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Abstract

The function of the brain is defined by the interactions between its neurons. But these
neurons exist in tremendous numbers, are continuously active, and densely intercon-
nected. Thereby, they form one of the most complex dynamical systems known and there
is a lack of approaches to characterize the functional properties of such biological neu-
ronal networks without resorting to dimensionality reduction methods. Here, we introduce
an approach to describe these functional properties by using its activity-defining con-
stituents, the weights of the synaptic connections and the current activity of its neurons.
We show how a high-dimensional vector field, which describes how the activity distribu-
tion across the neuron population is impacted at each instant of time, naturally emerges
from these constituents. We show why a mixture of excitatory and inhibitory neurons and
a diversity of synaptic weights are critical to obtain a network vector field with a struc-
tural richness. We argue that this structural richness can be the foundation of achieving
the diverse, dynamic activity patterns across the neuron population observed in record-
ings in vivo and thereby an underpinning of the behavioral flexibility and adaptability that
characterizes biological creatures.

Author summary

Understanding the brain with its densely interconnected network at its full complex-
ity has been the subject of decades of research in neuroscience. Starting from studying
the activity of just individual neurons, the field has migrated to investigating the col-
laboration of populations of neurons. Even though it is now understood that brain
functionalities are a result of interactions between a high number of neurons, many
approaches resort to describing neuronal interactions with a low number of properties.
We argue that the high number of neurons require a high-dimensional representation
in order to retain essential information about the population-level behavior. Here we
introduce a neuronal network representation, namely in the form of vector fields, that
is an inevitable consequence of how neurons interact and impact each other. These
vector field representations, which generalize to arbitrary number of dimensions,
dictate the temporal evolution of neuron population-level activity. We show what
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network properties give rise to diverse and dynamic vector fields that govern neuron
population-level activity reminiscent of experimental observations in vivo.

Introduction

Understanding the collaboration between multiple neurons remains a challenging issue
within neuroscience. An important part of the difficulty is that the networks within the brain
are often, at least to some extent, recurrently connected, such as in the neocortex [1-7] and
in the spinal cord, both internally and externally via the sensorimotor feedback loops [8].
The specific function of any given neuron will then depend on the current activity in other
neurons. Therefore, the operation of the brain networks can be nearly impossible to under-
stand by observing activity neuron-by-neuron. Understanding brain function may then be
improved by examining the mechanisms that control how the activity distributions across
neuron populations evolve. Dynamical systems theory could offer tools for analyzing these
mechanisms.

In biomedicine, dynamical system theory has previously been applied to the analysis of the
propagation of activity in the heart [9,10] and macroscopically in the brain [11]. In both cases,
the application has been to provide descriptive approximations of the observed propagations
of the activity across the physical 2D or 3D space of the tissue in the form of vector fields. The
vector field indicates, for example, that when the activity has reached a certain point in the
heart tissue, it is more likely to propagate in the direction where the vector points and large
deviations might indicate cardiac disease.

Rather than arbitrarily constructing vector fields from observed activity propagations, here
we aimed instead to derive vector fields as an emergent property from the synaptic interac-
tions between the neurons. This could help explain the mechanisms and factors that control
the activity propagation across the neuron population. Instead of dealing with activity prop-
agation across the 3D physical tissue space, we then need to consider the high-dimensional
activity space of the neuron population. Each neuron’ activity level forms a separate dimen-
sion of the activity space of the network, which consequentially has as many dimensions
as there are neurons. The location of the combined neuron population activity within that
space corresponds to the ‘state’ of the network. The activity space can therefore instead be
referred to as the state space of the network. The vector field describes the tendency of the
neuron population activity to be pushed in a certain direction within its high-dimensional
state space depending on where in its state space it is currently located. A good analogy can
be to think of a ferric particle in a magnetic field. The magnetic field, or the force vector
field that it forms, may point in a certain direction towards which the ferric particle will be
driven.

The location within the network state space and the evolution of spatiotemporal activity
patterns across the neuron population may reflect the brain’s current “thoughts’, its expecta-
tions of internal and external information, or the adjustments needed to update its behavioral
trajectory. Concretely, a behavioral choice ultimately determines which sequences of muscle
activation patterns are engaged and when they are executed. The brain’s evolving neuronal
activity patterns can directly translate into the formation of sequences of spatial muscle acti-
vation patterns [8,12-14], while “thinking” may be defined as a process deciding when and
how to generate specific activation patterns.

In multi-unit recordings in vivo, it is typically observed that the neuron population activ-
ity follows certain constraints (called ‘neural manifolds’ in [15]). Such constraints can also be
observed in intracellular recordings of the sensory responses in individual cortical neurons,
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which tend to fall into specific categories as a result of the dynamic interaction between
sensory input and the ongoing state evolution of the cortical network [5,6] in a manner com-
patible with the neural manifold idea. Different approximative descriptions of those observed
constraints have been published to account for the propagation of the population activity
(reviewed by [15,16]). Here, our objective is instead to describe the mechanisms by which
such constraints on the travel across the network activity state space can arise. The phe-
nomenon implies that there is some ‘hidden force’ that makes it less likely for the popula-
tion to reach certain activity combinations [17]. We believe that the vector field that emerges
from the synaptic interactions across the neuron population, as we describe in the present
paper, could be an important factor of this force field, i.e. the mechanism that creates these
constraints.

