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Abstract
Experimental, and computational studies have highlighted the abundance and signif-
icance of excitability and synaptic heterogeneity for network resilience, learning, and
memory. However, these studies have been confined to cellular-level investigations, a
spatial resolution that is inaccessible with clinical tools (i.e., electroencephalography,
magnetoencephalography). Such clinical recordings capture local field potentials, rep-
resenting brain activity at a coarser spatial scale than individual neurons. To understand
how neuronal diversity affects large-scale activity, computational models and techniques
are needed to examine the effects of heterogeneity on dynamics at these coarser scales.
We therefore examine how intrinsic excitability heterogeneity in neuronal populations
of the brain affects the stability and resilience of macro-scale brain networks against
external stimulations. We use a macro-scale computational model where each node
is a neural mass model with interacting excitatory and inhibitory sub-populations. Het-
erogeneities are represented using lumped parameters, and brain region dynamics are
coupled through a global synaptic coupling parameter. Our numerical results show that
excitability heterogeneity and synaptic coupling stabilize neural dynamics against exter-
nal inputs, reducing amplitude variations and enhancing resilience at the macro-scale.
Excitability heterogeneity also prevents the emergence of multiple equilibria. Although
the global coupling parameter alone is less effective at reducing the emergence of
multiple equilibria, it boosts the network’s resilience when combined with heterogeneity.
Thus, excitability heterogeneity stabilizes neural dynamics and simplifies the system’s
stable states on a broader spatial scale.
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Author summary
This study addresses a vital question: how does the diversity at the neuronal scale reflect
at the larger spatial scale of brain dynamics? Most research has focused on patches
within the brain when studying neuronal diversity, which is difficult to measure in a
clinical environment that captures broader brain activity. Using computational tech-
niques, the study highlights the cell-to-cell diversity among neurons in interconnected
brain regions, stabilizes brain activity, and improves the network’s resistance to exter-
nal disruptions. Higher neuronal diversity in each brain region prevents the spread of
undesired neural activities, such as seizures, across the brain. This knowledge effectively
bridges the finer-scale biophysical diversity with its impact on coarser-scale dynamics.

1. Introduction
“Within cell-type heterogeneity” refers to individual differences between cells of the same
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type [1–3]. Although initially considered insignificant relative to between-cell-type hetero-
geneity, within-cell-type heterogeneity is now acknowledged as a fundamental organizing
feature of the brain [4–6]. Computational studies have demonstrated that within-cell-type
heterogeneity enhances information coding [7–13], stabilizes networks against the syn-
chronous activity associated with seizures [14,15], and increases the resilience of neuronal
networks to various factors that could potentially cause instabilities in dynamics [16,17].
Additionally, heterogeneous neural populations display enhanced learning and development
of associative memory [12].

Such computational studies exploring neural heterogeneity have focused on modeling
abstract “patches” of cortex representing either a single ensemble of neurons or a particular
cortical layer within a brain region [13–15,18–23]. While studies at the cellular level high-
light the significance of heterogeneity (see above), they face limitations in clinical translation
since there is a mismatch between the scales of investigation. These limitations arise because
clinical brain signals provide an “average” neuronal activity across brain regions [24,25].
Computational studies could expand cellular-level insights about neuronal heterogeneity
to broader spatial scales that reflect diverse neuronal ensembles within anatomical brain
regions.

Theories of population dynamics characterized by neural mass models often assume
homogeneity within populations of spiking neurons [26–28]. This assumption allows for the
abstraction of population activity using the dynamics of a single representative neuron [28].
However, it is recognized that variability in the electrophysiological and synaptic proper-
ties of neurons within a population can influence the parameters of the neural mass model’s
response function, particularly the slope, which may capture such diversity [26,29]. In fact,
with the introduction of Brodmann areas [30], which represent regions of the cerebral
cortex defined by cytoarchitecture, recent studies have explored inter-regional heterogene-
ity by modulating the macro-scale computational model parameters based on observed
variability in specific properties across regions [27,31,32]. These studies have further
deepened our understanding of inter-regional heterogeneity by integrating genetics, neu-
rotransmitter distribution, and detailed anatomical data [32]. Gene expression profiles
vary significantly across brain regions, indicating specialization based on unique genetic
makeups [33–35]. The distribution of neurotransmitter receptors, such as glutamate (NMDA,
AMPA) and GABAA, GABAB, also varies; distinct transcriptional profiles influence local
circuitry and information processing [36]. Architectonic studies reveal variations in neuron
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density, types, and connectivity patterns among regions, contributing to the brain’s functional
complexity [37]. Research correlating these structural differences with functional outcomes
illustrates how anatomical features underpin cognitive and behavioral capabilities [29,37–41].
This perspective emphasizes the importance of regional heterogeneity in understanding brain
function. It also highlights how disruptions in specific areas can lead to neurological and psy-
chiatric disorders [35,36,41]. Therefore, recognizing regional neuronal heterogeneity is crucial
to advance our understanding of brain dynamics and to develop targeted interventions for
brain disorders.

1.1. Contribution
Regional heterogeneity is less frequently reflected biophysically in macro-scale computa-
tional models of the brain. Recent studies link this heterogeneity to variations in excitation-
to-inhibition (E/I) neuron ratios across regions [29,36,37,41–43]. These properties define
the parameters of the neural mass model at specific nodes, leading to heterogeneous tem-
poral dynamics across the network. However, these studies assume that the excitatory and
inhibitory sub-populations within a brain region share the same response function slope,
modulated by a single E/I ratio. This simplification overlooks a key point from [26]: the slope
of each population’s response function should reflect the diversity of firing thresholds among
its neurons. These studies focus on establishing the importance of diversity among brain
regions, rather than analyzing how the diversity within each sub-population in a given brain
region affects macro-scale dynamics in a network. By overlooking this heterogeneity, mod-
els may fail to capture the distinct contributions of excitatory and inhibitory populations to
network dynamics. Additionally, the studies on regional heterogeneity do not explore how
within-cell-type heterogeneity influences stability, resilience, or trivialization properties at
the macro scale. Moreover, they do not address whether insights from neuronal-level stud-
ies on heterogeneity [13,14,20,44] align with, or differ from, those observed at the macro
scale.

In contrast, this paper introduces a theoretical framework that defines the dynamics of
structurally interconnected neural populations at a broader spatial scale, termed the macro-
scale, while relaxing the assumption of local homogeneity within each anatomical region.
This framework incorporates varying intrinsic excitability heterogeneity of neurons into the
macro-scale dynamic modeling of each brain region. Drawing inspiration from [14], we focus
on changes in neuronal firing thresholds as the key intrinsic excitability property. To this end,
we consider an Amari-type neural mass model [45], which shares a similar linear stability for-
mulation of the Wilson-Cowan model [26]. We parameterize the excitability heterogeneity
of each sub-population in each node as the variance of firing thresholds within the neuronal
ensemble. Our study investigates how excitability heterogeneity influences stability, resilience,
and emergence of multi-stable states in macro-scale brain dynamics as external stimulation
varies. This research highlights the dynamical consequences of intrinsic neuronal variability
on macro-scale brain dynamics through interconnected brain regions, effectively bridging
properties from the micro-level to the macro-level.

To investigate, we construct a generic macro-scale brain network with each node rep-
resenting a brain region containing excitatory and inhibitory sub-populations. We use the
neural mass model in [14] to define the dynamics at each node over a time scale spanning a
few seconds. The dynamics of the nodes are linearly coupled between their excitatory sub-
populations. The coupling efficacy is determined by structural connectivity measured via
the white matter tracts between the regions [46], and a global synaptic coupling parameter.
We apply a constant stimulation over the simulation time to a single node in the network
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mimicking the modulatory, environmental, and stimuli-induced perturbations acting on
a specific brain region on a slow time scale. Network stability is assessed using temporally
averaged Lyapunov exponents. Equilibria of the neural dynamic field are computed numeri-
cally, and the system state is analyzed through linearization via the eigendecomposition of the
Jacobian matrix at each equilibrium. Initially, numerical studies focus on a simple two-node
macro-scale brain network, with subsequent investigations expanding the network size with
empirical connectome data to assess the generalizability of our findings.

Our numerical investigations of a two-node macro-scale network demonstrate that both
excitability heterogeneity and synaptic coupling are essential for stabilizing neural dynamics
under external stimulation, with excitability heterogeneity having a more significant impact.
Additionally, higher levels of excitability heterogeneity suppress the emergence of multiple
equilibria (trivialization) within the neural dynamic field under a given stimulation. This
heterogeneity within macro-scale populations also generates stable system states at the
equilibria, even in the face of significantly higher external stimulation, indicating greater
resilience. Although the global coupling parameter has a comparatively lesser impact on sys-
tem trivialization than excitability heterogeneity, it nonetheless enhances resilience against
external disturbances. Furthermore, our results highlight the nuanced influence of excitabil-
ity heterogeneity on stability and trivialization, emphasizing its dependency on the specific
sub-population in which it manifests. The findings from the two-node macro-scale brain net-
work generalize well to a multi-node macro-scale network, representing a more complex and
realistic network architecture of the brain.

