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Abstract

Due to their self-organised, collective nature, Turing patterns on graphs are an impor-
tant source of information about the relationship between graph architecture and dynam-
ics. One defining feature of these dynamics is the coexistence of multiple stable pat-
terns (‘pattern diversity’), the dependency of which on network architecture is still not well
understood. Here we create standardised situations near the Turing instability thresh-
old and study the multistability of patterns as a function of structural perturbations of the
graph. In particular, we analyse the resulting changes in pattern diversity as a binary
classification problem. We find an asymmetry between lower and higher eigenvalues
near the Turing instability, which can be understood in terms of the interlacing theorem,
known from spectral graph theory. This allows us to derive rules governing the multista-
bility of Turing patterns using local spectral gaps of the graph’s Laplacian as input, but
also evaluate the contribution of nonlinear interactions between eigenmodes to pattern
diversity, independently of the interaction model considered.

Author summary

Pattern formation has for a long time been at the core of the exploration of complex sys-
tems. Also, the nonlinear models giving rise to spatiotemporal patterns have informed
method development and analysis strategies in nonlinear dynamics. Studying such
processes on graphs is a relatively new trend with the goal of understanding structure-
function relationships in complex networks. Here we consider a class of spatiotemporal
patterns arising in reaction-diffusion systems, Turing patterns, and use a machine-
learning approach - binary classification - to understand, which network properties
affect the diversity of such patterns.

1. Introduction

In their seminal work [1], Nakao and Mikhailov established the theoretical basis for the
study of Turing pattern formation on graphs. Since then, the Turing framework [2] has been
extended to several graph topologies including temporal [3,4], directed [5-7], non-normal [8]
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and multiplex [9,10] networks, but also time-delayed [11,12], non-diffusive [13] and higher-
order interactions via hyperlinks [14], simplicial [15] and cell complexes [16].

What still remains poorly understood is, how network architecture shapes one of the deci-
sive features of Turing patterns, their multistability: For a given set of dynamical parame-
ters within the Turing instability regime, a reaction-diffusion deterministic system converges
to, not one, but often a substantial number of possible stable states, under different initial
conditions. These coexisting solutions in the deterministic model are a property of network-
organised systems that can only be attributed to their complex structure.

The analytical solution provided by the linear stability analysis [1], as described in Sect
2.4, constitutes a first step towards a structural understanding of this phenomenon. This solu-
tion translates into a dispersion relation that combines the eigenvalues of the graph Laplacian
with the system’s dynamical parameters to predict which of the graph Laplacian eigenmodes
contribute to pattern formation.

A challenge in addressing the question is the lack of comparability among different models
implementing the Turing framework, parameter choices and network architectures. In [17], a
formal calibration strategy has been suggested based on the original formalism from [1]: By
selecting, for each model and network, parameters such that the dispersion relation is placed
in a standardised fashion, comparability is ensured.

Hiitt et al. [17] postulate that the number of unstable pattern-forming eigenmodes is pro-
portional to pattern diversity near the instability threshold. This is true insofar as all unstable
eigenmodes contribute to pattern formation and their nonlinear interactions are negligible,
which is yet to be proven. In practice, the relationship between the graph eigenmodes and
emergent pattern diversity is more complex than originally deposited.

To better understand the multistability of Turing patterns, we need to: (i) relate each
growth rate to the effective contribution of its eigenmodes to pattern diversity, (ii) evalu-
ate the importance of nonlinear interactions between joint pattern-forming eigenmodes and
(iii) identify key structural regulators of pattern diversity.

The spectral gap and its structural sensitivity, sometimes referred to as the dynamical
importance [18], are known to regulate various dynamical systems [19-23]. In this study,
we highlight the importance of local spectral gaps [24] and the entire Laplacian spectrum
in the case of reaction-diffusion systems, namely in regulating the multistability of Turing
patterns.

We first present the theoretical foundations of our study and how we use them to build
our predictive toolbox. We then perform extensive numerical experiments on several random
graphs and observe how different structural perturbations affect both the Laplacian spectrum
of the graph and the multistability of the emerging Turing patterns. Then, through heuristic
arguments and formal classification, we derive eigenvalue-based criteria capable of predicting
changes in pattern diversity caused by structural perturbations. We conclude on the central
role of local spectral gaps in explaining the structural sensitivity of Turing pattern diversity
and, consequently, its multistability in general.