Current state-of-the-art approaches to extract information from multi-neuron recordings
typically rely on performing some type of dimensionality reduction on the neuron popula-
tion activity data [16,18]. But dimensionality reduction could result in a loss of the underlying
information present in the brain circuitry signals, which could be critical to understand the
neuronal interactions of the brain circuitry processing [19,20]. The potential problem with
dimensionality reduction is the risk of greatly underestimating the complexity of the network
operation. High complexity is likely necessary to allow the animal to juggle multiple func-
tions and processes at the same time. For instance, the animal may need to blink, lick, make
eye movements [21] to monitor unpredicted events, adjust body position and muscle tone
distribution, and continuously plan ahead for the optimal timing of these and other adjust-
ments. In addition, it may prepare for future behavioral decisions in response to changing
conditions [19].

There is another potential problem with many current approaches to analyze neuron
population activity. Jazayeri and Ostojic [18] compared different dimensionality reduction
methods, which could report different results from the same underlying data. Put in other
words, if we don’t know the computational architecture of the brain circuitry, it is not possi-
ble to get a dimensionality reduction right, or "loss-less, regardless of the embedding method
or dimensionality reduction tool used. Hence, there is a need for a conceptual framework
to quantify neuron population level interactions, while not discarding essential parts of the
information due to arbitrary impacts of the particular frame of reference (‘embedding’) used
to approximate the nature of those interactions.

Our focus here is to identify a conceptual framework that would be an emerging property
of the fact that synaptically connected neurons will inevitably impact each other’s activity lev-
els and that can serve as a basis for new tools to characterize and understand multi-neuron
interactions. We introduce the method of describing the activity- and weight-dependent neu-
ronal interactions using vector field representations. We show how this representation can be
used to understand the factors that impact the structure of the state space of the neuronal net-
work, regardless of its dimensionality (number of neurons). We show how the distribution
of the synaptic weights across the network shapes its vector field and that inhibitory neurons
are important to achieve a diversity of operational states within the network state space. We
also demonstrate how subspaces, specific planes in the high-dimensional vector field, can be
extracted for visualization purposes and to explore in greater detail factors that would impact
the multi-neuronal interactions in specific contexts, such as in a specific movement phase or
in more abstract representations of behavioral choices.
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Materials and methods
Non-spiking neuron model

To build networks in which the underlying principles of control of the activity distribu-

tions across a neuron population could be examined, we utilized a previously published
non-spiking neuron model called the Linear Summation model (LSM) [22]. This model emu-
lates a conductance-based neuron, which is derived from the Hodgkin-Huxley (H-H) neuron
model [23]. The activity of the post-synaptic neuron depends on the activities of the presy-
naptic neuron(s) and can be formulated as

_ 2 (wi * ai)

- , 1
k+ Y |w; * aj )

a;

where a; is the activity of the postsynaptic neuron, a; represents the activity of a presynaptic
neuron, w; is its synaptic weight, and k is the static leak.

Notably, this implies that the variable g, is interpreted as the time-averaged firing rate of
the neuron i. Changes in the firing rate of the presynaptic neurons are then the main source of
change that can impact the firing rate of the postsynaptic neuron. The modifications needed
to adapt the vector field representation for spiking neural networks and other subcellular
nonlinearities are discussed later in Results and Discussion. Here, however, we focus on intro-

ducing the fundamental elements of the framework and outlining its core principles.

In a biological neuron, due to its electrical signaling being driven by opening and closing
conductances (ion channels), the effect of a given synapse’s activation depends not only on its
synaptic weight, but also on the number of other conductances open at the same time. The
LSM represents two types of such conductances: those of other synapses active at the same
time and the static leak conductance. The latter represents the constitutive leak ion channels
that establish and maintain the resting membrane potential and that therefore in the bio-
logical neuron always need to be open. The output activity of the LSM neuron is calculated
from the weighted sum of the presynaptic neural activity, as shown in Eq 1. The numerator
accounts for the linear combination of the incoming activity from presynaptic connections
scaled by their respective synaptic weights. A natural consequence of conductance-based
signaling in the biological neuron is that the higher the activity of all other synapses (or con-
ductances) on the neuron, the lower the impact of a given synapse with a given weight (i.e.,

a given conductance). As a result, in a larger neuron, a synapse of a given weight will have

less impact on the postsynaptic neuron compared to the same synapse on a smaller neuron.
Notably, this also contributes towards a normalization, or a prevention of saturation, of the
output activity, which in the LSM is captured by the denominator, where the Y |w; * a;| term
is the total magnitude of synaptic input and k denotes the static leak of the neuron. Since

the number of constitutive leak channels within a unit dendritic area is approximately con-
stant [24,25] and the membrane area scales with the number of synapses the neuron receives,
k is here calculated as a constant multiplied by the number of synapses on the neuron. For
further detailed explanation and derivation of the model, readers are referred to the origi-

nal work [22]. In our experiments, we modeled fully connected networks so the number of
synaptic connections on a given neuron was always one less than the number of neurons.
Therefore, unless stated otherwise, k was 0.1 X (n- 1), where n is the number of neurons in the
network.
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Neural state space

The impact exerted by one (presynaptic) neuron on another (postsynaptic) neuron is pro-
portional to the presynaptic activity and synapse weight. Synaptic weights were set to [0... 1]
for excitatory synapses and to [-1... 0] for inhibitory neurons; autapses and parallel synapses
were not allowed. A weight of 0 can be interpreted as a silent synapse or the absence of synap-
tic connectivity. The activity of individual neurons is bounded between 0 (no activity) and 1
(saturation or epilepsy). We can define a (bounded) state space where each dimension repre-
sents an individual neurons activity level. Such a state space can be constructed for a network
of arbitrary dimensionality. Essentially, we obtain a hypercube with the dimensionality being
equal to the number of neurons in the network. Every state (point) in the state space, repre-
sents a neural activity distribution that uniquely determines the activity configuration of all
the neurons in the network.