1.2. Outline
Other than a brief discussion of notation (next), the rest of the paper is arranged as follows. In
Sect 2, we introduce the computational model for a coupled macro-scale brain network, along
with the metrics used to measure the system properties. In Sect 3, we present the numerical
results on how the interplay between underlying neural excitability heterogeneity and the
global coupling parameter influences the stability and trivialization of a brain network using a
two-node macro-scale network. We extend the analysis to a multi-node network and present
the results in Sect 4. In Sect 5, we offer a concise discussion outlining our main discoveries
and the constraints of our analysis. Finally, we conclude our contribution in Sect 6.

1.3. Notation
We use [N] to denote the index set {1, ...,N} for any N∈ℤ+. For any L∈ℤ, we use [N]+L
to denote shifted index set {1 + L, ...,N + L}. We use 𝕀n to denote the identity matrix of size
n×n and 1n to represent the all-ones vector of size n. We denote vectors and matrices using
bold-faced lower and upper-case letters. We simplify the notation for z(t) = [zn(t)]

T ∈ℝN, as
z = [zn]

T
and define ̇z = [ ̇zn]

T ∈ℝN with ̇zn = dzn
dt denoting the temporal derivative of each ele-

ment n∈ [N]. Sets are denoted by calligraphic font e.g., Z . The cardinality of a finite set Z is
denoted by |Z |. For z = a + j b∈ℂ, we define | z | =

√
a2 + b2 where a =ℜ{z} and b =ℑ{z}.

2. Materials and methods
To analyze the effect of excitability heterogeneity and synaptic coupling, each macro-scale
brain region is mathematically modeled as a node in a spatially distributed brain network.
The dynamics of each node are defined using the neural mass model in [14], which is derived
from the diffusion approximation [47] of a network of Poisson spiking neurons. The terms
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brain region and node will be used interchangeably to refer to the macro-scale anatomical
brain regions in the modeled brain network. Each node will have interacting excitatory (E)
and inhibitory (I) neural sub-populations. For a single node, an Amari-type model restricted
to a spatially uniform (homogeneous) kernel [14,45,48–50] defines the dynamics as:

u̇ = T (–u +WF(u,𝜎𝜎𝜎) + 𝔦0 + 𝔦t) , (1)

where u = [ue,ui]T ∈ℝ2 is a stacked vector of the mean-field dynamics of E and I sub-
populations. Similarly, 𝜎𝜎𝜎 = [𝜎e,𝜎i]T ∈ℝ2 is a stacked vector of the underlying excitability het-
erogeneity parameters of E and I sub-populations. The vector 𝔦0 = [Ie,0, Ii,0]T ∈ℝ2 represents
the bias currents applied to each sub-population whereas 𝔦t = [Ie,t, Ii,t]T ∈ℝ2 represents the
modulatory signals on each sub-population to perturb the system states. The matrix T repre-
sents the relative time-scaling of the sub-populations, i.e., 𝜏e, 𝜏i. The matrix W represents the
intra-node connectivity matrix between E-I sub-populations using the intra-node synaptic
weights wee,wei > 0 and wie,wii < 0. These two matrices are defined as

T = [
1
𝜏e

0
0 1

𝜏i

] and W = [wee wie

wei wii
] .

The vectorized mean-field non-linear function F(x, s) ∶ℝ4 →ℝ2 is described by
F(x, s) = [F𝛽(x1, s1),F𝛽(x2, s2)]T with F𝛽(x, s) is defined as:

F𝛽(x, s) =∫
∞

–∞

1
1 + exp(–𝛽(x + 𝜃))𝜑(𝜃; s)d𝜃, (2)

where 𝛽 is the non-linear gain of the activation function, and 𝜑(𝜃; s) = 1√
2𝜋s2 e

– 𝜃2

2s2 is a zero-
mean Gaussian distribution whose variance s2 = (𝜎y)2 for y∈ {e, i} represents the dispersion
of rheobases/firing thresholds of the neurons in E and I sub-populations of a node. Eq (2)
explicitly defines the mean-field response of a neuronal ensemble based on its level of hetero-
geneity, aligning with the principles outlined in [26]. Specifically, excitability heterogeneity
leads to a greater representation of both low-threshold and high-threshold neurons within the
population as noted in prior studies [13,20]. Low-threshold neurons, which have higher firing
rates, tend to pull F𝛽(s, x) upward, while high-threshold neurons with lower firing rates tend
to push it downward. This pull-push effect of diversely thresholded neurons extends the lin-
ear portion within the mean-field firing function. As heterogeneity increases (i.e., 𝜎→∞), the
average firing rate converges to 0.5, due to the balanced push-pull effect from the well-diverse
neuron population. This behavior is illustrated in Fig 1 for a generic neuronal population.

Interactions among the macroscopic brain regions in the local brain network are intro-
duced as the edges between the nodes in the network. We assumed linear coupling among
E sub-populations of each node. The dynamics of node n∈ [N] in the macroscopic brain
network can be described as

u̇n = Tn( – un +WnF(un,𝜎𝜎𝜎n) + 𝔦n0 + 𝔦nt +DsKglob

N
∑
m=1

pnmum), (3)

where N is the number of brain regions in the network, Kglob is the global coupling parame-
ter, and Ds = diag(1, 0). We define knm =Kglob ⋅ pnm as the effective synaptic coupling between
node n and m where pnm ∈ [0, 1] ∀n,m∈ [N] defines the weights of normalized structural
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Fig 1. Excitability heterogeneity changes the mean-field firing function. For lower 𝜎, the mean-field firing function
is highly non-linear and similar to a single neuron firing characteristics. As 𝜎 increases, the firing functions become
more linear for a wide range of pre-synaptic neural activity.

https://doi.org/10.1371/journal.pcsy.0000057.g001

connectivity (association) between the two nodes. Following previous work on whole-brain
modeling [27,29,51], Kglob is a free controlling parameter that we vary systematically to study
the dynamics of the network when its connectivity changes from weak to strong. We define
the normalized structural connectome matrix as P = [pnm]∈ℝN×N that represents the asso-
ciations between the network nodes. We statistically sample P̃ = [p̃nm] using a standard expo-
nential distribution in which each p̃nm ∼ Exp(1) for n,m∈ [N] and n ≠m. The columns
(and rows) of P̃ are arranged in such a way that the degree of connectivity of the nodes is in
decreasing order. We obtain P = [pnm] after normalizing P̃ so that the sum of connectivity

weights for each node, i.e. the degree of the node, does not exceed 1 i.e.,
N
∑
m=1

pnm ≤ 1 ∀n∈ [N].
In addition, pnm = pmn ∀n,m∈ [N], which suggests that the network is an undirected graph.
In addition, there are no self-loops, i.e. pnn = 0.

Following Eq (3), we derived the vectorized dynamics of the macro-scale brain net-
work. Let unet = [un]

T ∈ℝ2N×1 be the stacked vector of dynamics of each node. Let
𝜎𝜎𝜎net = [𝜎𝜎𝜎n]T ∈ℝ2N×1 be the stacked vector of heterogeneity parameters of each node. Let
Wnet = diag([Wn])∈ℝ2N×2N be the intra-node synaptic weight matrix for the network and let
Tnet = diag([Tn])∈ℝ2N×2N be the time constant matrix for the network. Further, define

Dnet =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 … 0 0 0 0
0 0 1 0 … 0 0 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 … 1 0 0 0
0 0 0 0 … 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ℝN×2N.
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Using the above definitions, the network dynamics can be described as

u̇net = Tnet(–unet +WnetFnet(unet,𝜎𝜎𝜎net)+ (𝔦0)net + (𝔦t)net +KglobPnetunet). (4)

In the above, Pnet =DT
netPDnet ∈ℝ2N×2N is an augmented connectivity matrix, which

indicates that the nodes are connected through their E sub-populations. (𝔦0)net = [ 𝔦n0 ]
T ∈

ℝ2N×1 is the stacked vector of bias currents, and (𝔦t)net = [ 𝔦nt ]
T ∈ℝ2N×1 is the stacked

vector of modulatory signals applied to the nodes and their sub-populations. Finally,
Fnet(unet,𝜎𝜎𝜎net) = [F(un,𝜎𝜎𝜎n) ]T ∈ℝ2N×1 is the stacked vector of mean-field non-linear neu-
ronal functions.

2.1. Mathematical modeling assumptions
The following assumptions were made during the mathematical modeling process.

• We assume that the properties of underlying microcircuits of each macro-scale node,
including their geometric connectivity and coupling, are unknown, except the overall
diversity of neuronal excitability parameterized by 𝜎𝜎𝜎n ∀ n∈ [N], and the intra-population
connectivity defined in W.

• Following prior work on whole-brain networks [52], we ignore time delays between the
nodes.

