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Abstract

Synchronization is ubiquitous in nature, which is mathematically described by coupled
oscillators. Synchronization strongly depends on the interaction network, and the network
plays a crucial role in controlling the dynamics. To understand and control synchroniza-
tion dynamics in the real world, it is essential to identify the network from the observed
data. While previous studies have developed the methods for inferring the network of
asynchronous systems, it remains challenging to infer the network of well-synchronized
oscillators. In this study, we develop a method for inferring the network of synchronized
and desynchronized oscillators from time series. Our method expands the applicabil-

ity of network inference to a wider class of oscillatory systems. The proposed method
discards a large part of data used for inference, which may seem counterintuitive.
However, the effectiveness of the method is supported by the phase reduction theory, a
well-established theory for weakly coupled oscillators. We verify the proposed method by
applying it to simulated data of the limit-cycle oscillators. This study provides an impor-
tant step towards understanding synchronization in real-world systems from a network
perspective.

Author summary

Synchronization is an emergent phenomenon observed in populations of dynamically
interacting units, which plays a crucial role across various systems, including physical,
biological, chemical, engineering, and social domains. The network topology and the
strength of coupling between elements significantly influence synchronization proper-
ties. To understand synchronization dynamics in real-world systems, it is essential to
identify the interaction network from observed data. In this study, we propose a novel
method for inferring the interaction network from oscillatory signals, which is based
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on the phase reduction theory for weakly coupled oscillators. Our method extends the
applicability of network inference to a broader class of oscillatory systems. While the
proposed method discards a substantial portion of the data, it enables accurate inference
even when oscillators are highly synchronized, a situation that poses considerable chal-
lenges for existing methods. The effectiveness of the proposed method is demonstrated
for a range of synthetic data, from simple phase oscillator models to biologically real-
istic clock cell models. This study represents an important step towards understanding
synchronization mechanisms in real-world systems from a network perspective.

1. Introduction

Synchronization is an emergent phenomenon in a population of dynamically interacting
units, which plays an important role in a range of systems, including physical, biological,
chemical, engineering, and social systems [1]. Synchronization phenomena are mathemat-
ically described by coupled oscillators, where an individual oscillator is modeled as a limit-
cycle oscillator [2,3]. Phase reduction theory [3-6] is a powerful framework for analyzing
the synchronization of the coupled oscillators. This theory provides a unified mathemat-
ical description of the dynamics of coupled oscillators by representing the state of the
oscillator using a single variable of the phase and describing their dynamics using a reduced
phase model. Theoretical studies based on the phase model have elucidated the key compo-
nents underlying synchronization phenomena [1-6].

Synchronization of coupled oscillators depends strongly on the interaction network, which
describes how the oscillators interact with each other. The structure as well as the weight of
the network influence the synchronizability of the oscillators [7,8]. Furthermore, the network
can even qualitatively change the synchronization properties. For the majority of networks,
the Kuramoto model exhibits continuous synchronization transitions: the system starts to
synchronize when the interaction strength reaches a threshold. However, the threshold is
dramatically decreased in the presence of hub nodes and even vanishes in scale-free networks
[9,10]. It is also known that when the structural and the dynamical properties are correlated,
the synchronization transition becomes discontinuous (also known as “explosive synchro-
nization”) [11,12]. Moreover, the network plays a central role in controlling the synchroniza-
tion dynamics. For example, the control of abnormal synchronization is closely related to
the treatment of brain disorders such as Parkinson’s disease [13,14]. In addition, the network
structure allows the evaluation of controllability, i.e. the ability of the system to be driven to
any desired state [15]. Controllability has been extensively studied in various systems, includ-
ing internet, transportation, foob web, and the human brain [16,17].

To understand and control synchronization dynamics in the real world, it is essential
to identify interaction networks. Although advances in measurement technology have
enabled us to observe the dynamics of individual oscillators, direct measurement of net-
works remains difficult. Therefore, it is necessary to infer the network from the observed
oscillatory signals [18-21]. A variety of network inference methods have been developed for
desynchronized systems [22-31]. However, it remains challenging to infer the network of
well-synchronized systems where the oscillators are nearly phase-locked [22,25,32].

To address this challenge, we propose a method for inferring the network from oscilla-
tory signals that achieves high accuracy regardless of synchrony or asynchrony. The pro-
posed method is based on the circle map, which describes a broad class of weakly-coupled
oscillators. Our method extends the applicability of network inference to a broader class of
oscillatory systems. A key feature of the method is the intentional exclusion of a substantial
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amount of data during the inference process. While it may seem counterintuitive to discard
data in order to improve accuracy, the effectiveness of this method is supported by phase
reduction theory. To test the validity of the proposed method, we apply it to simulated data
from two realistic limit-cycle oscillator models: the Brusselator for chemical oscillators and
the model of circadian oscillators in the suprachiasmatic nucleus (SCN).

2. Results
2.1. Phase description of coupled oscillators

Phase reduction theory is a mathematical framework that provides a simplified description of
weakly coupled nonlinear limit-cycle oscillators in general. We consider a system of N weakly
coupled limit-cycle oscillators. The dynamics of oscillator i (i = 1,..., N) can be written as

dX;
dt

N
=F(X;) + efi(X;) + € ), Q; (X5, X;) + (1), (1)

j=1

where X; € R? is the state of the oscillator i, F(X;) represents the unperturbed dynamics
of a typical oscillator, ef,(X;) represents the difference of the intrinsic dynamics of oscil-
lator i from the typical oscillator, and €Q;;(X;, X;) represents the interaction from oscilla-
tor j to oscillator i. Note that € is a dimensionless parameter that characterizes the degree
of heterogeneity and the coupling strength (i.e., the interaction strength). The noise term
7:(¢) is assumed to be the Gaussian white noise obeying E[#;(¢)] = 0 and Cov[n;()n:(s)] =
v?1;8(t-s), where I, is the identity matrix of size d, v? is the noise variance, and &(¢) is the
Dirac’s delta function.