Two-dimensional planar subspace

We can consider two-dimensional, planar subspaces (or extracted planes) of the original,
high-dimensional neural state space. The two dimensions of these subspaces, or axes of the
plane, represent the activity of neurons: either two individual neurons at a time or a pop-
ulation of neurons divided into two groups, one per dimension. When the axes represent
individual neurons, the extracted plane reflects the relationship between those two neurons.
However, an axis of the extracted plane can also represent a linear combination of multiple
neurons. In this case, the extracted plane illustrates the relationship between the two chosen
linear combinations of neurons within the network. A neuron is considered to be represented
on the extracted plane if its dimension in the neural state space is not orthogonal to the plane,
referred to as a “non-perpendicular” neuron. In contrast, neurons whose dimensions are
orthogonal to the chosen plane are called “perpendicular” neurons.

Extracting a plane from the neural state space enables the analysis of network components,
such as the influence of a specific neuron’s activity level on the neuron population represented
along the axes of the extracted plane. To achieve this, the plane should be selected such that
the neuron, or neuron population, whose impact is being studied has dimensions in the neu-
ral state space that are orthogonal to the plane. Meanwhile, the neuron population affected by
these interactions should be represented along the axes of the extracted plane.

It is indeed possible to select a plane such that no neuron is perpendicular. However, if
the studied population was represented on the axes of the plane, the vector field in that plane
would reflect the changes applied to the studied population instead of the effect of those
changes on the target population.

Critical point location (Derivation of Eq 9)

In our vector field representation, critical points are activity level combinations where there
is a match between the weighted presynaptic excitation and inhibition. Given networks with
uniform weights, the critical point is always located along the central diagonal. In order to
displace the critical point from the central diagonal, the synaptic weight distribution must be
skewed.

The critical points are located where vector lengths are zero, or alternatively,
Vj € [1...n]:a;=0, where n is the number of neurons and g; are the vector components
obtained from Eq 1. When equating Eq 1 to zero, we can simplify the formula to

a]-' :Z(W,' *a,-). (2)
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Given a 3-neuron network, if we extract a plane that is perpendicular to N3 at activity level
as, the location of the critical point is determined by the weights of both perpendicular and
non-perpendicular neurons. A general rule for the location of the critical point within the
extracted plane, in terms of activity level, can be calculated as

!
a, =Wwsdy + widsz = 0
{ , 3)

ap '= waay + Wras =0

where g; are the activity levels of the neurons and w;, w2 are the synaptic weights connecting
N3 to N1 and N2, respectively. The synapse from N2 to N1 has weight w3, while the reverse
connection has weight w,. We can rearrange the equations as

Wsdy = —w1d3 (4)
waa) = —Whdas
Next, we divide the top equation with the bottom one and simplify.
Widy _ —Wids W1 (5)

waa;  —wadz W

Finally, we can express the critical point location in terms of an activity level ratio of N1
and N2 (the non-perpendicular neurons) as

a;  WiWy

(6)

ay  wyws

A ratio of 1 corresponds to a critical point that is located along the central diagonal. There-
fore, it is evident from Eq 6 that a skewed synaptic weight distribution is necessary to displace
the critical point from the central diagonal.

Results
Vector field representation and plane extraction

We started out with a setting of synaptically connected excitatory cortical neurons (Fig 1A)
to introduce the concept of how neuronal interactions can be quantified as vector fields. As
indicated in Fig 1A we used a non-spiking neuron model with identical, linear-like neuronal
input-output functions (emulating the conductance-level biological neuron behavior [22])
across all neurons. Fig 1B illustrates a network with only two reciprocally connected excita-
tory neurons. If a neuron is connected to another neuron with a synapse, then that means that
the activity of the second neuron is dependent on the activity of the first neuron, as shown in
Fig 1C at y = 0 along the x-axis. Hence, the first neuron will increase the activity of the sec-
ond neuron, if the synapse is excitatory. That impact will depend on the activity level of the
first neuron - if that activity is very low or zero, then it will have no or very low impact on the
second neuron, and vice versa for high activity. It should be noted that with the neuron model
we employed, the series of vectors along the x-axis at y=0 increased at a decelerating rate since
the higher the activity of all other synapses (or conductances) on the neuron, the lower the
impact of additional inputs [22] (Fig 1C; see Methods).