• We assume that only a subset of macro-scale network nodes is influenced by external stim-
ulation. This approach contrasts with neuronal-level network analyses, where stimulation
is often applied more broadly across all nodes in the network [14,16,20]. Given the spa-
tial distribution of brain regions, it’s improbable that all areas are simultaneously affected.
Unstimulated nodes are biased toward a critical state, where their stability is influenced
only by intrinsic excitability heterogeneity and the dynamics shared through coupling
with other nodes. We further assume that the stimulation is applied only to the excitatory
sub-populations following [14]. This means that 𝔦nt can be expressed as:

𝔦nt =
⎧⎪⎪⎨⎪⎪⎩

[Ine , 0]T if n∈ IM
[0, 0]T otherwise,

(5)

where IM ⊂ [N] is the set of indices of the modulated nodes of the network.
• We assume other parameters of the model to be constant: Tn = T, 𝔦n0 = 𝔦0, and
Wn =W ∀n∈ [N]. This means that network parameters are not changing except 𝜎𝜎𝜎n and
Kglob for each simulation setup.

Following the above assumptions, Table 1 summarizes the values of the parameters used
for simulations. The constant parameters are selected following [14] that are based on previ-
ous work on oscillatory cortical networks [53–56].

2.2. Measuring system behavior
As we model the brain at the macro-scale, measures defined for micro-scale neural networks
are inapplicable – since we do not have access to underlying neuronal firing activities. Instead,
we use the following measures to derive insights into the effect of excitability heterogeneity
and the global coupling parameter on the stability and trivialization of the macro-scale brain
network model.
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Table 1. Key parameters.
Parameter Symbol Value
Excitatory time constant 𝜏e 10 ms
Inhibitory time constant 𝜏i 5 ms
Non-linear gain of activation function 𝛽 4.8
Excitatory bias current Ie,0 -15.625 mV
Inhibitory bias voltage Ii,0 -31.25 mV
Stimulation IMe Variable
Excitatory-excitatory synaptic strength wee 100
Excitatory-inhibitory synaptic strength wei 187.5
Inhibitory-excitatory synaptic strength wie -293.75
Inhibitory-inhibitory synaptic strength wii -8.125
Excitatory heterogeneity 𝜎e Variable
Inhibitory heterogeneity 𝜎i Variable
Time step Δt 0.05 ms
Simulation time T 2500 ms
Settling time ts 500 ms
Global synaptic coupling parameter Kglob Variable
Structural connectivity weights pnm Variable

https://doi.org/10.1371/journal.pcsy.0000057.t001

2.2.1. Lyapunov stability. We use temporally averaged Lyapunov exponents to estimate
the Lyapunov stability of the macro-scale brain network using neural dynamics of the E sub-
population of each brain region. In the context of brain activity, Lyapunov stability implies
that the brain can maintain a stable state after experiencing either intrinsic or extrinsic stim-
ulation [57]. Since the E sub-populations are stimulated in our model and directly affect
overall network stability in terms of electrophysiological activity [6], our analysis on stability
focuses only on these sub-populations. To evaluate their stability, we compute the Lyapunov
exponents for the one-dimensional time series of the E sub-population at each node n∈ [N],
denoted by ℓne . Following [58], the Lyapunov exponents are computed as:

ℓne =
1

T – ts – 1

T–ts
∑
k=1

log( ∣une [tk] – une [tk – 1] ∣ ) . (6)

This calculation measures the local stability of the E sub-population dynamics by deter-
mining the separation rates of nearby points along the real line [16,58,59]. The Lyapunov
exponents are undefined for systems where the differential is zero, i.e., systems without fluctu-
ations or those in a saturated state [58]. Such system states are classified as supercritical stable
regions. The parameters used in Eq (6) correspond to those listed in Table 1.

Instead of using the maximum Lyapunov exponent, we focus on the temporally averaged
Lyapunov exponent, which reflects stability as an average measure over time rather than a
marker of the overall dynamic state. A negative ℓne indicates that the node maintains relative
stability with slow dynamics, while a positive value points to large, rapid fluctuations, signal-
ing instability. Additionally, ℓne ≈ 0 suggests the presence of oscillatory dynamics. We define
the Lyapunov stability of the network as ℓne averaged across the nodes in IM:

̄ℓe =
1

|IM|
∑

n∈IM
ℓne . (7)

2.2.2. System resilience and multi-stable region emergence. Although the network
dynamics defined in Eq (4) are nonlinear, we can analyze local system behavior by linearizing
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the system around its equilibria. Consider a constant modulatory signal IMe ∈ [0, 31.25]mV
applied on nodes n∈ IM. Given 𝜎𝜎𝜎net,Kglob, and P, we numerically compute the singular points
of the system UIMe ∶= {u

l
net} using Powell’s algorithm [60]. We linearize the system around each

ulnet ∈ UIMe using the Jacobian matrix J∈ℝ2N×2N, defined as:

J (ulnet;P,𝜎𝜎𝜎net,Kglob) = Tnet (KglobPnet – 𝕀2N +WnetRnet(ulnet,𝜎𝜎𝜎net)) , (8)

where Rnet(ulnet,𝜎𝜎𝜎net)∈ℝ2N×1 is the stacked vector of vectorized susceptibility function
R(ul,n,𝜎𝜎𝜎n) for n∈ [N] and l∈ [L ] where L = ∣UIMe ∣. The vectorized susceptibility function

R ∶ℝ4 →ℝ2 is described by R(x, s) = [R𝛽(x1, s1),R𝛽(x2, s2)]
T ∈ℝ2 where R𝛽(x, s) is defined

as:

R𝛽(x, s) =∫
∞

–∞

𝛽 exp(–𝛽(x + 𝜃))
[1 + exp(–𝛽(x + 𝜃))]2

𝜌(𝜃; s)d𝜃. (9)

As s = 𝜎e,i increases, the susceptibility of the neuronal population reduces significantly.
For systems with multiple fixed points i.e., ∣UIMe ∣ > 1, Eq (8) is evaluated for each fixed point
yielding a set of Jacobian matrices.

We compute the eigen-decomposition of the Jacobian matrices for each ulnet ∈ UIMe to
understand the system’s local behavior around that singular point. We define the eigen spec-
trum for ulnet as Λl = [𝜆l,1,𝜆l,2,… ,𝜆l,2N]T ∈ℂ2N×1 where the 𝜆l,k = al,k + jbl,k ∈ℂ are the eigen-
values. Table 2 characterizes various possible system behaviors.

S1 Appendix provides additional details on computing ulnet, deriving J and determining the
system behavior. As each ulnet ∈ UIMe is aℝ2N vector, we apply Kernel PCA [61] to reduce its
dimensionality toℝ for visualization. We define Ψ ∶ℝ2N →ℝ as the Kernel PCA operation
applied on each equilibria in UIMe . Further details are provided in S2 Appendix.

Further, we define the system’s dampening rate 𝜁l and oscillatory rate 𝜔l for each singular
point ulnet from Λl. We define 𝜁l = max

k∈[2N]
{al,k} as the maximal real part of the eigenspectrum

Λl i.e., of the dominant eigenvalue. This parameter determines overall system stability. We
define the two dominating oscillatory rates (i.e., eigenfrequencies) from the two largest mean
adjusted-eigenvalues i.e., ̃𝜆l,k = 𝜆l,k – ⟨𝜆l,k⟩k, as 𝜔l

1 = b̃l,1
2𝜋 , and 𝜔l

2 = b̃l,2
2𝜋 where b̃l,⋅ =ℑ{ ̃𝜆l,⋅} and

⟨𝜆l,k⟩k = 1
2N

2N
∑
k=1

𝜆l,k.

We define multi-stable regions as the intervals of IMe where |UIMe | > 1 for each IMe in the
interval. These regions indicate the presence of multiple steady-state points and a propensity
for bifurcations as external stimulation changes. This implies that the system will have at least
one equilibrium point ulnet ∈ UIMe where 𝜁l > 0. Such occurrences suggest reduced resilience to
external disturbances, as highlighted by [17], making system control more challenging. Thus,

Table 2. Determining local system stability based on eigenvalues of the locally linearized system.
Stable state Stability criteria Color

al,k =ℜ{𝜆l,k} bl,k =ℑ{𝜆l,k}
Stable spiral al,k < 0 ∀ k∈ [2N] ∃bl,k s.t. bl,k ≠ 0 Brown
Stable node al,k < 0 ∀ k∈ [2N] bl,k = 0 ∀ k∈ [2N] Green
Centre al,k = 0 ∀ k∈ [2N] bl,k = 0 ∀ k∈ [2N] Black
Unstable spiral al,k > 0 ∀ k∈ [2N] ∃bl,k s.t. bl,k ≠ 0 Purple
Unstable node al,k > 0 ∀ k∈ [2N] bl,k = 0 ∀ k∈ [2N] Blue
Saddle Point ∃al,k s.t. al,k > 0 bl,k = 0 ∀ k∈ [2N] Red

https://doi.org/10.1371/journal.pcsy.0000057.t002
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we define the system as resilient only if 𝜁l < 0 ∀l∈ [L ] for a given IMe . We use ΔIMe to quan-
tify the width of these multi-stable regions, reflecting the range of modulatory signal ampli-
tudes over which multi-stability persists. This measure helps us understand how excitability
heterogeneity and the global coupling parameter affect the system’s resilience against external
disturbances.