The dynamics of the system (Eq 1) can be accurately described in terms of the phase ¢;
of each oscillator if the perturbations to the limit-cycle oscillator are sufficiently small, i.e.,
€,v; < 1. Specifically, the following phase equation is derived from Eq 1 by neglecting O(&?*)
and O(v?) terms (see Sect 4.1):

e al
—p = en($) e ay(dndy) + Z(¢n) - mi(o), )
j=1

where Z(¢) is the phase sensitivity function, g;;(¢;, $;) is the coupling function. Thus, the
dN-dimensional dynamical system, given by Eq 1, is reduced to the N-dimensional system.
Moreover, by applying the averaging approximation [3,5,6], we can derive a simpler equation

de; =
o =Cl)i+JZl:Cijyij(¢j_¢i)+Ui§i(t)’ (3)

where w; is the natural frequency of oscillator i, ¢;; is the coupling strength from oscillator j to
i, 7ij($) is the averaged coupling function, o7 is the noise variance, and &;(¢) is the Gaussian
white noise with the mean 0 and the variance 1. Note that the averaged model (Eq 3) is a less
accurate description of the original system (Eq 1) than the non-averaged model (Eq 2): there
is a discrepancy of O(¢€) between Eq 2 and Eq 3 (see Sect 4.1 for details).

2.2. Proposed method for inferring the coupling network of oscillators

Our goal is to infer the interaction network or coupling network, i.e. the coupling strengths
among oscillators, from the oscillatory signals. As illustrated in Fig 1, we first reconstruct the
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Fig 1. Procedure for network inference of an oscillator system. (i) Reconstructing the phase signals ¢; () from the observed signals
yi(t). (ii) Inferring the interaction network from the phase signals. The direction and the width of the arrow represent the direction and the
weight of the network, respectively.

https://doi.org/10.1371/journal.pcsy.0000063.9001

phase ¢;(t) of each oscillator from the observation y;(t) and fit the reconstructed phases to

a model. Thanks to the phase reduction theory (see Sect 2.1), our approach via phase recon-
struction is generally applicable to arbitrary limit-cycle oscillators with weak heterogeneity,
coupling, and noise. Moreover, it is not necessary to infer the detailed properties of the oscil-
lators, since we are only interested in identifying the interaction network. Therefore, it makes
sense to consider a phase oscillator model as a model for inferring the network.

Our proposed method is based on the circle map [1], which describes the evolution of the
phase over a period of an oscillator. Consider the change in phase ¢;(t) of oscillator i from
time ¢ to t + T, where T'= 27/ represents the typical period of an oscillator. We can derive the
circle map from the phase (Eq 2) under the assumption of weak coupling O(¢) (see S1 Text
for details):

¢,‘(t+ T) - ¢,‘(t) = TCUZ' + TZ Cijyij (¢](t) - ¢,(t)) + \/To'igi,t + O(Ez), (4)
j=1

where N is the number of oscillators, ¢;; is the coupling strength from oscillator j to i,

Vi ($;(t) - $i(1)) is the averaged coupling function, o7 is the averaged noise variance, and

&, are the independent Gaussian random variables with mean 0 and variance 1. The error
between the original model (Eq 1) and the circle map (Eq 4) is O(€?). This argument implies
that the circle map is a superior approximation to the averaged (Eq 3), exhibiting a discrep-
ancy of O(e) from the original model. The circle map captures the dynamics while neglect-
ing faster dynamics relative to the oscillation period. Consequently, the proposed method,
which is based on the circle map, does not require data with a small sampling interval and can
discard a large portion of the data.

It is challenging to infer the interaction network from the observed data when the oscil-
lators are partially synchronized or in a nearly phase-locked state [22,25,32]. This difficulty
arises because the amount of information available to infer the coupling is limited when
the oscillators are synchronized. To reduce the difficulty, we make two assumptions for the
network inference. First, we assume that the coupling function is the same for all the pairs,
7ii(@j — ¢i) =v(¢j—¢i). Second, the averaged coupling function is assumed to be a sinusoidal
function containing only the first harmonic term [33]. This assumption is reasonable when
the oscillation is close to the Hopf bifurcation [3,34] or the oscillators are nearly phase-locked
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state. Therefore, Wwe assume

Vi($j - ¢i) =sin($; - ¢i + ), (5)

where «a is a parameter that controls the phase-locked state. The circle map used for the infer-
ence is obtained by substituting the sinusoidal coupling function (Eq 5)

N
Aq)i)m = TCOI‘ + TZ C,‘j sin ((I)j,m - q)i,m + OC) + ﬁaifi,m, (6)
=1

where m is an integer greater than or euqal to 0 (m =0, 1,2,..,M-1), ®;,, = ¢;(mT) is the
phase of oscillator i, A®; ,, = D; 11 — D;, is the phase change over the typical period T, and
&im an independent Gaussian random variable with mean 0 and variance 1. Here the typ-
ical period T is estimated from the reconstructed phase {¢;} in advance (see procedure
(ii) below). Finally, we obtain the network {c;;} by fitting the phase {®;} to Eq 6 using the
maximum likelihood method.

Here, we describe the procedure of the proposed method. Assume that an oscillatory
signal is observed at K time steps, y;x = yi(kh) (k=0,1,..., K- 1), where h is the original sam-
pling interval. The proposed method consists of three steps.

(i) Reconstruct the phase {¢;} of each oscillator from the observed data {y;;}
(i=1,2,-,N;k=0,1,---,K - 1) by using the Hilbert transform [35-37].
(i) Estimate the typical period T. We first calculate the average period (7) = & Zfi | Ti» where

-1
Ti= ( f;;;l glfl’;’ ) is the period of oscillator i. We then estimate the typical period T by
()

T'= Lh, where L is an integer nearest to **.
(iii) Determine the parameters in Eq 6 including the coupling strength {¢;} (i,j=1,2,...,N)

from the reconstructed phase {¢;} using the maximum likelihood method (see Sect 4.2

for details). Note that we do not infer the self-coupling ¢;;, since it is assumed to be zero,

Cij =0 (l= 1,2,...,N).

2.3. Simple examples: A system of two phase oscillators

In this subsection, we focus on a system of two phase oscillators and examine the perfor-
mance of the proposed method. Here, the proposed method is apppied to two phase oscilla-
tors, i.e., Kuramoto model and Winfree model.