At the same time, the activity of the second neuron will also impact the activity of the
first neuron in a similar manner, as they are reciprocally connected. The interaction between
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Fig 1. Mapping neuronal networks to vector field representations. (A) Actual neurons have dendrites, a soma, and an axon. The axon branches profusely
and makes synapses on other neurons. The example shows outlines of three (excitatory) pyramidal neurons (dendrites and axons are truncated) from pre-
vious histological analysis, as well as putative synaptic connections between the three. The inset shows the neuron model used, i.e. how the activity of each
neuron was calculated. (B) Representation of the network formed between two of the pyramidal neurons. Arrows indicate the flow of signals. At each activity
level, we calculated a vector from the activity levels of the two neurons as indicated. (C) Resulting vector field representation of the the two-neuron net-
work. Each axis represents the activity of one of the neurons. (D) Vector field representations of an excitatory-inhibitory network. (E) Same as D but for an
inhibitory-inhibitory network. Across all vector fields, synaptic weights were uniformly set to 1 (negative sign for connections originating from inhibitory
neurons) and k was set to 0.2.

https://doi.org/10.1371/journal.pcsy.0000047.9001

the two neurons creates a vector component indicating the magnitude that the two neurons
impact each other, at any possible activity level (Fig 1B). This process can then be iterated for
all activity combinations across the two neurons, each combination resulting in a vector com-
ponent. The resulting vector field across all possible activity combinations for the two neu-
rons is shown in Fig 1C. As the two neurons form a positive feedback loop, they will tend to
push each other’s activities up towards the upper right corner, i.e. this would correspond to
saturation or overexcitation of the neuronal activity [26] (corresponding to a maximum spik-
ing probability of 1, as illustrated for example in [27]; in biology this would correspond to an
epileptic state). In cases where one or both neurons are instead inhibitory (Fig 1D, 1E), the
structure of the vector field will reorganize accordingly. When both neurons are inhibitory
(Fig 1E), the vectors point downwards relative to the two axes and would hence tend to drive
the activity of both neurons towards zero. Notably, the only neutral position within any of
these vector fields, i.e. the position where the vector lengths approach zero, is when both
neurons have zero activity (critical point’) (Fig 1C-1E). In dynamical system theory, a
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critical point indicates a subspace where the vectors have zero length without necessarily
implying that the surrounding vectors point towards that point. Other related concepts are
attractors and limit cycles, which are descriptive, approximative structures in the vector field
that the vectors are pointing towards or away from. Notably, below we will iteratively refer
to the critical points but merely as a proxy for changes in the overall vector field structure,
because illustrating the whole set of vector fields would have resulted in less comprehensive
figures. But we do not otherwise put great emphasis on critical points here.

When the number of neurons connected to each other increases, that means that the
dimensionality of the network increases. First, consider a network of three excitatory neu-
rons (Fig 2A). Each neuron will be impacted by the synaptic input activities of the other two
neurons. Using the same approach as above (Fig 1C), we can calculate the now 3-dimensional
vector field (Fig 2B). However, it is harder to make a good visualization of the vector field in
3D, and if we add more neurons to the network, it becomes impossible. For visualization pur-
poses, we can extract a two-dimensional subspace (i.e. a plane) from the full 3-dimensional
network space to visualize the interactions between two selected neurons (Fig 2C), which will
now look analogous to the 2-dimensional networks of Fig 1. Similarly to the 3-dimensional
case, we can extract planes from a network consisting of 4 neurons (Fig 2D) and from
8-dimensional networks (Fig 2E). This concept of plane extraction can be generalized to
networks of arbitrary dimension.

Choosing a plane for visualization is equivalent to fixing the activity of all neurons orthog-
onal to the axes of the selected plane. We refer to the set of activity-fixed neurons as the

1 —
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Fig 2. Extending the vector field representation to higher dimensions. (A) Representation of the excitatory network formed between
the three pyramidal neurons. (B) Vector field representation of the three-neuron network. (C) A 2D plane extracted from the 3D vector
field, corresponding to the plane where the activity of the perpendicular neuron (N2) was fixed. (D) Network consisting of four pyra-
midal neurons and an example plane extracted vector field from the 4-dimensional vector field space. (E) An eight pyramidal neuron
network with an example extracted plane. Across all panels, the synaptic weights were uniformly set to 0.1. The perpendicular neurons
were set to have an activity of 0.1.

https://doi.org/10.1371/journal.pcsy.0000047.9002
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‘perpendicular neurons’ since their activity axes are perpendicular to the visualized plane. If
we vary the activity level of the perpendicular neuron(s), it will lead to different vector fields
in the visualized plane, as the influence of the perpendicular neuron(s) on the other neurons
will change with their activity level(s). Note that the critical point could end up being located
outside the visualized plane, if any of the perpendicular neurons has non-zero activity, which
indeed was the case for all planes illustrated in Fig 2.