3. Numerical results using a two-node macro-scale brain network
This section presents numerical results using a coupled two-node macro-scale network. In
Sect 3.1, we investigate how the interplay between intrinsic excitability heterogeneity and
synaptic coupling gain affects the stability of macro-scale neural dynamics, particularly within
the E sub-populations. Sect 3.2 delves deeper, examining the differential impact of excitatory
and inhibitory heterogeneity on the stability of the stimulated node in the network. Finally,
in Sect 3.3, we explore how excitability heterogeneity contributes to the emergence of multi-
stable regions and the resilience of the system at each equilibrium as the stimulation varies.
While limited in scope, a two-node network provides valuable insights into how intrinsic
excitability heterogeneity functions within a broader spatial scale.

In accordance with Sect 2.1, let P∈ℝ2×2 denote the normalized connectome, where
pnm = 1 for n ≠m and n,m∈ [2]. The parameter Kglob is varied within the interval [–1,1)
to model both excitatory (Kglob > 0) and inhibitory (Kglob < 0) inter-regional coupling. We
observed that when Kglob exceeds the range of [–1,1) the macro-scale neural dynamics, espe-
cially within E sub-populations, become unbounded. Consequently, we confine the range of
Kglob in our simulations to [–1,1). We apply a temporally constant stimulus I1e ∈ [0, 31.25]mV
to the E sub-population of node 1. We simulate a scenario where a brain region is stimulated
while another remains unstimulated. This approach is relevant to the spatial scale considered
and offers clinical value by revealing how information and seizure-like dynamics propagate
from the onset region to other brain areas. The two-node brain network is illustrated in Fig 2.

We consider 2 main configurations for setting the heterogeneity parameters of the two
nodes in the brain network.

Fig 2. Two nodes macro-scale brain network. The E sub-population of node 1 is stimulated by a constant external signal
amplitude I1e .

https://doi.org/10.1371/journal.pcsy.0000057.g002
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1. Uniform heterogeneity configuration (C–A): We consider the situation where we
set the excitability heterogeneity of both nodes and sub-populations to be equal i.e.,
𝜎 = 𝜎n

e = 𝜎n
i ∀ n∈ [2]. Here, we change the heterogeneity of both sub-populations of the

two nodes simultaneously. This reduces the parameter space to (Kglob,𝜎) for a given I1e .
2. Differential heterogeneity configuration (C–B): Here we denote excitability hetero-

geneities of the sub-populations of the nodes using two independent parameters:
𝜎e = 𝜎1

e = 𝜎2
e and 𝜎i = 𝜎1

i = 𝜎2
i . This increases the variable parameter space to

(Kglob,𝜎e,𝜎i) for a given I1e .

As detailed in Table 1, simulations were run for T = 2500ms with an adaptive solver
period of ts = 500ms to ensure stability. The dynamics in Eq (4) were solved using the Euler-
Maruyama method, suitable for stochastic differential equations. Independent Gaussian
noise with variance D0 was introduced but had minimal impact on the results (S3 Appendix).
Therefore, simulations were run with D0 = 0.0 i.e., without external noise. Results were aver-
aged over 10 trials to eliminate dependence on initial conditions.

3.1. Excitability heterogeneity and the synaptic coupling collectively
achieve stability in macro-scale neural dynamics
Our first step is to understand the effect of the underlying excitability heterogeneity on the
Lyapunov stability of a macro-scale brain network with a stimulated brain region. Using
C–A, we change the heterogeneity of the sub-populations of the two nodes simultaneously.
The computational study shows that an increased excitability heterogeneity achieves stabil-
ity for a given synaptic coupling gain. However, for a constant stimulation I1e , the required
level of excitability heterogeneity to stabilize the system varies depending on whether the
inter-regional coupling is excitatory or inhibitory. The results are summarized in Fig 3.

Fig 3a shows the behavior of ̄ℓe as a function of Kglob for both homogeneous (𝜎 = 2.5) and
heterogeneous (𝜎 = 16.5) networks under constant stimulation. In the homogeneous net-
work with lower 𝜎, instability persists until the synaptic coupling between the stimulated and
unstimulated nodes becomes excitatory and sufficiently large (Kglob ≥ 0.8). In contrast, the
heterogeneous network with higher 𝜎 remains stable with ̄ℓe < 0 across the entire range of
Kglob.

As each sub-population becomes homogeneous (i.e., lower 𝜎), the resulting dynamics are
reduced. This is because the mean-field firing function F𝛽(⋅, ⋅) of the brain model, shown in
Fig 1, becomes steeper as the variability in firing thresholds decreases, limiting high-firing
responses to only higher pre-synaptic neural inputs [26]. Previous studies [13,20] show that
this reduced variability in I sub-populations weakens intra-node negative feedback, thereby
diminishing local feedback inhibition within the E sub-populations. As a result, the system
becomes more susceptible to external stimulation, with excitatory activity primarily driven by
external stimulation and the coupling between regions.

As heterogeneity within each node’s sub-populations increases, the population response
function becomes less steep, spreading across a wider range of pre-synaptic neural inputs,
as suggested by previous studies [13,26]. This results in lower output rates for higher
pre-synaptic inputs, while increasing the firing rate for lower pre-synaptic inputs. When
|wie| >wee, higher firing rates in the I sub-populations enhance feedback inhibition to the E
sub-populations, resulting in stronger inhibition of excitatory activity. Simultaneously, the
reduced firing rates for higher pre-synaptic inputs in the E sub-population decrease excitatory
activity, helping to stabilize the system against external stimulation. If inter-node coupling
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Fig 3. Excitability heterogeneity, in combination with inter-node synaptic coupling, collectively achieves Lyapunov
stability against external stimulation at the macro-scale. Sub-figure (a) shows how the stability of a homogeneous and
heterogeneous network changes with Kglob. The heterogeneous network maintains stability irrespective of the coupling
between the two regions. The results are for I1e = 31.25mV. Sub-figure (b) shows that a homogeneous network becomes
unstable even at lower external stimulation. The results correspond to Kglob = –0.4. Sub-figure (c) shows how the parameter
manifolds in (Kglob, 𝜎) space change for different I1e . The shaded red area indicates the region of instability for I1e = 0.0mV,
while the green arrows at each boundary point towards stable regions.

https://doi.org/10.1371/journal.pcsy.0000057.g003

is excitatory i.e., Kglob > 0, this increased local inhibition is shared across nodes, contribut-
ing to stability. Conversely, if the coupling is inhibitory i.e., Kglob < 0, it reverses the feedback
effect, leading to bursting-type dynamics within the E sub-population and causing network
instability.

Fig 3b shows that homogeneous networks are unstable even with smaller external stimu-
lations, whereas heterogeneous networks remain stable within the stimulation range consid-
ered. This indicates that without heterogeneity, the network is prone to bifurcations under
lower amplitude stimulations. Fig 3c presents parameter manifolds in (Kglob,𝜎) space for
different stimulations. As heterogeneity increases, the network becomes less dependent on
synaptic coupling. While higher stimulation slightly increases excitability heterogeneity
required to maintain stability, this effect is marginal. However, as the stimulation continues
to increase, the region of instability grows, and the increased excitatory coupling becomes less
sufficient to stabilize the systems with lesser heterogeneity. When Kglob ≈ 1, the network sta-
bilizes regardless of heterogeneity because the model’s dynamics become saturated. However,
such saturated dynamics do not reflect physiological brain activity [62,63].

This confirms that the excitability heterogeneity of the underlying neuronal populations
influences the stability of macro-scale neural dynamics. Moreover, it highlights how excitabil-
ity heterogeneity serves as an intrinsic control mechanism for the macro-scale dynamics in
a stimulated system, extending the micro-scale findings reported in [16]. Further, coupling
with an unmodulated node provides sufficient neural feedback to support the stabilization
process.
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3.2. Excitatory and inhibitory heterogeneity have differential effects on the
stability of macro-scale dynamics
After establishing the effect of excitability heterogeneity on the stability of the macro-scale
neural dynamics, an intriguing question arises: what occurs when the two sub-populations in
each node have relatively different levels of heterogeneity? To address this question, we fol-
low C–B. By fixing the heterogeneity of the E (or I) sub-populations, we investigate how the
heterogeneity of the I (or E) sub-population influences the stability of the macro-scale neu-
ral dynamics. Our investigation reveals that inhibitory heterogeneity plays an important role
in stabilizing a stimulated macro-scale network. While excitatory heterogeneity assists the
stabilization, it alone is insufficient for stability. The findings are summarized in Fig 4.