2.3.1. Kuramoto model. We evaluate the inference performance of the proposed method
in the case of a simple phase oscillator model. Specifically, we focus on a system of two
oscillators that are coupled bidirectionally:

% = C()1+CSiIl(¢2—¢1)+O'1§1(t), (7)
% = wy +csin(¢r - ¢a) +028,(1), (8)

where w; , is the natural frequency, c is the coupling strength, and o, , represents the noise
strength. This model (Egs 7 and 8) is a stochastic Kuramoto model [1], which is an aver-

aged model (Eq 3) with the sinusoidal coupling function, y;i(¢; - ¢;) = sin(¢; - ¢;). The syn-
thetic data {¢;x} (i=1,2;k=0,1,---,K-1) (total duration: Kh = 20,000 in Fig 2) are generated
by applying the Euler-Maruyama method, i.e., the Euler method for stochastic differential
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equations [38], to Eqs 7 and 8 with a time step of 0.01. The synthetic data is generated from
the phase time series: y;x = cos ¢; . The inference performance is evaluated based on the rel-
ative bias defined as B, = (£1; - ¢12)/c12, where ¢j; and &), are the true coupling strength from
oscillator 2 to 1 and its inferred value, respectively.

We examine the effect of synchronization on inference performance. In the Kuramoto
model, the synchronization state can be controlled by adjusting the natural frequency differ-
ence ¢ := w, - w;. Let us consider the Kuramoto model (Eqs 7 and 8) with positive coupling
(¢c>0) and no external noise (o, = 0, = 0). The synchronization state is determined by the nat-
ural frequency difference ¢. Specifically, the two oscillators are synchronized or phase-locked
if the difference in natural frequencies is less than a critical value: || < 2c.

Fig 2(a) compares the performance of the proposed method using the synthetic signal
{yix} (i=1,2;k=0,1,..., K- 1) with that of the naive method that infers the interaction
network by fitting parameters of the averaged model (Eq 3) (see S2 Text for details). The
proposed method demonstrates excellent performance across a broad range of natural fre-
quency differences ¢, indicating its capability to accurately infer coupling strength in both
synchronous and asynchronous regimes. In contrast, the naive method performs well in
the asynchronous regime (¢ = 0.02,0.03, and 0.04), but it considerably underestimates the
coupling strength in the synchronous regime (' = 0.00,0.01). The oscillators exhibited syn-
chronous (asynchronous) activity when the natural frequency differences were less (greater)
than the critical value (Fig 2b and 2¢). When the phase signal {¢; } is observed directly, the
naive method performs well even in the synchronous regime (Fig 2a, dashed magenta). This
suggests that the phase reconstruction has a significant negative impact on coupling infer-
ence based on the naive method when oscillators are synchronized. Next, we briefly discuss
why phase reconstruction in the naive method negatively affects coupling inference. When
the oscillators synchronize, the phase change fluctuates rapidly because the coupling term

—_~
Q
N

(b)

0.2  or
ASY
- |
0.0 ’5 g O—WW
0 100 200
Time ¢

(c)

—~

Relative bias B,
L
[\

E 9r
—0.4 =74 =Naive from {¢;} < i
= Naive from {y;;} I
061 | —-I— Propf)sed | % 0. | |
0.00 0.01 0.02 0.03 0.04 0 100 200
Natural frequency difference ¢ Time ¢

Fig 2. Inference performance for a system of two phase oscillators: Kuramoto model. (a): Mean and standard deviation
of the relative bias of the inferred coupling strength. The cyan and magenta solid lines represent the performance of the
naive method (see S2 Text) and the proposed method, respectively. The dashed magenta line represents the performance
of the naive method when the phase is directly observed. The yellow region indicates the region where the oscillators are
synchronized in the absence of noise. (b) and (c): Time series of phase differences between two oscillators in synchronous
(b) and asynchronous (c) states. Model parameters are set as w; = 1.0, ¢ = 0.01, 01 = 03 = 0.01, and the natural frequency
difference w, — w; = 0.0 (b) and 0.04 ().

https://doi.org/10.1371/journal.pcsy.0000063.9002
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sin(¢ax — @1 x) is nearly constant (Fig 2b) and the noise term &;; dominates the phase change
0¢ik = Pik+1 — ik Due to the properties of the Hilbert transform [37], the rapid fluctuation in
the phase change is smoothed, degrading the coupling inference.

Finally, the inference performance of the proposed method was compared with that of
Convergent Cross Mapping (CCM) [39], a method for inferring a causal relationship between
time series based on nonlinear state space reconstruction. Here, the observed signals {y; }
(i=1,2;k=0,1,..., K- 1) (total duration: Kh = 20,000 in Tables 1 and 2) are embedded in
two dimensional space. The sampling sampling interval of the CCM method is set to h = 0.63
to avoid the enormous computational cost. Note that the CCM method is not able to infer
the coupling strength itself. Instead, it returns a value, pj;, in the range of [-1,1]. A value of
Pij close to 1 indicates a causal relationship from oscillator j to oscillator i. First, we focus on
the detectability of the coupling and examine the effect of synchronization on the coupling
inference (Table 1). While CCM is able to detect the coupling from synchronized oscillators
(£ <0.02), it is unable to detect the coupling from asynchronous oscillators (¢ > 0.02). In con-
trast, the proposed method demonstrated an ability to accurately infer the coupling strength
as shown in Fig 2(a). Second, we examine whether the method can infer the asymmetry of the
coupling. Consider a system of two phase oscillators with asymmetric coupling:

%:w1+ CSil’l(¢2—¢1)+O'1§1(t), (9)
% =w;y + )/CSin(¢1 - ¢2) + Uzgz(t), (10)

where y represents the asymmetry of the coupling. The asymmetry ¥ is inferred by using the
proposed method and the CCM method. While the asymmetry is inferred by calculating the
ratio of the coupling strength, ¢,,/¢;2, in the proposed method, it is inferred by calculating the
ratio of the causal strength, 05,/01,, in the CCM method. The proposed method demonstrated
an effective capability to accurately infer the asymmetry of the coupling. In contrast, CCM
was unable to infer the asymmetry from time series (Table 2). One reason for the suboptimal
performance of CCM in terms of inference is that it defines causality based on predictability.
This type of causality differs from the coupling strength |Q;;| defined in (Eq 1), which is the
target of inference in this study. The CCM method, which does not make any assumptions on
specific dynamics, can be applied to chaotic systems [39]. However, the result (Tables 1 and 2)
suggests that the CCM method is not suitable for accurately inferring the coupling network
between oscillators.