The two dimensions of the visualized plane can also represent a linear combination of
neurons in the network, rather than being limited to a single neuron per axis. In the same
3-neuron excitatory network as before (Fig 3A), we can orient the plane in its 3-dimensional
vector field such that one of its axes represents the combined activities of two out of the three
neurons, i.e. the axis is orthogonal to only one of the neurons (N3 in Fig 3B). The x-axis of
the extracted plane now represents a weighted linear combination of the first two neurons
(Fig 3C), with each neuron’s contribution determined by the angle of the plane’s orientation
relative to the neuron activity axes. Since this axis now corresponds to the combined activity
of multiple neurons, its maximum value can exceed 1, even though the activity of any sin-
gle neuron cannot (Fig 3C, red arrows). This concept of plane extraction can be extended to
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Fig 3. The axes of extracted planes can represent the activity of more than one neuron at a time. (A) The 3-dimensional excitatory
network. (B) Vector field representation of the entire 3-dimensional state space with a plane which holds information about the activity
of two neurons in one of its dimensions in its x-axis. (C) The 2D plane extracted from the vector field. The x-axis is a linear combination
of two out of the three neurons as indicated (o = %, B = ﬁ). The red arrows indicate that the x-axis, as a consequence, has a maximal
value that exceeds 1. (D) An eight neuron excitatory network. (E) Extracted plane from the 8-dimensional network with two neurons
represented on each axis (N1,N2 and N3,N4). (F) Plane extracted from the same network but where one axis represents the combined
activity of 3 neurons while the other just a single one (N1-N3 and N4). Across all panels, the synaptic weights were uniformly set to 0.1,

all perpendicular neurons had an activity of 0.

https://doi.org/10.1371/journal.pcsy.0000047.g003
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networks of arbitrary dimension (Fig 3D), where each of the two dimensions (axes) of the
plane can represent any combination of neurons (Fig 3E, 3F). In fact, a single neuron could
even be represented on both dimensions of the extracted plane, if both axes of the plane are
oriented at non-perpendicular angles to the activity axis of that neuron. Below, we will use
this plane visualization to examine in detail how changes in network parameters, such as a
specific synaptic weight, affect the vector field.

Location of the critical point depends on synaptic weights

A critical point is a point in the state space where no change in activity occurs (Fig 1). In
visual terms, this means that the vector lengths at that position are zero. Due to the neuron
model definition (Eq 1), any change in the synaptic weights or in the activity of the perpen-
dicular neuron(s) can cause the critical point to shift locations, and this will be accompa-
nied by structural changes in the surrounding vector field. We can analytically determine the
location of the critical point by only taking the numerator of the neuron model (Eq 1) into
consideration:

&j:Z(W,' *a,-):O. (7)

Given a network which is either fully excitatory or fully inhibitory, we can see that the only
solutions will be

(8)

0, otherwise

{[0...1], if w; =0
a; =

If the synaptic weights are 0, we are left with disconnected neurons. Therefore, in a fully
excitatory or in a fully inhibitory network where the neurons are fully connected, the location
of the critical point will be at zero (the origin). This motivated us to explore whether it would
be possible to displace the critical point from the origin, if the neural network contains both
excitatory and inhibitory neurons, as is typically observed in the brain.

First we consider a 3-neuron network consisting of 2 excitatory neurons and 1 inhibitory
neuron (Fig 4A). If we make the inhibitory neuron perpendicular, then the vector field
plane describes the interaction between N1 and N2, at a given selected activity level of the
inhibitory neuron (N3). Hence, we made the inhibitory neuron the perpendicular neuron to
study the impact it had on the vector field formed by the two excitatory neurons. The loca-
tion of the critical point can now be offset from zero activity in the two neurons N1 and N2
(Fig 4B), which is due to the match of excitation and inhibition in those points. In this case,
when we have outgoing synaptic connections of equal weight (wl=w2) from the inhibitory
neuron to the two excitatory neurons, they will be impacted equally. Now, if we increase the
weights of the inhibitory neuron (while maintaining the condition wl=w2), the location of
the critical point will move only along the central diagonal (Fig 4B) in the neuron activity
space of N1 and N2. The surrounding vector field also dramatically changes its structure, as
shown by the two examples in Fig 4C.

We can also reverse the configuration, with N1 and N2 as inhibitory neurons and the per-
pendicular neuron (N3) as excitatory, while maintaining equal weights (w1 = w2) on N1 and
N2 (Fig 4D-4F). Increasing the excitatory weights (while maintaining w1l = w2) has the same
effect on the critical point as earlier, i.e. its location moves upwards along the central diagonal
in the vector field (Fig 4B, 4E). Importantly, however, the structures of the vector fields, again
provided as two examples, are inverted’ for the inhibitory network (see the directions of the
vectors; Fig 4C, 4F).
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Fig 4. In networks with both excitatory and inhibitory neurons the critical point can be controlled. (A) A three-neuron network
with one inhibitory neuron (Inh). The weights of the synapses made by the inhibitory neuron are indicated as w1 and w2. (B) Extracted
plane with the activity of the two excitatory neurons represented on the axes, and the inhibitory neuron represented on the perpendic-
ular axis. When the weights w1 and w2 were increased from zero (both weights were always equal), the location of the critical point
moved upwards along the central diagonal of the vector field (individual vectors are not shown for clarity). For the three illustrated
points, the inhibitory weights were -0.2, -0.4 and -0.8. (C) Two examples of the full vector fields at different weight magnitudes of w1l
and w2. (D) A network of two inhibitory neurons and one excitatory neuron, where wl and w2 were instead the weights of the exci-
tatory synapses. (E) Similar effects as in B arise when the excitatory weights of the perpendicular neuron are increased. The synaptic
weight magnitudes of the perpendicular neuron are the same as in B. (F) Examples of full vector fields. Across all panels the weights
between N1 and N2 and the activity of the perpendicular neuron were fixed at 1.

https://doi.org/10.1371/journal.pcsy.0000047.9004

If the synaptic weights of the perpendicular neuron are not uniform, the critical point
location will be displaced from the central diagonal because of the greater impact the per-
pendicular neuron has on one of the neurons. The magnitude of the displacement from the
diagonal depends on the relative size of the outgoing synaptic weights: the larger the dif-
ference between those weights (the skewness), the larger the displacement from the central
diagonal (Fig 5A, 5B). As a general rule, the skewness of the outgoing synaptic weights of the
perpendicular neuron on the neurons represented on the respective axes is what determines
the extent of displacement from the central diagonal.