We depict the change in ̄ℓe with Kglob considering four permutations of heterogeneity in
the E and I sub-populations in Fig 4a. We observe that networks with homogeneous I sub-
populations (i.e., blue and red curves) fail to achieve stability in their stimulated node, even
with stronger excitatory coupling (i.e., Kglob = 0.8). A network with heterogeneous E sub-
population and homogeneous I sub-population (red curve) exhibits slightly higher positive ̄ℓe

particularly for excitatory coupling than a network with both sub-populations being homo-
geneous (blue curve), indicating greater instability. As coupling becomes more excitatory,
̄ℓe decreases in both cases. However, the stimulated macro-scale node remains unstable with
̄ℓe ≥ 0.

Fig 4. Excitatory and inhibitory heterogeneity exert distinct effects on the stability of macro-scale neural dynamics.
Sub-figure (a) shows how the stability of networks with varied heterogeneity in E and I sub-populations changes with Kglob.
Sub-figure (b) shows that when the network loses heterogeneity in one or both sub-populations, it becomes vulnerable even
to weaker external stimulations. These results are depicted for Kglob = –0.2. Sub-figure (c) displays the parameter manifolds
in (𝜎e,𝜎i) space for different Kglob. The shaded red region corresponds to the unstable region of Kglob = 0.2, while the green
arrow at each boundary point is towards stable regions. All results in this figure are associated with I1e = 31.25mV.

https://doi.org/10.1371/journal.pcsy.0000057.g004
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This instability arises because local feedback inhibition on excitatory activities decreases
at each macro-scale node. This is caused by a significant reduction in neural activity within
homogeneous I sub-populations as their response function contracts. For example, in Fig 5a,
the mean-field response function for the homogeneous I sub-population with 𝜎i = 3.92 is
nonzero only for significantly higher thresholds. The corresponding time series reveal sub-
stantial amplitude fluctuations in the excitatory dynamics. Excitatory activity drops to a min-
imum when u1

i ≥ –10 and reaches a peak when the inhibitory input is at its lowest, suggesting
that the dynamics of the homogeneous I sub-population is strongly driven by excitatory input.
Figs A and B in S6 Appendix further support this behavior, showing that the low heterogene-
ity in the E and I sub-populations under high stimulation drives the system into a regime of
large limit cycles. This leads to abrupt transitions in network activity, as seen in Fig 5a. Thus,
as detailed in Sect 3.1 and illustrated in Fig C of S6 Appendix, with homogeneous E and I sub-
populations, the Lyapunov stability of the system depends largely on the applied stimulus and
the coupling between regions.

As inhibitory heterogeneity increases while E sub-populations remain homogeneous, the
network stability improves, as shown in Fig 5b and 5c. For 𝜎i = 14, the response function
of the I sub-populations demonstrates higher firing rates even at lower pre-synaptic activ-
ity levels. This enhances the smoothing of excitatory activity fluctuations by increasing local
inhibitory feedback. However, the network remains unstable due to persistent fluctuations

Fig 5. Temporal fluctuations of excitatory and inhibitory neural dynamics of the two-node macro-scale brain network. Each sub-figure depicts the temporal dynam-
ics of E and I sub-populations of the stimulated node (top panel) and the temporal fluctuations of the corresponding Lyapunov exponents (bottom panel). Sub-figures
(a)–(c) show results for Kglob = 0.2: (a) 𝜎e = 2.5, 𝜎i = 3.97; (b) 𝜎e = 2.5, 𝜎i = 14.0; (c) 𝜎e = 2.5, 𝜎i = 16.5. Sub-figures (d)–(f) show results for Kglob = 0.8: (d) 𝜎e = 2.5,
𝜎i = 3.97; (e) 𝜎e = 6.92, 𝜎i = 3.97; (f) 𝜎e = 8.0, 𝜎i = 3.97. All simulations were conducted with I1e = 31.25mV.

https://doi.org/10.1371/journal.pcsy.0000057.g005
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in amplitude in excitatory activity despite a reduction in ̄ℓe. This behavior aligns with the
bifurcation results observed in S6 Appendix. When 𝜎i increases with homogeneous E sub-
populations, the system approaches the Hopf bifurcation curve, as observed in Fig C(c) of
S6 Appendix. Although the limit cycle contracts, excitatory amplitude fluctuations persist,
resulting in positive ̄ℓe. When inhibitory heterogeneity increases further to 𝜎i = 16.5, the sys-
tem crosses the Hopf bifurcation curve and enters a stable equilibrium regime, as shown in
Fig C(c) of S6 Appendix. At this point, the inhibitory contribution becomes strong enough to
suppress excitatory activity, leading to a marked improvement in network stability.

While high inhibitory heterogeneity can stabilize the network, this effect depends strongly
on the nature of the coupling between regions. As shown in Fig 4a, networks with excitatory
coupling (Kglob > 0) can better withstand stronger external stimulation when inhibitory het-
erogeneity is high (green curve). However, when the coupling becomes inhibitory (Kglob < 0),
the dynamics change fundamentally. With Kglob < 0, local dynamics at a brain region are
inverted (i.e., a phase shift of 180 degrees) when propagated to other brain regions. As a result,
any decrease in excitatory neural activity caused by increased local inhibition is transferred
to other regions as an increase in excitatory activity, amplifying fluctuations and destabiliz-
ing the stimulated network. This behavior is evident in Fig 5, where reducing the coupling
strength from Kglob = 0.8 (Fig 5d) to Kglob = 0.2 (Fig 5a) results in high-amplitude fluctua-
tions and a positive Lyapunov exponent, which indicates instability. This transition is further
supported by the bifurcation structure in Fig C(a) in S6 Appendix, where decreasing Kglob

moves the system across the multi-stable region, giving rise to a limit cycle and the resulting
abrupt transitions. This instability can be mitigated by increasing excitatory heterogeneity,
as shown by the purple curve in Fig 4a. Greater diversity in the E sub-populations provides
a balancing mechanism against the increased negative feedback from the I sub-populations.
This reduces the shared excitatory-like dynamics between regions, particularly when Kglob < 0,
as it inverts the signals from the E sub-populations. Thus, with adequate heterogeneity in both
sub-populations, the network maintains stability even under stronger external stimulation
across the entire range of coupling considered.

Moreover, increasing excitatory heterogeneity while keeping the I sub-populations homo-
geneous leads to network instability. As excitatory activity increases, the lack of sufficient
local inhibitory feedback prevents the system from stabilizing under external stimulation.
This instability is evident in Fig 5e, where high excitatory heterogeneity (𝜎e = 6.92) leads to
fast, high-amplitude ripples and rapid state transitions, resulting in a positive ̄ℓe. In contrast,
lower excitatory heterogeneity (𝜎e = 2.5) produces slower, smaller oscillations, as shown in
Fig 5d, with a negative Lyapunov exponent reflecting stability. However, further increases in
𝜎e elevate mean inhibitory activity to a regime where the response function of the homoge-
neous I sub-populations provides higher firing rates, as seen in Fig 5f. This balance between
excitatory and inhibitory activities dampens oscillations, stabilizing the network (see Fig C(b)
in S6 Appendix).

Networks with homogeneous sub-populations are unstable at weaker stimulation, as
shown in Fig 4b. Specifically, networks with homogeneous I sub-populations (blue and
red curves) are more prone to instability than those with higher inhibitory heterogeneity
(green and purple curves). Furthermore, systems with high excitatory heterogeneity and low
inhibitory heterogeneity (red curve) become less stable with less negative ̄ℓe even without a
stimulation (I1e = 0mV). This indicates that excitatory heterogeneity alone is insufficient to
stabilize the system without accompanying inhibitory heterogeneity.

In Fig 4c, we observe distinct parameter manifolds in (𝜎e,𝜎i) space for different Kglob.
Similar depictions for various modulatory signal strengths are shown in S4 Appendix.
When Kglob ≃ –1, high inhibitory heterogeneity is required to stabilize the network. As Kglob
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becomes more positive, the unstable region in parameter space shrinks, with inhibitory het-
erogeneity playing a larger role than excitatory heterogeneity. For example, at Kglob = 0.8, the
unstable region is limited to 𝜎i < 8, while changes in excitatory heterogeneity have a marginal
effect. Conversely, lower excitatory heterogeneity can be stabilized with sufficient inhibitory
heterogeneity for a given Kglob. With extreme excitatory heterogeneity (𝜎e > 8), the system sta-
bilizes regardless of inhibitory heterogeneity or coupling. This occurs because high excitatory
heterogeneity increases excitatory activity enough to drive inhibitory populations above their
firing threshold, balancing the excitatory-inhibitory dynamics. As seen in Fig 5c, for 𝜎e = 8,
the stimulated region shows decaying oscillations with small amplitudes.

This demonstrates that excitatory and inhibitory heterogeneity differentially affect the
Lyapunov stability of the perturbed node in the network. Notably, our results show that the
inhibitory heterogeneity required to achieve stability changes with the coupling gain parame-
ter while the excitatory heterogeneity changes marginally. Specifically, systems with excitatory
heterogeneity but lacking inhibitory heterogeneity are often more unstable than those with
homogeneous E sub-populations.