Table 1. Inferred coupling strength by CCM method. As in Fig 2, the coupling strength was inferred from two
Kuramoto oscillators with different natural frequency differences . The inferred results from synchronous
oscillators (¢ < 0.02) are shown in bold. The oscillators were weakly coupled: c|> = c3; = 0.01.

¢ 0.00 0.01 0.02 0.03 0.04
P12 0.92 0.89 0.48 0.19 0.11
P21 0.92 0.89 0.48 0.20 0.12

https://doi.org/10.1371/journal.pcsy.0000063.t001

Table 2. Inferring the asymmetry of the coupling. The inferred coupling ratio ¥ obtained by the proposed
method was compared with that obtained by the CCM method. The more accurate results are shown in bold.

Coupling ratio y 0 0.5 1.0
Proposed 0.061 0.54 1.0
CCM 1.0 1.0 1.0

https://doi.org/10.1371/journal.pcsy.0000063.t002
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2.3.2. Winfree model. We evaluate the inference performance of the proposed method in
the case of the non-averaged phase model (Eq 2). As the true model, we consider a system of
two phase oscillators coupled bidirectionally:

% = w; -2csing;(1+cosp,) + oy sinp &1 (1), (11)
% = w; -2csing, (1 +cosy) + o, sin &, (1), (12)

where, w1, is the natural frequency, c is the coupling strength, and o, , represents noise
strength. This model is a stochastic Winfree model [2,40], which is a special case of the non-
averaged model (Eq 2): €vi(¢i) = w; - w, €qi($i, §j) = -2csin @; (1 + cos ¢;), and Z(¢;) = sin ¢;.
Phase time series {¢;x} (i=1,2;k=0,1,..,K-1) (total duration: Kh = 20,000) are gener-

ated by simulating the true model (Egs 11 and 12) using the Euler-Maruyama method with

a time step of 0.01. Two methods (the proposed method and the naive method: see S2 Text

for details) are applied to the phase time series to infer the coupling strengths (c;; and ¢;;)
between oscillators. Note that the true phase signal is assumed to be observable to eliminate
the effect of the phase reconstruction. Similar to the Kuramoto model, the performance is
evaluated based on the relative bias B,.

We examine the effect of the coupling strength ¢ (= ¢12 = ¢1) on the inference perfor-
mance. The proposed method performs excellently even when the coupling is not very weak
(Fig 3a, cyan). This result implies that the proposed method is also effective for the non-
averaged phase oscillator models. The naive method can also accurately infer the coupling
strength when the coupling is sufficiently weak (c = 0.02). The reason is that the naive method
is based on the averaged model, which is derived from the stochastic Winfree model under
the assumption that the coupling strength is sufficiently weak (see S3 Text for the deriva-
tion). When the coupling strength was adequately small, the averaged model successfully

—
Q
~

(b)

100{ —7— Naive % O’W
—— Proposed |
] =-1
S 5 |
8 601 0 5 10 15
g Time ¢
>
£ 40{(D) (c)
& 2 o]
201 3
v ) €_1~
0.02 0.05 0.10 0.15 0.20 0 5 10 15
Coupling strength ¢ Time ¢

Fig 3. Inference performance for a system of two phase oscillators: Winfree model. (a): Mean and standard deviation of
the relative bias of the inferred coupling strength. The cyan and magenta solid lines represent the performance of the pro-
posed method and the naive methods, respectively. (b) and (c): Phase time series obtained from the weak (b) and moderate
() coupling strengths. Note that the natural frequency component w;t is substracted from the phase ¢;(t). Black and gray
lines represent the phase of the Winfree model (Egs 11 and 12) and its avegared model (Egs 7 and 8), respectively. Model
parameters are set as W) = Wz = 1.0 01 = 02 = 0.05, and the coupling strength ¢ = 0.02 (b) and 0.15 (c).

https://doi.org/10.1371/journal.pcsy.0000063.9003
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reproduced the dynamics of the true model (Fig 3b). However, as the coupling strength
increased, the naive method failed to accurately infer the coupling strength and overesti-
mated it (Fig 3a, magenta). For instance, when the coupling strength was set to ¢ = 0.15, the
naive method incorrectly inferred the coupling strength to be 81 times greater than the actual
value. One reason for the failure of the naive model is that the averaged model cannot repro-
duce the dynamics of the true model (Fig 3¢). There is a discrepancy of O(€) between the
non-averaged model (Eq 2) and the averaged model (Eq 3), where ¢ is the scale of coupling
strength (see Sect 4.1 for details).

2.4. Applications

In Sect 2.2, we have demonstrated that the proposed method can accurately infer the coupling
network of oscillators described by the phase models (Eqs 2 and 3). Here, we test the valid-
ity of the proposed method using the data obtained from limit-cycle oscillators, which are
more realistic models compared to the phase models. In particular, we consider two models:
the Brusselator model for chemical oscillators and the model of circadian oscillators in the
suprachiasmatic nucleus (SCN).

2.4.1. Brusselator oscillators. The first example is the Brusselator model [41], a two-
dimensional dynamical system that describes a type of autocatalytic chemical reaction (see
Sect 4.3 for details). Here, we consider a network of 10 oscillators, divided into two groups:

a densely connected population (Fig 4: group 1) and a sparsely connected population (Fig 4:
group 2).

From the observed signal x;(t) (i=1,2,--, 10), we infer the coupling network {c;;} (i,
=1,2,---,10) of the averaged phase model (Eq 3), which is expected to be approximately pro-
portional to the coupling in the Brusselator oscillators. The sampling interval of the observed
signal is set to & = 0.01, and the observation duration is set to Kh = 3.0 X 10° (approximately
5% 10* periods). The proposed method is compared with the naive method that infers the
interaction network by fitting parameters of the averaged model (Eq 3) (see S2 Text for
details). In the naive method, the sampling interval is set to & = 0.1 because otherwise the
computational cost will be enormous. It was confirmed that the results are quantitatively
preserved from the case of h = 0.01 using several shorter data sets.