2. Methods
2.1. Graph

Let G(N, €) be a simple connected graph with [NV| = N nodes and |€]| = E edges, i.e. undi-
rected and unweighted with neither self-loops nor parallel links. Let L = A - kI denote the
Laplacian matrix of G where A is its adjacency matrix, k is its vector of node degrees and I is
its identity matrix of size N X N.
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Let A; denote the N real non-positive eigenvalues of the Laplacian matrix, sorted in
ascending order such that A; < A, < - < Ay =0. Let ¢ = (¢fi), s ,(\,’)) denote the
eigenmode associated with the eigenvalue A; such that L¢®) = A;¢(), which we will gener-
ally refer to by its index i for simplicity. We refer to A; = A1 — A; > 0 as the local spectral gap
between i and i + 1.

After removing an edge e from G, we obtain a perturbed graph G* (N, £*) with N nodes,
|€*| =E-1 edges and N Laplacian eigenvalues A; for which the interlacing theorem [25] states
that A; <A <Ay fori=1..N- 1, with A§; =0.

Let A; denote the structural sensitivity of the eigenvalue A;: a real number between 0 and 1

A =N A=A
N1 = A A

measuring how much an eigenvalue A; shifts after edge removal A; =

A=A NN

1

In the case of edge addition, we write A; = — =
A 1

2.2. Model

The Gierer-Meinhardt model [26] is an activator-inhibitor model capable of creating Turing
patterns. Two species, an activator and an inhibitor diffuse and interact on a graph G. Their

respective concentrations are given by the vectors # and v, and they evolve according to the

following set of differential equations:

ou L R
— = a-bu+% +elLu
ot v
. (1)
ov - .
— = u -v +oelv
ot

The reaction part of the dynamics is modulated by two positive kinetic parameters a and b,
defining the homogeneous steady state (i, v) = (4, (%)), solution of Eq (1).

The diffusion part of the dynamics is driven by the graph Laplacian L and modulated by ¢
and eo the respective diffusion coefficients of activators and inhibitors.

A Turing pattern is a heterogeneous steady-state solution of Eq (1) induced by perturba-
tions (8u, 67) of the homogeneous distribution (i, V), i.e. #(t=0) =& + Stiand ¥(t=0) =¥
+ 8. Here we conventionally refer to #(t — o0), the final distribution of activator concentra-
tion, as the Turing pattern.

2.3. Pattern diversity

A number of different Turing patterns can coexist on a graph G for the same set of dynamical
parameters (a, b,€,0), depending on the initial conditions (8, 67).

Two simulation runs are said to converge to the same Turing pattern if their steady states
have a mutual Pearson correlation coefficient (see [27]) superior to 0.9. Clustering the results
of n simulations yields r < n distinct Turing patterns p, each with multiplicity m, <r. To
quantify the observed multistability, we compute a pattern diversity score d =1 - s where s =
i ;J ? (my — 1) is the pattern pairwise similarity score, with s, = 7 (r - 1) a normalisation

factor and P the set of r distinct Turing patterns.

2.4. Linear stability analysis

We linearise Eq (1) around (#, ¥) and solve the decoupled system of equations {% =0; % = 0}

to obtain the linear growth rates A, relative to each eigenmode i as a function of its eigenvalue
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A; for i = 1...N. As established in [1], this dispersion relation is given by

1 2b 8b 2b 2
A = -1 _ v ) o _ ik (1- 2
L(A) 2{ b+a+1+eA,(l+a)+\/a+1+[1 b= ren(l G)H ®)

where the activator concentration at a given node k can be expanded over the set of Lapla-
cian eigenmodes: Suy(t) = Zﬁl c,-gb,ii)e/l"t, where the expansion coefficients ¢; are given by the
initial perturbation. The linear solution presented in Eq (2) then provides initial estimates of:
(i) the parameters required for pattern onset, driven by the non-vanishing contribution of the
eigenmodes, (ii) how different eigenmodes compete for pattern formation [28,29], the weight
of which is approximated by their respective linear growth rates.

unstable ifA;>0
An eigenmode i is ~ " The Turing instability regime is the parameter
stable ifA; <0

space allowing at least one positive growth rate and thus, the formation of Turing patterns
according to the linear approximation.

