1371/journal.pcsy.0000082.g006

0.8 ‘ ‘ ‘ 1.5
0.6
1 L
Q04+ o
0.5¢
0.2+
0 0 :
A M1 M2 M3 B M1 M2 M3
Models Models

Fig 7. Model M1 has the highest information gain (3) at the same time lowest average error ({).

https://doi.org/10.1371/journal.pcsy.0000082.g007

Table 7. Parameter estimates of all the candidate models.

Models Ko ko2 kq2 k21
M, 0.50 (+ 0.05) 1.59(+ 0.22) 2.09(x 0.22) 1.49(x 0.05)
M, - 1.58(= 0.18) 2.09(= 0.19) 2.65 (+ 0.02)
Ms 0.83(+ 0.051) - 2.10(= 0.19) 2.48(x 0.07)
https://doi.org/10.1371/journal.pcsy.0000082.t007
A B

0 6 0-6
0.4 0.4
0.2 0.2

0 0

k01 k02 I‘1 2 k21 k01 koz k1 2 k21
Parameters Parameters

Fig 8. Sloppy and stiff eigenvectors. Parameters ky, and k4, are stiff, while kg1 and ky4 are sloppy.

https://doi.org/10.1371/journal.pcsy.0000082.g008
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0 5 10

time (t)
Fig 9. Comparison of prediction uncertainty of candidate models; Blue - predictions from sample posterior of model (M,). - predictions

from sample posterior of model (M,). Red - predictions from sample posterior of model (M3). Black - data (z).

https://doi.org/10.1371/journal.pcsy.0000082.g009

the goodness of predictions and parameter estimates. Maximising -information gain index for joint distributions minimises
the variance and bias of stiff (sensitive) parameters. Consequently, The prediction uncertainty is tightly bounded around
the data points.

3 Discussion

The design of optimal experiments is one of the crucial aspects in the system identification of biological systems, primar-
ily due to the difficulty and cost associated with conducting experiments. In this work, we extend our previous work [29] on
Bayesian Optimal Experiment Design to the generalised parameter distributions and their application in model selection.

Firstly, using the numerical Bayesian estimation algorithm, the priors and posteriors are not always analytically tractable
distributions, except in a few special cases. Hence, we estimate the -information gain using the discrete version of the
Bhattacharyya coefficient. The proposed version of the s-information gain has a beautiful geometric interpretation; max-
imising the information gain is equivalent to increasing the angle between the prior and posterior PMFs. Further, we show
that for a uniform prior (uninformative) and Kronecker delta (deterministic) posterior with large countably finite sample
space, the angle between prior and posterior is /2. Further, we propose a method to estimate the discrete version of
B-information gain.

We demonstrated the working of our method in two realistic experiment selection problems with high relevance in sys-
tems biology. Firstly, we used the proposed method to choose the best measurement function (implicitly measurement
method) for precise and accurate parameter estimation in Hes 1 transcription network. The §-information gain chose the
experiment with minimum mean square error, and all the stiff parameters were estimated with minimum bias and vari-
ance. Secondly, we employed the proposed method to select the optimal six-point sampling schedule for the HIV1 2-LTR
dynamics model. Given the regulations and costs of clinical trials, this problem is paramount in healthcare. Out of four
sampling schedules considered, the S-information gain again chose the six-point sampling schedule, resulting in a mini-
mum mean square error of parameter estimates. Further, the predictions using the parameters from the §-optimal resulted
in the least prediction uncertainty.

Finally, we proposed a novel method for model selection in systems biology using the S-information gain. We demon-
strated the working of the method in compartmental models. The proposed method has rightly identified the true model.
Thus, we believe that the proposed S-information gain has vast potential to be applied in experiment design selection and
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model selection. The demonstrated examples show that the use of -information gain in the experiment design for sys-
tems biology unambiguously chooses experiments that result in minimum parameter and prediction uncertainty. Hence,
we believe that generalized -information gain has significant utility in several aspects of system identification, such as
OED and model selection.

4 Methodology

In this section, we discuss the procedure for Bayesian Optimal Experiment Design and model selection for generalised
priors. Given a model M, a prior of the parameters in the form of probability distribution and a set of experimental condi-
tions X = z4, z,, .-+, Z,,, the aim is to select the experiment condition z; that maximises the S-information gain.