First, we consider the case where the oscillators are rather close to the Hopf bifurcation
point by setting a Hopf bifurcation parameter ¢ = 0.001. The waveform of the observed sig-
nal is close to a sinusoidal wave, but the amplitude of the oscillators varies due to the hetero-
geneity (Fig 4a). Fig 4b compares the true network (top) with the inferred results from the
observed signals using the naive method (middle) and the proposed method (bottom). The
naive method fails to determine the true network structure and relative strengths. It incor-
rectly identifies negative coupling strengths in the left populations when the true couplings
are positive. In addition, it suggests that the right population is nearly isolated, with much
weaker internal coupling strength compared to the left population. In the real network, how-
ever, the coupling strengths of the two groups are identical, differing only in the density of
connections. In contrast, the proposed method accurately infers the network. The correla-
tion coeflicient between the true coupling network and its estimate is —0.77 for the naive
method and 0.96 for the proposed method, indicating the superior inference performance of
the proposed method. We further confirm the reliability of the inference result by generating
10 synthetic data sets with different input noise. The correlation coefficient (mean =+ stan-
dard deviation) of the proposed method was 0.95 + 0.008, while that of the naive method was
0.29 + 0.66.

PLOS COMPLEX SYSTEMS |https://doi.org/10.1371/journal.pcsy.0000063 September 11, 2025 9/ 23



https://doi.org/10.1371/journal.pcsy.0000063

PLOS COMPLEX SYSTEMS Network inference for both synchronous and desynchronous systems from oscillatory signals

—~
Q
~

=

I
S
)
=)
[

()

Observed signal

Naive

Proposed

Fig 4. Network inference from oscillatory signals: Application to simulated data from Brusselator oscillators. (a):
Observed signals x; () (i =1,2,--,10) from Brusselator oscillators whose bifurcation parameter is close to Hopf bifurcation
point: i = 0.001. (b): True network between Brusselator oscillators (top) and networks inferred from the observed signals
() by the naive method (middle) and the proposed method (bottom). (c): Same as (a), but the data is simulated with the
bifurcation parameter that is not very close to the Hopf bifurcation point: ¢ = 0.04. (d): Same as (b), but the network was
inferred from the observed signals (c). In (b) and (d), the relative weights of the couplings are represented by the color and
width of the arrows.

https://doi.org/10.1371/journal.pcsy.0000063.9004

Second, we test whether the proposed method is applicable to the case when the waveform
of the observed signal is distorted from a sinusoidal waveform (Fig 4c) and the coupling func-
tion y(6; - 6;) deviates from the sinusoidal function. For this purpose, we examine the case
where the oscillators are not very close to the Hopf bifurcation point by setting a Hopf bifur-
cation parameter u = 0.04. Similar to Fig 4b, Fig 4d compares the true network (top) with the
inferred results using the naive method (middle) and the proposed method (bottom). While
the naive method cannot infer the connections in the sparse network (group 2), the proposed
method infers the network structure accurately. The correlation coefficient between the true
coupling matrix and its estimate was 0.75 for the naive method and 0.98 for the proposed
method. Similarly, the reliability of the inference result is validated by generating 10 synthetic
data sets with different input noise. The correlation coefficient (mean =+ standard deviation)
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of the proposed method was 0.95 + 0.02, while that of the naive method was -0.28 + 0.62.
Furthermore, the bifurcation parameter ¢ was systematically increased to investigate the
robustness of the proposed method. The proposed method demonstrated a high degree of
inference accuracy for larger u, yielding correlation coeflicients between the true and inferred
coupling matrices of 0.92,0.88, and 0.90, respectively, for = 0.1,0.2, and 0.3 (see S1 Fig for
the inference result). In summary, the results imply that the proposed method achieves a
superior inference result to the naive method for a broad range of parameters.

We note that group 1 is highly synchronized in both cases u = 0.001 and u = 0.04,
and the proposed method performs well even for synchronized oscillators. To show this,
we quantify the degree of synchronization by a group-level Kuramoto order parameter
R, = ( N% ZjeAu e ‘), where u € {1,2} indicates the groups in Fig 4b and 4d. Each group
has N, = 5 oscillators and the set of the oscillators’ indices is denoted by .A4,,. The group-
level order parameter takes its maximum value R, = 1 when the oscillators in the group

completely synchronize in phase, while it takes its minimum value R,, = 0 when the oscilla-
tors’ phases are uniformly distributed. We obtain (R, R,) = (0.97,0.55) for u = 0.001, and
(R1,Ry) =(1.00,0.62) for = 0.04 showing the high synchrony in group 1. This result demon-
strates that the proposed method is able to extract the network structure from oscillatory
signals even when the oscillators are in a highly synchronous state.

2.4.2. Clock cells oscillators. A second example is the network of clock cells in the
suprachiasmatic nucleus (SCN). The mammalian circadian rhythm is driven by genetic
oscillations in the clock cells, which are the neurons composing the SCN. However, it is still
unclear how these clock cells interact with each other to produce a stable rhythm [42]. In
particular, the interaction between two anatomically distinct subregions of the SCN (i.e.,
the core and shell regions) has attracted attention because it is thought to play an important
role in generating robust rhythmic signals [43]. Here, we consider a toy model of the SCN.
As illustrated in Fig 5, we consider a network of model clock cells, composed of two densely
connected subregions (see Sect 4.3 for details of the model). Using synthetic data generated
by this model, we investigate the performance of our methods in inferring the intra- and
inter-networks of two subregions.

We inferred the coupling network {c;;} (i,j = 1,2,--,10) from the observed signal y;(t)
(i=1,2,--,10) obtained from the clock cell model (see Sect 4.3). The sampling interval of the
observation data was h = 0.04, and the observation duration was Kh = 1.2 x 10° (approximately
5% 10* periods). In the naive method, the sampling interval was h = 0.4, because otherwise
the computational cost will be enormous. It was confirmed that the results are quantitatively
preserved from the case of h = 0.04 using several shorter data sets.