Without loss of generality, we restrict our analysis to configurations starting with two
unstable eigenmodes and find that, in this case, only three eigenmodes are relevant to the
problem of multistability under structural perturbations:

(1) The stable eigenmode S that can become unstable after structural perturbation, i.e. of
eigenvalue Ag and growth rates A5 < 0 (before perturbation) and A5 < 0 (after perturba-
tion) with A§ > As.

(2) The unstable eigenmode U that can become stable after structural perturbation, i.e. of
eigenvalue Ay and growth rates 1y > 0 (before perturbation) and Af; $ 0 (after perturba-
tion) with A7, < Ap.

(3) The remaining unstable eigenmode M, i.e. of eigenvalue Ay and growth rates A, >0
(before perturbation) and 1), > 0 (after perturbation) with A5, > Ay

2.5. Parameter selection

To isolate the main drivers of pattern diversity changes using Laplacian eigenvalues, we adopt
the following standardised protocol to ensure that we always start with two degenerate unsta-
ble eigenmodes. This restrains our system near the instability threshold where its dynamics
remain dominated by linear terms and growth rates can be used as a proxy for eigenmode
contribution to pattern formation.

First, assuming a continuous dispersion relation A(x), we solve {1(x) =0, % (x) =0},
which holds for

_ (eox)* +2e0x -1
- (eox-1)2 (3)
b* = e’ox’.

*

Then, for each & = 1...N - 1, we compute (€3, aZ, b%, 05 ) in this way:

(1) Weset e} =ex + (€ — €k )d inside the Turing regime. €, defines the kinetic limit below
which a* (e =€, 0=0%,x=Ag) <0 (see Eq (3)) and €, defines the Hopf bifurcation
limit above which |14| = 0 (see Eq (2)). Without loss of generalisation, we choose o* =
10and d=0.8.
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(2) Since A(x) is quadratic around 0, we have A4 ~ 1441 & 0 at the edge of the Tur-
ing regime by setting x = 1 (Ag + Aq+1) and calculating the corresponding kinetic
parameters (a,, b}, ) according to Eq (3).

(3) We want to obtain two unstable degenerate eigenmodes a and a + 1,i.e. g ® Ag41 > 0.
Therefore, we choose o = * + &0 such that §o is an increment for which A4 ~ A, where
As = min(|Ag|, |Aa+1]) is the smallest stable growth rate 4; < 0 of the dispersion relation.

Let ag denote the set of indices o such that Ag < Ay (hence 1) & -As) and ay the set

of indices a such that Ag > Ay (hence Ay =~ -Ay41).

2.6. Dispersion relation and parametrisation

According to Eq (2) and the interlacing theorem applied to a single structural perturba-
tion (see Sect 2.1), both growth rates As and Ay are monotonous as a function of Ay and A
respectively: After edge removal, 15 > A5 and A]; < Ay, and after edge addition, A5 < A and
A% > Ay. However, in both cases, the growth rate 1, is not monotonous as a function of Ay,
but convex around 0.5 due to the dispersion relation being locally quadratic.

Therefore, to relate the eigenvalues of the three eigenmodes S, U and M to changes in
pattern diversity, we track As, Ay and iy = | Ay — 0.5] respectively.

In the case of an edge removal, starting with two unstable degenerate modes « and «

+ 1, weidentify S=a - 1, M=o and U=« + 1. Therefore, the three relevant structural
epe ey ~ A;71 _Aoc—l ~ A;pl - Acx—l 104 _Aoc .
sensitivities are Ag= —————, Ay = ————— and pyy = |7 -0.5|. In S1 Fig
Ao = Ng g Ao~ Ng1 Ags1— g

in S1 Appendix, we present a fully annotated version of the dispersion relation shown in
Fig 1(j).

In the following, we only consider the effects of edge removal. The case of edge addition
is explored in Sect E.2 in S1 Appendix, where we prove that our results can be generalised to

both cases of structural perturbations.