However, the interactions are also influenced by the weights between the non-perpendicular
neurons (the neurons represented on the axes). Previously, these weights were equal
(w3 = w4) (Fig 5C). If we instead skew these weights, the movement of the critical point will
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Fig 5. The location of the critical point can shift dramatically when the weights are non-uniform. (A) A network
with two excitatory and one inhibitory neuron. Synaptic connections between N1 and N2 were uniformly set to

1. (B) The location of the critical point is offset from the central diagonal when the synaptic weights w1l and w2,
formed by the perpendicular neuron, are skewed rather than equal. Each symbol indicates a skewness level, a series
of a symbol indicates the location of the critical point when the weights of w1 and w2 were increased proportion-
ally. The weight magnitudes of w1 were set to 0.2, 0.4, 0.8; w2 was scaled down with the following proportions: 1
(unchanged), 2, 5. (C) The same network indicating the synaptic weights w3 and w4 for the synapses made between
the non-perpendicular neurons. (D) Impact of making the weights w3 and w4 non-uniform (w3=1, w4=0.8). The
arrows indicate the impact on the locations of the critical points when the weights were made non-uniform for the
same skewness levels of wl and w2 as in B. Across all panels the activity of the perpendicular neuron were fixed at 1.

https://doi.org/10.1371/journal.pcsy.0000047.9005

deviate from its original diagonal path observed when the weights w1 and w2 were propor-
tionally increased (Fig 5D). Thus, the trajectory of the critical point, when varying the weights
of the perpendicular neuron (w1, w2), is also affected by the weight distribution between the
two non-perpendicular neurons. In our 3-dimensional network example, the general rela-
tionship between the critical point location, in terms of neuron activity levels, and incoming
synaptic weights can be expressed as

a) Wi Wy
—= , )
ay  wrws
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where ay, a, are the activity levels of N1 and N2, the synaptic weights made by the perpen-
dicular neuron N3 are w;, w,, while w3, w, are the weights between N1 and N2 (as shown in
Fig 5C). For a derivation, see Critical point location (Derivation of Eq 9).

The vector field structure is directly linked to the structure of the neuronal network, which
includes the synaptic weights as a central element (Fig 1). From Fig 5 we can conclude that
when the synaptic weights dynamically change, such as in synaptic plasticity, the structure of
the vector field adapts accordingly.

Location of the critical point can be controlled by the activity level

While synaptic weights shape the overall structure of the vector field, the specific activity lev-
els of the neurons determine the subspace in which the network operates. Through manipu-
lation of the perpendicular neuron activities, we can modify the position of the critical point
and thus the structure of the underlying vector field within the extracted plane. The vector
field structure is what impacts the evolution of the population level activity (i.e. the network
activity state) in that plane, within the constraints that the synaptic weight distributions would
allow for. This is illustrated in Fig 6, where we used a 4-neuron network with two perpendicu-
lar inhibitory neurons. The activities of the two perpendicular neurons were altered indepen-
dently of each other to obtain different combinations of activity (Fig 6B). As shown in Fig 6C,
the location of the critical point now travelled over a very large range of the activity space of
the two non-perpendicular neurons, and the structure of the surrounding vector field also
changed dramatically (Fig 6D).

Dependence of the vector field structure on the neuronal activation
function

So far, we studied the structure of the vector field under the assumption of the specific input-
output function of the LSM neuron model. The neuronal input-output function, sometimes
also referred to as the f-I curve or the activation function, describes how much output (spike
firing frequency) the neuron will generate in response to a range of summated synaptic
inputs. The LSM builds on observations in vivo, where many neurons have a relatively linear
activation function in their lower range of activity [28] and then become saturated at higher
levels of activity due to the conductance-dependent shunting effect that we also call ‘protec-
tion leak’ in the LSM [22]. But other nonlinear activation functions have been observed in
some neurons, and here we wanted to explore their possible impacts on the vector field of
the network. Fig 7A first illustrates the decelerating activation function implemented by the
LSM. As can be seen, the response function defines the vector component of that neuron by
which it will impact its target neurons. Fig 7B illustrates this for an exponentially increasing,
accelerating activation function, the output vectors of this neuron simply scale proportionally
to that activation function. Some neurons may have an activation threshold, i.e. their base-
line synaptic input is not sufficient to hold the neuron above its firing threshold and there-
fore a given synaptic input is not guaranteed to impact the neuronal firing rate (Fig 7C). The
activation threshold simply shifts the range of input that will produce an output vector, and
the vector component is again proportional to the output level. In this case, there will be a
range of inputs for which the neuron does not provide any output (Fig 7D). Hence, whatever
a neuron’s activation function, it is straightforward to include the impact of that activation
function on the structure of the vector field. Even when the activation function dynamically
changes, i.e. adaptive activation threshold [29-31], each change directly alters the structure of
the vector field.
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Fig 6. The activity levels of the perpendicular neurons dynamically control the critical point location in the extracted plane.