In this subsection, we consider three cases of interaction between groups of clock cells
as follows: a) no interaction (Fig 5a), b) one-way or unidirectional interaction (Fig 5b), and
¢) two-way or bidirectional interaction (Fig 5¢). We calculated the group-level Kuramoto
order parameter R, from the clock cells in the left (1 = 1) and right (u = 2) groups. The oscil-
lators in each group are highly synchronized: the order parameter obtained from the groups
1 and 2 was 0.99 and 0.98 in the case of no interaction (Fig 5a), 0.99 and 0.99 in the case of
one-way interaction (Fig 5b), and 0.99 and 0.99 in the case of two-way interaction (Fig 5¢),
respectively. Next, we obtain the phase 6;(t) from the time series y;(t) (i=1,2,...,10) using
the Hilbert transform and infer the coupling network. To evaluate the performance of the
inference, we calculate the correlation coefficient between the true interaction network and
the inferred network. The correlation coefficient of the naive method and the proposed
method was 0.23 and 0.98 in the case of no interaction (Fig 5a), 0.053 and 0.97 in the case of
one-way interaction (Fig 5b), and 0.14 and 0.95 in the case of two-way interaction (Fig 5¢),
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Fig 5. Network inference from oscillatory signals: Application to synthetic data from coupled clock cells model. Inference results for
three network structures are shown, (a): no connection between two groups, (b): unidirectional connections between two groups, i.e., the
interactions are from the neurons in group 1 to those in group 2, and (c): bidirectional connections between two groups. True interaction
networks are shown in the top panels. Inferred networks from observations y;(t) (see Sect 4.3) by the naive method and the proposed
method are shown in the middle and bottom panels, respectively. The relative strength of the interactions are represented by the width

of the arrows; negative weights are not shown. Intra-group connections and connections from group 1 (group 2) to group 2 (group 1) are
indicated by black arrows and orange (green) arrows, respectively.

https://doi.org/10.1371/journal.pcsy.0000063.9005

respectively. This result suggests that the proposed method can infer the oscillator network
much more accurately than the naive method.

The inference results (Fig 5) suggest that the proposed method is able to extract the inter-
and intra-group interactions from the data, whereas the naive method fails to capture these
interactions. We quantify the inter- and intra-group interactions by calculating the group
level connectivity Cy, = \%I DicA, 2 je, Cijp where A, is the set of oscillator indices in group
u€{l,2},and |C]:= X 4, ZjeAv |cij is the sum of the absolute values of inferred coupling
strengths. Fig 6 shows the group level connectivity C,, of the true and inferred networks.
The inferred network by the naive method exhibits a markedly reduced level of intra-group
connectivity (Cy; and Cy;) compared to the true network. This result indicates that the naive
method is unable to identify a densely connected group. In contrast, the proposed method
accurately reproduces both the intra-group (C;; and C;;) and the inter-group (Ci; and Cy;)
connectivity of the true network. These results demonstrate that the proposed method can
extract not only a densely connected group of clock cells, but also the direction of interaction
(e.g., one-way or two-way) between the groups.

3. Discussion

We have proposed a method for inferring the network of coupled oscillators from the
observed signal. In our approach, the phase is first reconstructed from the observed signal,
and then the interaction network (i.e., coupling network) is inferred from the phase (Fig 1).
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Fig 6. Group-level connectivity C,, between the clock cell groups. We compared the group-level connectivity from cell group v to cell
group u of the true network with that of the inferred network by the naive and proposed methods (u, v = 1,2). Same as Fig 5, we show three
networks: (a) no interaction between cell groups, (b) one-way interaction between cell groups, (c) two-way interaction between cell groups.

https://doi.org/10.1371/journal.pcsy.0000063.9006

This method infers the coupling network {c;} (i,j = 1,2,..., N) of the averaged phase Eq (Eq
3) by fitting the parameters of the circle map. First, we have demonstrated that the proposed
method can accurately infer the network when the individual oscillator dynamics is described
by the phase models (Figs 2 and 3). We have subsequently validated the proposed method
using simulated data from limit-cycle oscillators, i.e., the Brusselator oscillator and the clock
cell model (Figs 4 and 5). Furthermore, the result of the clock cell model (Fig 6) suggests
that the proposed method can extract the group structure of the coupling network and the
interaction between groups.

Methods for inferring the coupling of oscillators can be classified into two approaches:
(i) fitting the coupling function q(¢;, ¢;) [30,44] and (ii) fitting the averaged coupling func-
tion y(¢; - ¢;) [25,31,45]. The proposed method belongs to the latter approach. The latter
approach has the advantage that it can infer the coupling network and requires less data.
However, the existing methods in this approach have limited accuracy, except when applied
to a narrow class of systems, such as the Kuramoto model. This is because the previous
methods are based on the averaged phase (Eq 3), which can deviate O(¢) from the original
dynamical system (Sect 2.1). In contrast, the proposed method is based on a circle map that
describes the phase change over one oscillation period. Indeed, the proposed method requires
only the data with a sampling interval of the typical oscillation period T. However, the circle
map deviates from the original system (Eq 1) by O(€?), which is more accurate than the pre-
vious methods: the deviation of O(¢). Consequently, our method is generally applicable to
weakly coupled oscillator systems.
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One advantage of the proposed method is that it is applicable to oscillators in a syn-
chronous state. It is noted that when estimating the coupling function g(¢;, ¢;), the oscilla-
tors must be in a completely asynchronous state [21,22]. Moreover, it has been demonstrated
that synchronization between oscillators deteriorates the inference accuracy of the averaged
coupling function y(¢; - ¢;) [32,45]. Recently, it has been reported that methods based on
machine learning (reservoir computing) do not provide good estimation accuracy when the
oscillators are synchronized [46]. In contrast, the proposed method can accurately estimate
the coupling strength even when the oscillators are well-synchronized (Figs 2, 3, 4, and 5).
The proposed method can accurately infer the network even when the Brusselator oscillators
and clock cell models are strongly synchronized in the network.