3.3. Excitability heterogeneity trivializes macro-scale brain network
and improves resilience
Finally, we examine how excitability heterogeneity affects the emergence of multiple equi-
libria and resilience against external stimulations in the network, following Sect 2.2.2. Using
C–A, we found that excitability heterogeneity reduces the emergence of multiple equi-
libria as I1e increases, thereby decreasing multi-stable regions. Additionally, higher het-
erogeneity improves the system’s resilience to external stimulations, as quantified by 𝜁.
While Kglob can enhance resilience by making the system more excitatory, it cannot fully
stabilize the system without sufficient heterogeneity. These results are shown in Figs 6 to
10, where each sub-figure illustrates how dimension-reduced equilibrium points shift with
I1e ∈ [0, 31.25]mV.

Subsequently, we explored whether a differential effect persists in trivialization and
resilience enhancement when excitatory and inhibitory heterogeneity differs, using C–B. We
found that with adequate inhibitory heterogeneity, the system becomes trivialized and its
resilience improves, regardless of excitatory heterogeneity and global coupling parameters.
Notably, excitatory heterogeneity aids in trivialization, especially when homogeneous I sub-
populations are present. However, as Kglob becomes more excitatory, the system’s dependence
on excitatory heterogeneity diminishes. These results are shown in Figs 11 to 14.

In Fig 6a, multiple equilibria emerge in a homogeneous network as I1e increases, each cor-
responding to stable states represented by different colors. As shown in the phase portraits
in Fig 7b for I1e = 9.5mV, the neural dynamics converge to one of these stable states within
the multi-stable region. These regions indicate bifurcation points, where system states shift
from stable (green) to unstable (purple) as I1e increases. A saddle-node bifurcation occurs,
merging the stable node and saddle-node, resulting in a limit cycle around the unstable equi-
librium, as seen in Fig 7c for I1e = 10.5mV. This represents a saddle-node invariant circle bifur-
cation, signifying a transition from a resting state to a seizure-like state as discussed in [64].
The time series shows stable oscillations within the limit cycle. As I1e increases, the frequency
of trajectories spiraling toward the limit cycle, denoted by 𝜔, also rises, as shown in Fig 7a.
At I1e = 31.25mV (Fig 7d), both the oscillation frequency and amplitude of the limit cycle
increase. Furthermore, the network’s resilience, measured by 𝜁 (defined in Sect 2.2), dimin-
ishes as I1e increases as shown in Fig 6a. At Kglob = 0.2, the system remains resilient only for
weaker stimulation (I1e < 5mV).
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Fig 6. Excitability heterogeneity trivializes two-node macro-scale brain network and achieves resilience against external stimulations. The sub-figures labeled (a) to
(c) each represent different heterogeneity values. Each sub-figure has three panels: (i) dimension-reduced equilibria with colors indicating stable states (Table 2), (ii) the
maximum damping ratio 𝜁, reflecting network resilience, and (iii) significant oscillatory rates𝜔. All results are for Kglob = 0.2 and C–A, with 𝜎e = 𝜎i = 𝜎.

https://doi.org/10.1371/journal.pcsy.0000057.g006

Heightened heterogeneity reduces the occurrence of multi-stable regions and enhances
resilience against external stimulations (𝜁 < 0 for I1e ∈ [0, 31.25]mV), as shown in Fig 6b
and 6c. Additionally, increased heterogeneity slows the oscillations (𝜔), resulting in slower
dynamics around the equilibria. As shown in Fig 8, for 𝜎 = 6.25, after the annihilation of the
stable and saddle nodes, a stable spiraling equilibrium persists. For lower I1e = 5 mV, the spi-
raling dynamics towards the equilibrium are characterized by the frequency 𝜔, as seen in
Fig 8a. However, as I1e increases, a small limit cycle emerges, illustrated in Fig 8b. This coex-
istence of a stable spiral equilibrium and a small-amplitude limit cycle in a high-dimensional
system arises from the interaction between linear stability and nonlinear dynamics. While
the equilibrium remains stable due to all eigenvalues having negative real parts (Fig 8c), the
nonlinear terms generate a stable periodic orbit near the equilibrium as external stimulation
increases. The small amplitude of the limit cycle suggests that the nonlinear driving terms
are weak, and the system’s high-dimensional nature compresses the oscillations to a localized
region around the equilibrium. This phenomenon typically occurs near a bifurcation point;
as shown in Fig 8c, increasing I1e drives the complex eigenvalue pair closer to the real axis,
sustaining smaller limit cycles around the equilibrium.

By comparing the evolution of equilibria in Fig 6a, 6b, and 6c, we observe that as 𝜎
increases, the system transitions from an unstable spiral to a stable spiral with rising I1e . This
indicates that for higher I1e , increased heterogeneity leads to the annihilation of the unstable
spiral and stable limit cycle, resulting in an Andronov-Hopf bifurcation [65].
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Fig 7. Macro-scale dynamics at different I1e values in Fig 6a. Sub-figure (a) shows dimension-reduced equilibria from
Fig 6a indicating the I1e at which time series and phase portraits are illustrated. Sub-figures (b)–(d) display the time series
(top) and 2D phase portraits (bottom) for node 1 and cross-node planes at (b) I1e = 9.5mV, (c) I1e = 10.5mV, and (d)
I1e = 31.25mV. All figures are obtained with 𝜎e = 𝜎i = 2.5 and Kglob = 0.2.

https://doi.org/10.1371/journal.pcsy.0000057.g007

In Fig 9, we analyzed the impact of Kglob on the emergence of multiple equilibria in a
homogeneous network with 𝜎 = 2.5, focusing on trivialization and resilience. For inhibitory
coupling (Kglob < 0), multiple equilibria persist across the stimulation range (Fig 9a and
9b), accompanied by high oscillations (𝜔 ≃±5 rad/s). Resilience is absent (𝜁 > 0) for all
inputs. Conversely, as coupling becomes excitatory, the system exhibits some trivialization
and resilience at the macro-scale. Notably, with highly excitatory coupling (Fig 9d), the sys-
tem gains resilience across a wide range of I1e , vulnerable only to extremely high inputs. This
resilience is attributed to positive neural feedback between nodes, shifting the biased state of
the nodes away from their critical state to a more stable state, requiring substantial positive
stimulation to destabilize the system. This effect is also reflected in Fig C(a) in S6 Appendix,
where increasing Kglob shifts the bifurcation curves rightward along the I1e axis. Despite Kglob’s
less significant trivialization compared to neuronal heterogeneity, it enhances resilience,
particularly with positive neural feedback shared between nodes.

We identified the manifold delineating system configurations with multi-stable regions
from those with mono-stable regions as I1e varies, as depicted in Fig 10. Particularly, multi-
stable regions persist primarily in highly homogeneous networks under inhibitory coupling
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Fig 8. Macro-scale dynamics at different I1e values in Fig 6b. Sub-figures (a) and (b) show 2D phase portraits on node 1
and cross-node planes for I1e = 5mV and I1e = 31.25mV, respectively. Sub-figure (c) shows the eigenspectrum approaching
the real axis as I1e increases. Results are for 𝜎e = 𝜎i = 6.25 and Kglob = 0.2.

https://doi.org/10.1371/journal.pcsy.0000057.g008

(Kglob < 0). However, with increasing Kglob, higher levels of heterogeneity within the neuronal
populations become necessary to trivialize the system effectively.

We then investigated how differential heterogeneity in E and I sub-populations affects the
trivialization process. In Fig 11, we show how the manifolds change within (𝜎e,𝜎i) space as
Kglob changes. Irrespective of the coupling strength, the two-node network shows regions with
multiple equilibria until 𝜎i ≃ 10 for homogeneous E sub-populations. In Fig 11a, we observe
that with an excitatory heterogeneity of 𝜎e > 5, the system can be trivialized in the presence
of homogeneous I sub-populations. However, as Kglob increases, the required amount of exci-
tatory heterogeneity to quench multi-stability increases as shown in Fig 11b–11d. Notably,
when Kglob = 0.8, the trivialization is predominantly led by the inhibitory heterogeneity with
𝜎i > 10.