2.7. Numerical analysis strategy

For illustration, we run the Gierer-Meinhardt model on an Erdgs-Rényi graph G of 30 nodes
and 70 edges (see Fig 1(a)) for a given set of dynamical parameters and represent the growth
rates of the eigenmodes S, M and U on the corresponding dispersion relation in Fig 1(d). The
Turing patterns that emerge out of 500 runs are given in Fig 1(g) and their pattern diversity is
represented in Fig 1(j).

After removing an edge from G (see dashed red line in Fig 1(b) or dashed blue line in
Fig 1(c)) and we observe the corresponding motions of S, M and U along the dispersion
relation in Fig 1(e) and 1(f), respectively. The Turing patterns that emerge out of 500 runs
(assuming the same dynamical parameters) are given in Fig 1(h) and 1(i), respectively. Their
pattern diversity are represented in Fig 1(k) and 1(1), respectively.

The multistability analysis of a graph G consists in studying the response of the network
(dynamics) to varying:

(1) Dynamical parameters, by making pairs of adjacent eigenmodes degenerate and unsta-
ble (e.g. M and U in Fig 1(b)). This amounts to at most N — 1 = 29 possible instances,
since not all eigenmodes can converge to Turing patterns. See S1 Fig in S1 Appendix for
a quantitative analysis of this frequency of convergence to Turing patterns.

(2) Structural perturbations, by removing one edge of the graph at a time. This amounts to
exactly E = 70 possible instances.
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Fig 1. Structural understanding versus numerical analysis of Turing patterns, before (first row) and after edge removal (second or third row): (a), (b) and (c)
represent an Erdds-Rényi random graph G of 30 nodes and 70 edges before and after removal of an one edge (red dashed line) or another (blue dashed line). (d), (e)
and (f) represent the dispersion relation for a Gierer-Meinhardt model [26] with reaction parameters as = 0.27 and bs = 1.57 and diffusion parameters €5 = 0.05 and
05 = 10.014, zoomed into the three eigenmodes S, M and U around the Turing instability regime. (g), (h) and (i) represent the distinct Turing patterns that emerge
from 500 simulations of each separate network. (j), (k) and (l) represent pie charts of their multiplicity, which translates to pattern diversity scores of di = 0.54
(before edge removal), d» = 0.75 (after edge removal, causing an increase in pattern diversity) and ds = 0.15 (after edge removal, causing a decrease in pattern

diversity).

https://doi.org/10.1371/journal.pcsy.0000044.9001

Moreover, G can have up to 29 X 70 configurations, one for each eigenmode-edge pair. For
each one of these, we run 500 simulations before and after edge removal, and measure pattern

diversity changes.

3. Predicting multistability as a binary classification problem

Structural perturbations simultaneously impact both the Laplacian eigenvalues of a graph

and the multistability of Turing patterns. We translate this complex relationship into a binary

classification problem that systematically maps how microscopic structural changes (struc-
tural condition) probabilistically correspond to macroscopic higher or lower pattern diversity
(binary dynamical outcome).

PLOS COMPLEX SYSTEMS |https://doi.org/10.1371/journal.pcsy.0000044  April 30, 2025

6/17


https://doi.org/10.1371/journal.pcsy.0000044.g001
https://doi.org/10.1371/journal.pcsy.0000044

PLOS COMPLEX SYSTEMS How local spectral gaps regulate the multistability of Turing patterns on graphs

3.1. Hypotheses

Unstable eigenmode degeneracy is hypothesised to be the dominant factor influencing pattern
diversity [17]. Here we want to challenge this basic view and look for other, more general and
similarly strong, structural indicators of pattern diversity. Our approach uses the structural
sensitivities of the eigenmodes S, U and M as features to discriminate between below-average
and above-average pattern diversity changes. For simplicity, we refer to these as pattern diver-
sity decreases and increases, respectively.

In a condensed form, our hypotheses are:

(1) Dissimilar growth rates near the Turing instability (e.g. breaking an eigenmode degener-
acy) indicate a pattern diversity decrease. In terms of Laplacian eigenvalues, this means
defining boundaries on Ag< Kémax), Ay > /~\(Umin) and uy < yg,[max)

(2) Similar growth rates near the Turing instability (e.g. approaching an eigenmode degen-
eracy) indicate a pattern diversity increase. In terms of Laplacian eigenvalues, this

means defining boundaries on Ag > 1~\§mm), Ay< /~\§]max) and py > ,ui(\}mn).