The proposed method is based on three assumptions, (i) the coupling function is uniform,
(ii) the coupling function is a sinusoidal function, and (iii) the observed oscillatory signal is
smooth and close to the sinusoidal function. Assumption (i) is valid for systems in which the
coupling mechanism between elements is the same, including systems of cardiac cells [47]
and neurons [48-50]. Note that this assumption could not be satisfied due to the diversity
of neural cell types [51,52] or heterogeneity of the coupling between brain regions [53,54].
Assumption (ii) is valid when the system is in the vicinity of the Hopf bifurcation. As illus-
trated in Fig 4(c) and 4(d), and S1 Fig, the proposed method can accurately infer the coupling
network even when the Brusselator system is not very close to the Hopf bifurcation point.
This result suggests that the proposed method is effective even if the assumption (ii) is con-
siderably violated. Assumption (iii) is necessary to reconstruct the phase using the Hilbert
transform. In this study, we employed the Hilbert transform, which is one of the most com-
monly used methods for reconstructing the phase from oscillatory signals. The results from
the Brusselator and the clock cell oscillator systems demonstrate the efficacy of the proposed
method in accurately inferring the network, even when the waveform deviates from a sinu-
soidal function. The proposed method is effective in realistic scenarios as described above
(see also Figs 4 and 5). However, several extensions below would dramatically increase its
scope. As an extended model, we can consider a coupling function of the form y(¢; - ¢;) =
ZkM=1 ax cos k(@i - @;) + by sink(¢; - ¢;). However, it should be noted that it would not be pos-
sible to identify the higher harmonic components when the oscillators are strongly synchro-
nised. The data only provide information on the coupling function in the vicinity of the syn-
chronised state (¢; - ¢; ~ const), which implies that the higher harmonic model has no practi-
cal identifiability [55]. Additionally, it would be also an important future study to extend the
proposed method to higher order interactions [56-58]. In order to infer more complicated
interactions, it is vital to incorporate a model selection approach, such as sparse regression
[58-60] or the likelihood ratio test [61], into the proposed method. Finally, it is important to
note that the phase reconstruction procedure is critical in the analysis of experimental data.
More advanced methods, such as the protophase-to-phase transform [26] and the exten-
sions of the Hilbert transform [37,62-64], have the potential to further improve the perfor-
mance of network inference. In addition, it is crucial to incorporate the bandpass filtering for
application involving human brain imaging data, as intra- and cross-frequency couplings are
fundamental to characterizing brain activity [53,54,65,66].

In this study, we have proposed a method for inferring the coupling network from time
series data measured from oscillators. The network inferred here is the coupling between
oscillators in a reduced phase oscillator model. The inferred coupling network will provide
important insights into the synchronization mechanism of oscillators. Moreover, unlike
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correlations between time series, this network captures causal relationships based on the
phase information. This network is regarded as an example of effective connectivity in the
field of neuroscience [67-70]. Consequently, the application of the proposed method to oscil-
latory signals obtained from various systems (e.g., SCN [71] and spinal cord [72]) would offer
valuable insights into the mechanisms of synchronization and information flow in the brain.
Another promising avenue of research is to study critical phenomena in the neural system,
which emerges on the edge of synchronization [73-76], based on the networks inferred from
neuronal signals. Finally, motion control represents a promising application area for the pro-
posed method. It is essential to understand the control mechanism of gait rhythm in order

to improve rehabilitation and treatment of gait disorders (e.g. Parkinson’s disease). It would
be an important future study to apply the proposed method to motion capture data obtained
from human subjects [77].

4. Methods
4.1. Phase reduction theory for coupled oscillators

We present a phase reduction theory for the coupled oscillators (Eq 1). Details can be found
in the literature [3-5]. We first consider a limit-cycle oscillator whose dynamics are given by

dax

= - FX), (13)
where ¢ is time, X € R? represents the oscillator state, F(X) € R? describes the oscillator
dynamics. Let Xy (¢), T, and @ = 27t/ T be the orbit, the period of the limit cycle, i.e., Xo(t+T) =
Xo(t), and the natural frequency, respectively. For a state X in the basin of attraction of the
limit cycle, we can define the scalar field ®¢(X) : R? — R, referred to as the phase function,
such that the phase ¢(t) = ®p(X(¢)) satisfies

9 _

pr —w (14)

In this study, we consider the system of N weakly coupled limit-cycle oscillators given by

dX;
dt

= F(X;) + fi(X;) + € ), Q; (X5, X;) + (1), (15)

j=1

where F(X;) represents the unperturbed dynamics of a typical oscillator, ef,(X;) repre-
sents the difference of the intrinsic dynamics of oscillator i from the typical oscillator, and
€Q;i(Xi, X;) represents the interaction from oscillator j to oscillator i. Note that € is a small
dimensionless parameter that characterizes the degree of heterogeneity and the coupling
strength (i.e., the interaction strength). The noise term 7;(t) is assumed to be the Gaussian
white noise obeying E[#;(t)] = 0 and Cov[#;(t)n;(s)] = v}I;8(¢-s), where I, is the identity
matrix of size d, v? is the noise variance, and &(t) is the Dirac’s delta function. In the follow-
ing, we further assume that the noise variance v? is sufficiently smaller than € and neglect the
terms of O(v;) [78,79]. All other quantities including F and Q;; are O(1).

The time derivative of the phase ¢; = ®(X;) (i=1,2,---, N) can be written as
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dei dX;
il gradX<D|X:Xi(t) s
N
= gradxq)|x=x,-(r) . (F(Xi) +ef(Xi) + GZ; Q; (X,-,Xj) + en,-(t)) (16)
=
N
= w+ gradxq)|x:x,»(t) . (eﬁ(X,-) + 62 Q; (X X;) + eni(t)). (17)
j=1

In the derivation of Eq 17 from Eq 16, we used an expression that follows from the defini-
tion of the phase function:

grad,® - F(X) = w. (18)

Suppose that the perturbations are small and the orbit X(¢) stays in the vicinity of the
limit-cycle orbit Xy (t), i.e., | X(t) - Xo(#)| = O(€), we can derive the phase equation

dgi
dt

=w+Z($) - (Eﬁ(XO(Gbi)) +e Y Qu(Xo(:). Xo($7)) + €7)i(t)) +0(e?), (19)
=1

where Z(¢) := gradXIIJ| X=Xy ($i0) is the phase sensitivity function. Finally, we can derive the
phase (Eq 2) from Eq 19 by introducing the following functions: v;(¢;) := Z(¢;) - f.(Xo(¢:))
and q;;(¢:, ¢;) = Z(¢1) - Q;(Xo(1), Xo()))-

By averaging approximation, Eq 2 can be reduced to Eq 3 with

27

W = w+% /0 vi($)de, (20)
c 1 27

Cj = ﬁHﬂfo 3 (. P + )dp||, (1)

17 a9 + @)
17 a9 + @)