(A) Four-dimensional network consisting of two excitatory and two inhibitory neurons. All synaptic weights were set to 0.5, except

the synaptic weights from N3 to N2 and N4 to N1 which were reduced to 0.01. (B) Predefined activity level trajectories of the two
inhibitory neurons being perpendicular to the extracted plane. (C) Critical point trajectory within the selected plane resulting from the
activity level settings in B. (D) Examples of full vector fields from three of the locations of the critical point.

https://doi.org/10.1371/journal.pcsy.0000047.9006

Further, in cases where some neurons are only transiently activated, i.e. their output is
silent for long periods of time and only occasionally do they erupt in an output, then the
neuron will have no impact on the vector field structure while it is silent. This is similar to
the situations in Figs 5 and 6, when the activity of the perpendicular neuron(s) is zero. The
moment it becomes active, that neuron will exert its impact on the vector field depending on

the intensity of its output activity (also shown in Figs 5 and 6).

Discussion

By introducing a conceptual framework to analyze neuron population level interactions
within recurrent networks, we showed that vector fields inevitably emerge as a result of synap-
tic weights and neuronal input-output functions. The vector field will define the direction in
which the networK’s overall activity state will evolve. In other words, the vector at any given
point in the network state space will impact how the activity distribution across the neuron
population (i.e. the network state) evolves over time. If what we consider brain behavioral
function depends on controlling its spatiotemporal patterns of neuron activity, we believe that
this conceptual framework can be a useful starting point to analyze the properties of high-
dimensional networks. The underlying representation obtained with this approach is the com-
plete, high-dimensional vector field of the network, helping to preserve crucial information

about its behavior that might otherwise be lost [19].
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In order to get a more detailed understanding of the network state space and its depen-
dence on connectivity and neuron activity, it is important to be able to visualize the vector
field. However, as visualizing in high dimensions is in principle impossible, we introduced
a planar subspace extraction tool for visualizing the combined action of a large number of
neurons. This plane extraction tool can be used to illustrate any plane within the high dimen-
sional network activity space. The extracted plane represents the interactions between two
groups of neurons (one per axis), where a group could be a single neuron or, alternatively, any
linear combination of neurons in the network (Fig 3). The choice of neuron groups is what
defines the orientation of the extracted plane within the high-dimensional network activity
space.

We showed that the presence of both excitatory and inhibitory neurons, with matching
weights, makes it possible to displace the critical point from the origin (Fig 4) and to reshape
the structure of the vector field around it. In this way, we can avoid obtaining networks which
will inevitably be driven towards either zero neuron activity or towards saturation. A wider
range of variations of the critical point location and its surrounding vector field could be
obtained by skewing the synaptic weights (perhaps even including zero weights) (Fig 5).
Another factor that can cause variations in the structure of the vector field is the neuronal
activation function (Fig 7). Whereas the latter factors typically do not change to a great degree
in the short term, any change in neuron activity will immediately impact the location of the
critical point and the structure of the vector field that the rest of the neuron population ‘sees’
(‘perpendicular’ versus ‘non-perpendicular’ neurons in Fig 6). Since the impact of the vec-
tor field is to push the network towards new activity states, it should be possible to design
such excitatory-inhibitory networks where the activity of the network constantly changes into
new patterns, as in the brain in vivo [5,6,32,33]. As a consequence, the network, through the
evolving vector field, would constantly be chasing its own tail, i.e. pushing itself towards a
neutral point but never being able to reach it as the population activity would change as a
consequence of the chasing process.
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Fig 7. Impact of different neuronal input-output functions (f-I curves) on the vector fields. The impact of a neuron (i.e. the magnitude of its output
vector component) in response to a given input is determined by the value of its f-I curve at that input level. (A) Output vectors for a decelerating acti-
vation function. The X axis represent the level of (summated synaptic) input that the neuron receives. The Y-axis represents the magnitude of the output
vector, indicating the influence of the neuron on the activity of all downstream neurons receiving its synaptic input. This impact is subsequently scaled by
the respective synaptic weights. The LSM used in the present study is an example of this type of activation function. The diagram illustrates the activation
functions and the corresponding output vector components that result from two different levels of the static leak (blue: 0.1, orange: 0.5). (B) Same as in A
but for an exponentially increasing, accelerating, activation function, here exemplified by the function f(x) = x* with two settings of & (blue: 3, orange: 5).
(C) Impact of two different thresholds on a neuron model with a simple linear activation function. An increase in the threshold results in that the vector
components are shifted towards higher level of input activity but otherwise simply scale in proportion to the input. The threshold-linear response function
f(x) ={0if x < threshold, (x - threshold) otherwise} was used with two threshold settings (blue: 0.3; orange: 0.6). (D) Vector field of a 2-excitatory neuron
network (as in Fig 1B, 1C) with threshold-linear f-I curves with a threshold of 0.3. Vectors are scaled down for visibility.

https://doi.org/10.1371/journal.pcsy.0000047.9g007
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An implication of the vector field analogy is that, in the brain, the constantly evolving
activity distribution across the neuron population will be a consequence of the synaptic con-
nectivity landscape of the network. These ’trajectories’ through the state space are the solu-
tions provided by the network to given sensory inputs, at the cortical level [5,6] as well as in
the spinal cord circuitry [8,13,14] and control how the activity distributions of the neuron
population will evolve. The activity distributions, in turn, translate to, for example, the order
and magnitude with which specific muscles are activated. Muscle activation patterns serve
as the final expression of behavioral choices, making them a concrete example of how vector
fields directly contribute to understanding the control of behavior.