3.2. Evaluation

Understanding the multistability of Turing patterns can be reduced to a binary classifica-
tion problem, where two non-intersecting Boolean criteria ¢(*) and ) can either succeed or
fail in discriminating between decreases (identified as the negative outcome N) and increases
(identified as the positive outcome P) in pattern diversity. We define:

(1) The negative criterion ¢(-) = (Ag < K§max)) A (i < ,ul(\}nax)) A Ay 7\8““” ), a Boolean
criterion predicting pattern diversity decreases as a function of the boundaries 1~\§max),

Mj(\/[max) and /N\Ejmm), and where A is the AND Boolean operator.

(2) The positive criterion ¢(*) = (Ag > /ng’“i“)) A (a2 ul(wmm)) A (Ay< ngmax) ), a Boolean
criterion predicting pattern diversity increases as a function of the boundaries Kémm),

M/S,Imm) and ngmax), and where A is the AND Boolean operator.

Table 1 summarises the classification outcomes of our evaluation algorithm, where d is the
pattern diversity measured on a given graph for a given of set of dynamical parameters (cor-
responding to a given pair of unstable eigenmodes, see Sect 2.4), d* is the pattern diversity
measured on that same configuration but after structural perturbation, and D is the average
pattern diversity changes (d*-d) measured for a given graph for all possible pairs of unstable
eigenmodes and structural perturbations.

We evaluate the proportion of correct predictions of:

(1) The negative criterion ¢ using the negative predictive value NPV = —~_ for different
g g 8 P TN+FN
values of Kémax), ,ukfmax) and K%,mm).
(2) The positive criterion ¢(*) using the positive predictive value PPV = —2_ for different
p gthep P TP+FP

~(min)  (min)

valuesof Ag 7, up; ~ and ngmax).

We also evaluate the joint performance of ) and ¢(*) by measuring their accuracy ACC =

TP+TN
TP+FP+FN+TN*
These performance metrics are then balanced against two structural quantities: the pre-
. : _ __ TN+IN . " _ __ TP+FP .
dicted negatives N = 75— and the predicted positives P = 55 7x7v> Which measure
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Table 1. Confusion matrix relative to the pattern diversity prediction problem: dynamical outcome d* - d<D
(actual) and structural condition ¢(*) (predicted).
(+) )
d*-d>D True Positive False Negative
d*-d<D False Positive True Negative

https://doi.org/10.1371/journal.pcsy.0000044.t001

the size of the samples predicted by ¢”) (classified as negative outcomes) and ¢(*) (classified as
positive outcomes) respectively, regardless of whether they are correct.

Furthermore, we aim to identify the optimal eigenvalue-based criteria ¢~ and ¢(*) capa-
ble of accurately predicting pattern diversity decreases (maximising NPV) and increases
(maximising PPV'), across a meaningful range of the graph spectrum (maximising N
and P, respectively). To heuristically search for these criteria, we analyse the multista-
bility of 50 different Erdés-Rényi random graphs, each comprising N = 30 nodes and
E =70 edges.

4. Results

For each graph, we find a characteristic distribution of pattern diversity changes that is
robust within the chosen volume of numerical simulations, indicating that this phenomenon
has a structural origin. We illustrate this convergence to a stable distribution in S2 Fig in

S1 Appendix.

Next, we compute the negative predictive value NPV and corresponding predicted sam-
ple size N as a function of the possible boundaries Kgm“), ,uj(\,[max) and K%,min); and the positive
predictive value PPV and corresponding predicted sample size P as a function of the possible

boundaries K™, ™ and K™

4.1. Predicting pattern diversity decreases

In this subsection, we search for the optimal criterion ¢!, Fig 2 shows the average measured
NPV (first row) and corresponding N (second row) over all 50 graphs as a function of the
possible boundaries Kémax) and /~\§]min), while assuming ,ul(wmax) = 0.5 (unbounded), for a € a
(left column) and a € ay (right column) separately.

We find that the primary factor predicting pattern diversity decreases is the sensitivity of
U: The influence of K%,mm) greatly outweighs that of Kémax).