2 Viz m T
ot = o= [T Z @)z, (23)

vi(¢) = \/EH ., (ifc; #0) (22)

which are the natural frequency of oscillator i, the coupling strength from oscillator

j to i, the averaged coupling function, and the noise variance, respectively. [f(¢)| =
12

2
(f (f(¢))2d¢) is the L, norm of the function f(¢).
0
We should note the difference between the phase of the non-averaged (Eq 2) and the phase
of the averaged (Eq 3). To avoid confusion, we write ¢; and ¢; in the averaged (Eq 3) as ¢;
and @j, respectively. Neglecting the noise term, the averaged (Eq 3) can be obtained from a
variable transformation, so-called the near-identity transformation:

¢i :¢,' +€hi(¢1,...,¢N). (24)

where h; is a 27r-periodic function of O(1) [3,5,80,81]. Eq 24 implies that these phases are
actually different by O(e). This discrepancy could lead to a critical degradation in the infer-
ence performance of the naive method (e.g. Figs 3, 4, and 5).
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4.2. Parameter inference by maximum likelihood method

The proposed method determines the parameters of the circle map (Eq 6), a, {w;}, {c;}, and
{0/} (1,j=1,2,-,N), using the maximum likelihood method. The log-likelihood function is
given as

N
I(a, 61,60, 6N) = ) 1i(, 6), (25)
i=1

where,

li(CC, 91') = -

1 M-1 N 2
3077 2 (M’f’m - T{wi + 2 € sin (B = i + oc)}) , (26)

m=0 j=1

log (27{01-2 T)

and M is the number of cycles, 6; := (w;, ci1, Cia» --» Cin» T1) 1S @ set of parameters associated with
oscillator i. Due to the parameter « in Eq 26, the log-likelihood function is not quadratic in
terms of the parameters, rendering its maximization nontrivial. However, for a fixed value

of a, we can maximize the function J;(a, 6;) by solving a set of linear equations to find the
optimal parameter set:

0,(a) = argmaxi(a, 6;). (27)
6

Thus, the maximization of the log-likelihood function (Eq 25) can be reduced to an opti-
mization problem of the scalar function of one variable:

I(a, 6, (a), éz(oc), "'éN(a)) = Z Ii(a, éi(oc)). (28)

The optimization of the log-likelihood function can be efficiently solved by using the Brent
method [82] in a range of -7r/2 < a < 7/2. Then, by substituting the optimal parameter & into
Eq 27, we obtain the maximum likelihood estimator {&, §;(&)} (i=1,2,---,N). The parameter
estimation procedure is summarized as follows:

(i) Find a = & that maximizes the log-likelihood I(a, 8, (), 8,(a), ---6x()) using the Brent
method within a range of -7/2 < a < 7/2.

(ii) Obtain the maximum likelihood estimate of the parameters {6;} (i=1,2,---, N) by substi-
tuting a = & into Eq 27.

4.3. Models of coupled limit-cycle oscillators

We validate the proposed method using synthetic data from coupled limit-cycle oscillators.
Specifically, we used two models: Brusselator oscillators and clock cells oscillators.
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Brusselator oscillators. We consider a network of 10 Brusselator oscillators [41]

described by
dx; 2 S )
il Ai+xiyi - (Bi + l)xi+j=21Kij(xj_xi) +p&7 (1), (29)
dyi
- - x%dZ 501 =3) +pE” (1), (30)

where x;(t) and y;(t) represent the state of oscillator i, Kj; represents the coupling strength
from oscillator j to oscillator i, £;” (t) are the independent Gaussian white noise with mean 0
and variance 1. In order to model the heterogeneity between oscillators, the parameter A; was
drawn from the uniform distribution [0.9999,1.0001] and B; was set to B; = (1 + wu)(1 + A?),
where u is the Hopf bifurcation parameter. In this case, each unit behaves as a limit-cycle
oscillator when u > 0. The other parameters are set as follows: d = 1.25 and p = 0.002. Here,
we consider a network composed of two groups of oscillators: a densely connected population
(Fig 4b, 4d: group 1) and a sparsely connected population (Fig 4b, 4d: group 2). The coupling
strength, Kj;, is set to Kj; = 0.001 if there is a directed edge from oscillator j to i, and Kj; = 0.0
otherwise. The simulated data were generated using the Euler-Maruyama method with a time
step of 0.01.

Clock cells oscillators. We consider a toy model of the suprachiasmatic nucleus (SCN)
composed of two densely connected subregions (Fig 5). We adopted the clock cell model [83]

given by

dXi 1 Xi F; x

S ) X(£), 1

dt ( Z K2+xi+VKC+Fi)+p§l(t) (3)

I ) 0 (2)

dZ,' z

I = (ks}/z—Vs )+P§i(t)’ (33)
t Zj

ary = T (k7xi -V il ) +p§i (1), (34)

dt g t+1;

where, x;, yi, zi, and r; (nM) represent the concentration of mRNA, a clock protein, a tran-
scriptional repressor, and a neuropeptide of clock cell i, respectively, and £;”**'(t) represents
the independent Gaussian white noise. The interactions between clock cells are mediated by
the neurotransmitter, which is mathematically described as follows [84]:

N
Fi=Y Ayrj, (35)
j=1

where F; represents an average neurotransmitter level, and A;; represents the coupling
strength from clock cell model j to i. The coupling strength is set to A;; = 0.01 when there is
a coupling from the clock cell model j to i; otherwise, A;; = 0.0. The self-coupling was set to
A;ii=0.9(i=1,2,---,10) to allow the model to oscillate autonomously even in the absence of
coupling. Other parameters are summarized in Table 3. The simulated data were generated
using the Euler-Maruyama method with a time step of 0.04.
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Table 3. Parameters of the clock cell model. Further parameters: the Hill coefficient n = 5, and the scaling factor
T; drawn from the uniform distribution [0.9999,1.0001].

Parameters Values

V1, v2, ve [nM/h] 6.8355 8.4297 6.7924
V4, V6, V8 [nM/h] 1.0841 4.6645 3.5216
Ky, Kz, K. [nM] 2.7266 0.2910 4.8283
K4, K¢, Kg [nM] 8.1343 9.9849 7.4519
ks, ks, k7 [/h] 0.1177 0.3352 02282

https://doi.org/10.1371/journal.pcsy.0000063.t003
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