According to the neuron model, the impact that a given individual presynaptic neuron can
have on the vector field will be comparatively small as a long as the activity of the other presy-
naptic neurons are non-zero and/or as long as the number of other presynaptic connections
to the postsynaptic neuron is high (due to scaling of the static leak, see Methods). This implies
that transient activations in single neurons cannot momentarily impact the population activ-
ity to a great extent. Since behavior ultimately consists in the spatiotemporal pattern of muscle
activation, a behavioral change requires a coordinated change of the activity in larger popula-
tions of neurons to occur. However, provided that changes in the network population activity
can be allowed to accumulate over some latency time, it is still likely that transient activity in
individual neurons could form a seed to initiate a chain of activity changes in downstream
neurons (see [34]). If this chain gradually moves the network in a new direction across the
vector field because of that transient activation, for example during an ongoing movement,
then it has contributed to the behavioral choice.

Notably there are many interesting implementations of modelled neural networks that
operate as dynamical systems [35,36]. Our aim was not to design another variant of such a
dynamical system but to introduce a conceptual framework that can be a useful starting point
to analyze the population-level properties of high-dimensional networks, potentially bringing
a better understanding of how brain networks may behave in this regard.

Limitations

In the examples provided throughout this paper, we illustrated vector fields at given levels of
neuron output activities. Implicitly, we used the rate code of the neuronal output as a proxy
for those activity levels. This is similar to the design of many studies that are interested in
characterizing multi-neuronal interactions (Reviewed by [15,16], for specific examples also
see [32,34,37]). It could be argued that neurons instead use discrete spikes in their communi-
cation. On the other hand, it has also been argued that the exact spike timing is not a deter-
ministic process but a stochastic one, which is an argument for why a rate code approxima-
tion is a practical simplification [28,38-40]. Nevertheless, our vector field approach is also
applicable for spiking neuronal networks, but then becomes a bit more involved to imple-
ment. Each spike would then need to be simulated to impact the output activity of the receiv-
ing neuron through the resulting synaptic potential, a potential that typically has a duration
of many 10s of ms [41,42], although gradually declining. If the interspike intervals of the
output neuron are shorter than the duration of the synaptic potential, then subsequent synap-
tic potentials will fuse and summate in a time-dependent manner, thus beginning to resem-
ble the rate code we used here. A similar approach would be needed to emulate the impact
of metabotropic synapses, where the membrane potential response to synaptic activation

can last for more than 1000 ms [43]. To the extent that the metabotropic synapses regulate
the gain of the ionotropic synapses [44], the vector field approach would then need to be
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complemented with corresponding updates of the relevant vectors, i.e. the ionotropic synapses
made on the neuron that receives the metabotropic input.

Short-term facilitation and depression of synaptic transmission at individual synapses
was not included in this investigation, but could be modeled by scaling consecutive synap-
tic potentials, i.e. their template signals. This would be equivalent to dynamically adjusting
synaptic weights, meaning that such short-term synaptic modifications could alternatively
be captured by updating the vector field in a time-dependent manner. However, our vector
field approach is intended to draw more attention to population-wide neuronal dynamics as
an alternative to low-dimensional embeddings. When the population size is sufficiently large,
highly specific details about individual neuronal and synaptic functions may have a tendency
to average out when considering the overall neuron population behavior and dimensionality.
Nevertheless, examining to what extent that applies remains a subject for future studies.

Future work

In neural recordings, the synaptic weights between the recorded neurons are typically
unknown. Could estimations of the vector fields in the network still be extracted from record-
ing data? Similar to the vector field applications for monitoring the spatial propagation of
activity in the 3D tissue of the heart [9,10], multi-neuronal recordings, or even multi-location
field potential recordings such as human EEG recordings, could be used to extract approx-
imative vector fields in N-dimensional activity space. This approximation would be based

on activity correlations between the neurons (or recording channels). Pairwise correlations
between two neurons could be one step in this direction [45], but likely a better approach
would be to use the changes in the activity distribution across the neurons for each consec-
utive time step to obtain an estimate of the vector at each location in the activity state space.
This will be a subject for future work.

Conclusion

We used a simple neuron model to investigate how constraints on the neuron population
level behavior would inevitably emerge from their synaptic interactions. We found that the
distribution of synaptic weights greatly influences the structure of a vector field, while the
activity distribution across the neuron population - i.e., the network’s position within its
activity state space — determines a vector which will influence how the network activity will
change over time, thereby shaping how the activity distribution across the network evolves.
The synaptic weight distributions are a primary factor driving the evolution of the activity dis-
tribution - which, in turn, is one of the most critical elements in defining brain function and
behavior.

Supporting information

S1 File. Simulated neuronal network settings. The configuration settings of the neural net-
work for each figure, including the locations of critical points where relevant.
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