To investigate the increase in excitatory heterogeneity with Kglob, we analyzed the equi-
libria for the system configuration at points A1 and D1 in Fig 11. The results are shown in
Fig 12. For Kglob = –0.8, the system is trivialized and exhibits higher resilience to external
stimulations, with 𝜁 < 0 as seen in Fig 12a. In this case, the system remains in a stable spiral
state for all modulatory inputs. However, for Kglob = 0.8 (Fig 12b), we observe multi-stability
even with increased heterogeneity in the E sub-populations. The network transitions from
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Fig 9. Global coupling parameter’s effect on trivializing the two-node system is less significant compared to heterogeneity. Sub-figures labeled (a) to (d) depict four
different Kglob values. Each sub-figure has three panels: (i) the dimension-reduced equilibria, with colors representing different stable states as defined (Table 2), (ii)
maximum damping ratio 𝜁, and (iii) significant oscillatory rates𝜔. Results are for 𝜎 = 2.5 with C–A i.e., 𝜎e = 𝜎i = 𝜎.

https://doi.org/10.1371/journal.pcsy.0000057.g009

Fig 10. As coupling strength increases, the network demands higher excitability heterogeneity for system trivial-
ization. The binarized map indicates the presence of multiple equilibria for a network with a specific (Kglob,𝜎) pair
as I1e varies. A pixel value of 1 is assigned if ΔI1e > 0, indicating the presence of multiple equilibria; otherwise, it is set
to 0. The results are derived using C–A, where 𝜎e = 𝜎i = 𝜎.

https://doi.org/10.1371/journal.pcsy.0000057.g010
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Fig 11. As Kglob increases, the effectiveness of excitatory heterogeneity in trivializing the system diminishes, with inhibitory heterogeneity emerging as the most
significant property for trivialization. The sub-figures (a) – (d) are binarized maps indicating the presence of multiple equilibria for a network with a specific (𝜎e,𝜎i)
pair for a given Kglob as I1e varies. In each sub-figure, a pixel value of 1 is assigned if ΔI1e > 0, indicating the presence of multiple equilibria; otherwise, it is set to 0. The
results are derived using C–B i.e., independently changing 𝜎e and 𝜎i.

https://doi.org/10.1371/journal.pcsy.0000057.g011

Fig 12. Increase in Kglob reveals multi-stable vicinities in the dynamic field of the network. The sub-figures (a) and
(b) are associated with points A1 and D1 in Fig 11 respectively.

https://doi.org/10.1371/journal.pcsy.0000057.g012

a stable node to a stable spiral, as shown in Fig 13, after crossing the multi-stable region.
The positive feedback between nodes shifts the network dynamics into a higher stimulation
regime, revealing multi-stable regions that appear with negative stimulation when Kglob <
0. The network remains as a spiral sink at higher stimulations, as shown in Fig 13b, in con-
trast to the behavior observed in Fig 8b. This difference arises because the eigenvalues of the
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Fig 13. Macro-scale dynamics at different I1e in Fig 12b. Sub-figures (a) and (b) show 2D phase portrait on node 1 and
cross-node planes for I1e = 5mV and I1e = 31.25mV, respectively. Sub-figure (c) shows that the eigenspectrum resides well
inside of the left half-plane. Results are for 𝜎e = 12, 𝜎i = 5 and Kglob = 0.8.

https://doi.org/10.1371/journal.pcsy.0000057.g013

equilibria at higher stimulation for the system corresponding to Fig 12b lie firmly within the
left half-plane of the complex plane, as illustrated in Fig 8c.

We further observe the shift in the dynamic field and the emergence of multi-stable regions
as Kglob changes, as shown in Fig 14. By comparing Fig 12 with Fig 14, we note that higher
excitatory heterogeneity improves resilience against stronger stimulation, even as the dynamic
field is translated by Kglob. Particularly, in Fig 12a, the system exhibits stable spirals (brown

Fig 14. An increase in Kglob shifts the multi-stable regions towards stronger stimulations, enhancing stability
against weaker stimulations. Sub-figures (a)–(d) corresponds to (A2)–(D2) in Fig 11.

https://doi.org/10.1371/journal.pcsy.0000057.g014
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points) compared to unstable spirals (purple points) in Fig 14a for higher stimulation. Fur-
thermore, comparing Fig 12b to 14d, we note that the system with a higher excitatory het-
erogeneity achieves resilience against stronger stimulation compared to a lower excitatory
heterogeneity of 𝜎e = 2.5. These results highlight the significance of both inhibitory and exci-
tatory heterogeneities in maintaining resilience against external stimulation. However, when
multi-stable regions appear as a result of a shift in the dynamic field when coupling changes,
excitatory heterogeneity alone may not effectively quench the multiple equilibria present at
some I1e . However, sufficiently high heterogeneous I sub-populations can consistently render
macro-scale networks both resilient and trivialized.

4. Extending analysis with a multi-node (N>2) macro-scale
brain network
This section examines the generalizability of the claims from Sect 3 using a multi-node
macro-scale network with N = 90 nodes. The setup mirrors the two-node system, with
P = [ pnm ]∈ℝ90×90 representing pairwise structural associations. We use structural con-
nectivity in [66] that are based on DTI and AAL brain atlas [67]. To simplify the simulation
setup, we assign the same heterogeneity parameters across all nodes, but differentially to exci-
tatory and inhibitory sub-populations. Stimulation is applied to the node with the highest
degree, with results averaged over 10 trials. In each trial, the structural connectivity data from
one randomly selected patient out of 88 creates the macro-scale brain network, ensuring con-
sistency across labeled anatomical regions. Network behavior is analyzed for Kglob ∈ [–1, 1),
and Fig 15 summarizes the network setup and degree distribution for each node n∈ [90],
defined as Dn =∑N

m=1 pnm.
Fig 16 illustrates the Lyapunov stability of the modulated node within a multi-node macro-

scale brain network. Similar to Sect 3.2, we observe a differential effect on Lyapunov stability
between excitatory and inhibitory heterogeneity.

We observe that the network achieves stability with lower global coupling when sufficient
inhibitory heterogeneity is present (green and purple curves), compared to networks with
homogeneous I sub-populations (red and purple curves). Stability improves further when
both sub-populations are heterogeneous, allowing the network to remain stable across the
entire range of Kglob considered. These results are consistent with the parameter manifolds

Fig 15. Multi-node macro-scale network and the degree distributions of each node. Sub-figure (a) shows the multi-node
structural network with average connectivity across 10 realizations of P. Sub-figure (b) displays the degrees of each node
n∈ [90], denoted by Dn, with the black curve representing the average degree and error bars indicating the spread across
trials.

https://doi.org/10.1371/journal.pcsy.0000057.g015
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Fig 16. Multi-node macro-scale networks show Lyapunov stability with excitability heterogeneity similar to that
observed in two-node networks. The figure shows a similar impact of excitatory heterogeneity, which is contingent
upon the inhibitory heterogeneity present in the network. Node 1 is stimulated with IMe = 31.25mV.

https://doi.org/10.1371/journal.pcsy.0000057.g016

presented in Sect 3.2. Similar to the two-node network, highly unstable dynamics emerge in
the stimulated brain region as global coupling becomes inhibitory. Specifically, with lower
excitatory heterogeneity, increasing inhibitory heterogeneity (green curve) leads to greater
Lyapunov instability compared to networks with heterogeneous E sub-populations and
homogeneous inhibitory I sub-populations (red curve). Thus, the findings from the two-node
network regarding stability with excitability heterogeneity and global synaptic coupling can be
generalized to larger multi-node macro-scale networks, offering a broader representation of
the human brain at the macro-scale.

Fig 17 shows that multi-node macro-scale brain networks become trivialized with higher
excitability heterogeneity for a given Kglob. Row R1 in Fig 17 illustrates that multi-stable
regions appear in networks with homogeneous sub-populations across all Kglob, making them
less resilient to stronger stimulation. As Kglob becomes excitatory, the dynamic field shifts,
leading to stable node states (green-colored equilibria states) for a broader range of external
stimulation and confining instability to stronger stimulation. Higher inhibitory hetero-
geneity trivializes the network, as seen in rows R2 and R3 in Fig 17. Though less significant
than inhibitory heterogeneity in trivializing the network, excitatory heterogeneity enhances
resilience, especially when Kglob < 0, as shown in columns (a) and (b) of rows R2 and R3 in
Fig 17. Networks with increased excitatory heterogeneity exhibit stable spirals over the entire
modulatory range, contrasting with the unstable spirals in homogeneous E sub-populations.
This suggests that the network undergoes an Adronov-Hopf bifurcation as the excitatory het-
erogeneity increases at least for the inhibitory coupling and stronger stimulation, as shown in
columns (a) and (b) of rows R2 and R3 in Fig 17.

These results mirror those in Sect 3.3. Overall, increased heterogeneity in neuronal popu-
lations improves resilience against external stimulations. However, excitatory heterogeneity
is less effective than inhibitory heterogeneity at reducing multiple equilibria. Increasing Kglob

shifts the dynamic fields and enhances resilience, especially towards a stable node state. Thus,
the multi-node network confirms that excitability heterogeneity and global synaptic coupling
strength are crucial for maintaining brain stability and resilience, highlighting the importance
of inhibitory heterogeneity.
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Fig 17. Multi-node macro-scale networks show trivialization with excitability heterogeneity similar to that observed in two-node networks. Each sub-figure, orga-
nized in a 3×4 grid, shows the progression of equilibria with IMe for specific heterogeneity vectors𝜎𝜎𝜎 and global coupling strengths Kglob. Colors indicate stable states at
each equilibrium, as defined in Table 2. Rows R1 to R3 represent different heterogeneity vectors. Columns (a) to (d) correspond to different values of Kglob.

https://doi.org/10.1371/journal.pcsy.0000057.g017

5. Discussion
This study explores the role of excitability heterogeneity in networked macro-scale brain
dynamics, focusing on how neuronal diversity, particularly the dispersion of firing thresh-
olds, influences network stability and trivialization. By explicitly modeling excitability hetero-
geneity, we demonstrate its significant impact on stability and resilience in large-scale brain
networks.