4.1 Procedure for estimating S-information gain

In order to estimate the Bhattacharyya coefficient for discrete distributions, we need to create bins in the parameter space
and estimate the PMF. In this work, we employ the K-means algorithm to create bins in the parameter space. We choose
the number of bins for each parameter as \/N where n is the number of samples in the prior parameter distribution. The
procedure for estimating the new information gain is given below (Fig 10).

Procedure.

1. Sample N points from joint prior distribution P(6)
2. Compute the number of bins using

ny=n VN (24)

where n,- dimension of the parameter space, n,, - is the number of bins and N - is the number of samples.
Create n, number of bins in the prior parameter space using k-means clustering algorithm.

Estimate the PMF of the prior P(8) by computing the probability for each bin.

Initialise 6;, 6; =1

Propose 6* from prior distribution P(6)

Simulate a data set z, from the model M(6*)

If d(zy4,2z*) <€, go to Step 9, else set 6;, 1 = 6; and go to Step 10.

Set 6,4 = 6* with probability

© ® N O KW

f(e*)CI(Q/I@*)>

o= ””'”(1’ 76)q(6"16)

(25)
and 6;,4 = 6;, with probability 1 — «

10. Accept 6* into posterior P(6|zd,), increment j= i+ 1 and go to Step 6

11. Estimate the PMF of the posterior distribution P(6|zd;)

12. Estimate the S-information gain using Eq (6)

We use MCMC-ABC to estimate the posterior distribution of parameters [33]. The plain ABC rejection algorithm will
have a low acceptance rate when the prior distribution of parameters is different from the true posterior distribution.

4.2 Procedure for model selection

As a first step, for each model structure M; € M, we estimate the S-information gain index between the joint prior and
posterior of the parameter estimates. From Eq (13), it is evident that maximising the information gain index 8 minimises

PLOS Complex Systems | https://doi.org/10.1371/journal.pcsy.0000082 January 14, 2026 15/ 19



https://doi.org/10.1371/journal.pcsy.0000082

PLO?%- Complex Systems

Parameter Estimation
Joint Prior
Medel M
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v K-Means clustering
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Compute probability for
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prior Pr(6)
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Joint Posterior
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Compute probability for each
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|

B=1-% \/Pr(8)Po(h)) |«

Fig 10. Estimating 3 - information gain. Algorithm for estimating 3-information gain for generalised prior and posterior distributions.

https://doi.org/10.1371/journal.pcsy.0000082.g010

the uncertainty in the parameter estimates. This gain in information indicates the practical identifiability of parameter esti-
mates for each model M,. Further, we compute the goodness of predictions using Eq (15). Table 8 outlines the procedure
for the model selection.

Table 8. Procedure for model selection.

Step 1: Compute 8 - information gain.

Step 2: Compute ¢; for all the samples in the posterior parameter distribution Eq (14)
Step 3: Compute E(¢) using

Step 4: Repeat, step 1 to step 3 for each M; e M

Step 5: Choose the model that has maximum 8 and minimum E(¢)

https://doi.org/10.1371/journal.pcsy.0000082.t008
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E(¢) is estimated using sample mean. The model with minimum E({) has the least prediction uncertainty. Thus, the
model that results in the least prediction and parameter uncertainty is the winner. However, when the model set does not
contain the true model that generated the data, a single model resulting in low predictions and parameter uncertainty is
not guaranteed; in such scenarios, the user can choose a model with a trade-off between prediction and parameter uncer-
tainty.

Supporting information

S1 File. Sample prior and posterior parameter distributions for A-optimal sampling schedule. Blue: sample prior
distribution; Green: sample posterior distribution; Red: true parameter.
(PDF)

S2 File. Sample prior and posterior parameter distributions for D-optimal sampling schedule. Blue: sample prior
distribution; Green: sample posterior distribution; Red: true parameter.
(PDF)

S3 File. Sample prior and posterior parameter distributions for E-optimal sampling schedule. Blue: sample prior
distribution; Green: sample posterior distribution; Red: true parameter.
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S4 File. Sample prior and posterior parameter distributions for ELK-optimal sampling schedule. Blue: sample prior
distribution; Green: sample posterior distribution; Red: true parameter.
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S5 File. Variation of computational cost and estimated S-information gain with the number of samples (N). (a)
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