The role of excitability heterogeneity in providing intrinsic homeostatic control against
external perturbations has been established both analytically and numerically [16,56].
Such control has shown prominent protection against epileptogenesis within the human
brain [6,14,16,44]. Previous studies have explored how excitatory and inhibitory neuronal
heterogeneity affect stability, synchronization, and firing activities [14,20], and its influence
on neural coding and computations, including learning in spiking neural networks [12,15].
However, these studies largely focus on microcircuits where individual neurons are net-
work nodes, limiting their clinical relevance due to difficulties in sensing individual neural
activity.

Other works have examined the stability and synchronization of fractional-order sys-
tems applied to neural networks, focusing on equilibrium points, stabilization, and bifurca-
tion dynamics [68–73]. Simplified neocortical models, such as two-node Hopfield networks,
have highlighted the emergence of multi-stability and bifurcation regions by varying excita-
tory and inhibitory connectivity [74]. However, these analyses often overlook how neuronal
heterogeneity impacts network stability. In contrast, we explicitly model the variability in
excitability and show its pivotal role in maintaining stability and resilience, particularly with
global synaptic coupling. Additionally, we highlight how excitability heterogeneity trivializes
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macro-scale dynamics by expanding the range of stable states under external stimulations,
thus avoiding bifurcations.

In line with prior work, [17,75], which emphasizes the stabilizing effects of neuronal diver-
sity in preventing multi-stable states, our findings confirm that excitability heterogeneity is
essential for network resilience at the macro-scale. Specifically, we show that the interplay
between neuronal heterogeneity and inter-regional coupling critically influences network
stability as external stimulations act upon its nodes. Similarly, [56] observed that noise as a
stimulation suppresses multi-stability by aligning system responses with input magnitude.
Our work extends these findings by examining how excitability heterogeneity and global
synaptic coupling influence multi-region networks, offering insights into macro-scale brain
dynamics.

Studies on whole-brain models have shown that regional heterogeneity in excitation-
inhibition ratios impacts large-scale dynamics, such as information transmission and resting-
state connectivity [29,37,43]. While these models emphasize regional diversity for empirical
fidelity, they often neglect how heterogeneity levels affect dynamic properties. We address this
gap by analyzing the effects of excitability heterogeneity across a broad spectrum, providing a
nuanced understanding of its role in stabilizing macro-scale networks.

Our results demonstrate that excitability heterogeneity enhances network stability. For
both excitatory and inhibitory sub-populations, increased heterogeneity bolsters resilience to
external stimulations, aligning with previous findings [16,17,56] except at the macro-scale.
We observe a differential impact: inhibitory heterogeneity (𝜎i) is more effective at reducing
multi-stable regions and enhancing stability across a range of global coupling strengths
(Kglob), particularly in multi-node networks. High inhibitory heterogeneity consistently sta-
bilizes the system, even under varying stimulations. Excitatory heterogeneity (𝜎e) has a more
conditional role. It enhances stability in the presence of inhibitory heterogeneity but increases
instability when inhibitory populations are highly homogeneous. Beyond a certain threshold,
however, excitatory heterogeneity eliminates this instability. While less effective at reducing
multiple equilibria, it significantly mitigates the impact of external stimulation, particularly in
networks with inhibitory global coupling (Kglob < 0).

Synaptic coupling between brain regions plays a crucial role in network dynamics. We
identify a synergistic effect between excitability heterogeneity and global synaptic coupling
in achieving Lyapunov stability. As Kglob becomes more excitatory, the dynamic field shifts,
stabilizing node states across a broader range of stimulations and confining instability to
stronger stimulations. However, the trivializing effect of excitatory heterogeneity diminishes
with increasing Kglob, highlighting the dominant role of inhibitory heterogeneity in stabilizing
the system.

In summary, our study highlights the crucial role of excitability heterogeneity in shaping
macro-scale brain dynamics, providing insights into the interplay between neuronal diver-
sity and synaptic coupling in maintaining stability and resilience. Although methods such
as Floquet theory [76,77] and their computational implementations offer a promising way
to study how excitability heterogeneity shapes non-equilibrium (i.e., periodic) dynamics in
high-dimensional brain networks, such an analysis is beyond the scope of the present work.
This offers a promising direction for future work, such as designing control strategies to reach
desired states.

5.1. Limitations and future work
While our study demonstrates the generalizability of the claims with a larger macro-scale
brain network, several limitations remain. Firstly, it remains open to debate whether the
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heterogeneity of the firing thresholds of the neurons is an appropriate representation of the
intrinsic heterogeneity of the neurons within the human brain. Secondly, our model assumes
uniform neuronal heterogeneity across all brain regions. In reality, each region may exhibit
distinct neuronal diversity, which can potentially alter macro-scale dynamics. Future work
should incorporate region-specific heterogeneity for a more accurate representation. Third,
our model lacks empirical validation using in vivo data on excitability heterogeneity from dif-
ferent brain regions and electrophysiological activities. This gap highlights the need to bridge
the mathematical analysis with biophysical reality, particularly with regard to how excitabil-
ity heterogeneity affects Lyapunov stability and resilience. Such validation could provide
biophysically plausible intrinsic heterogeneity levels within each brain region to better repre-
sent and interpret actual brain states. Another important limitation is the omission of trans-
mission delays between brain regions. Although delays greatly affect synchronization and
dynamics, including them would increase model complexity significantly. To analyze the
effect of excitability heterogeneity on macro-scale brain networks, we limited this study to
delay-free networks. Future work will incorporate delays to provide a more complete under-
standing of their impact. Lastly, extending our analysis to different network topologies is cru-
cial for validating findings in more complex brain models. Future research should also con-
sider implications for pathological brain states, such as epilepsy and neurodegenerative dis-
eases, and explore potential therapeutic interventions. Addressing these limitations will lead
to a more comprehensive understanding of brain network dynamics and their role in stability
and resilience.

6. Conclusion
In summary, our research emphasizes the critical role of neural diversity, particularly
excitability heterogeneity, in understanding the complexities of brain dynamics and its mod-
ulation at a broader spatial scale. By analyzing macro-scale dynamics using a two-region
model, we’ve highlighted how balanced excitatory and inhibitory heterogeneity, along with
synaptic coupling, are essential for maintaining stability within neural networks. Our findings
reveal the adverse effects of excessive excitatory heterogeneity, especially noticeable at weaker
stimulations, underscoring the delicate balance required for neural stability. Furthermore, our
exploration through linear stability analysis uncovers the presence of multi-stable transitions,
which are mitigated by excitability diversity. Extending our analysis to a multi-node macro-
scale network, we’ve demonstrated the generalizability of results from a two-node network
to a more complex architecture of whole-brain modeling using neuroimaging data. By shed-
ding light on these phenomena, our research not only advances our understanding of brain
function but also emphasizes the intricate interplay of neural diversity in shaping neural net-
work behavior at a broader spatial scale. This insight lays the foundation for future investi-
gations aimed at unraveling the complexities of neural systems and their modulation from a
whole-brain perspective.

Supporting information
S1 Appendix. Linearization of the system around equilibria using Jacobian Matrix. This
section highlights how the linearization of the macro-scale brain network is carried out using
the Jacobian matrix and evaluates the system behavior.
(PDF)
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S2 Appendix. Dimensional reduction to visualize equilibrium points and system behavior
using linear stability analysis.
(PDF)

S3 Appendix. State transition boundary does not change with additive Gaussian Noise
within (Kglob,𝜎) parameter space. The impact of environmental noise on the stability of
macro-scale dynamics was investigated using C–A.
(PDF)

S4 Appendix. State transition boundary change as modulatory signal changes within
(𝜎e,𝜎i) parameter space for given Kglob. This section provides supplementary materials from
Sect 3.2, illustrating the transition boundaries within the (𝜎e,𝜎i) parameter space for different
I1e .
(PDF)

S5 Appendix. Investigation of numerical stability as integration step size Δt changes. This
section illustrates results for Lyapunov stability analysis with different integral step sizes. The
results are obtained with the two-node system illustrating the transition boundaries within
the (Kglob,𝜎) parameter space for different Δt.
(PDF)

S6 Appendix. Two-Parameter Bifurcation Analysis of the Single-Node Brain Model This
section illustrates the two-parameter bifurcation results for the single-node brain model
defined in Eq (1). The analysis is further extended to obtain preliminary two-parameter bifur-
cation results for the coupled two-node macro-scale brain model.
(PDF)
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