Another striking finding here is that the sign A;; S 0 is not accompanied by a shift in pat-
tern diversity as predicted by linear stability analysis. This suggests that, in general, the sign of
A; is not a reliable predictor as to whether an eigenmode i contributes to pattern diversity. If

the sign of growth rates regulated pattern diversity, we would observe that:

(1) A% changing sign from negative to positive values (as Ag increases) is accompanied by a
pattern diversity increase due to the added contribution of eigenmode S. This boundary
is crossed at Ag = 0.5 (where 1% = 0) for a € ag and we illustrate as a dashed white line
in Fig 2(a).

(2) A} changing sign from positive to negative values (as Ay increases) is accompanied
with a pattern diversity decrease due to the withdrawn contribution of eigenmode U.
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Fig 2. Predicting pattern diversity decreases as a function of As and Ay. For 50 Erdés-Rényi graphs with 30 nodes and 70 edges, we split the results into
two columns according to the two initial degenerate unstable eigenmodes (&, & + 1): on the left, & € as (if As < Ay), and on the right, o € ay (if As > Ay).

(a) and (b): Average negative predictive value for Au> Kfjmm) and A < K§max), respectively for & € as and & € ay. (b) and (d): Average proportion of

cases predicted as pattern diversity decreases for KU > ngmin) and /~\s < Ks

(max)

, respectively for &« € as and o € ay.

https://doi.org/10.1371/journal.pcsy.0000044.9g002
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This boundary is crossed at Ay = 0.5 (where A} =0) for @ € ay and we illustrate as a
dashed white line in Fig 2(b).

However, Fig 2(a) shows the existence of two regimes in the data, as a function of /N\gma"):
The NPV (capturing the proportion of pattern diversity decreases) fluctuates around 0.94 and
starts decreasing only after Kémax) = 0.6. The fact that A} becomes positive (at 0.5 < Ag < 0.6)
does not, in itself, affect pattern diversity. This trend is better illustrated in S4(a) Fig in S1
Appendix.

Similarly, Fig 2(b) shows the existence of two regimes in the data, as a function of 7\5,“““):
The NPV increases and then plateaus, fluctuating around 0.9 after ngmin) = 0.4. The fact that
A{; becomes negative (at Ay > 0.5) does not affect the pattern diversity any further. This trend
is better illustrated in S4(b) Fig in S1 Appendix.

The failures of propositions (1) and (2) indicate that pattern diversity is tied to the position
of growth rates, not relative to 0 (as suggested by the linear stability analysis), but to a larger,
positive offset I > 0 which in our numerical results corresponds approximately to Ag = 0.6 if
a € ag (where A > 1> 0) and Ay =04if o € ay (where Ay > 1> 0). We illustrate this growth
rate offset [ > 0 on the dispersion relation in S4(c) Fig in S1 Appendix.

The importance of /A{Ejmin) and 7\§max) outweighs that of Iu](wmax)’ which cannot further
improve our predictions of pattern diversity decreases. We illustrate its role in S5 Fig (when
coupled to Ag) and S6 Fig (when coupled to Ay)in S1 Appendix. Nevertheless, the obser-
vation of the effect of A}, (inversely proportional to 1) leads us to conclude that pattern
diversity is not simply the product of having multiple eigenmodes contributing to pat-
tern formation, but is also an emergent property of them having comparable growth rates
A;i > 1> 0, indicating that the patterned activity is distributed across different eigenmodes,
thus producing a richer attractor landscape. This phenomenon is confirmed in the next
subsection.

4.2. Predicting pattern diversity increases

In this subsection, we search for the optimal criterion ¢(*). Fig 3 shows the average measured
PPV (first row) and corresponding P (second row) over all 50 graphs as a function of the pos-
sible boundaries ,uz(wmin) and K{}n‘”‘) , while assuming Kgm‘“) =0 (unbounded), for a € ag (left
column) and a € ay (right column) separately.

The primary factor predicting pattern diversity increases is the robustness of U, and secon-
darily the robustness or highly sensitivity of M (i.e., for ty = | Ay - 0.5| % 0.5), two constraints
that maximise eigenmode interaction, of which eigenmode degeneracy is a limit case verified
for Ay =0 and iy = 0.5.

What is less intuitive is that an increase of A5 (via T\fgm“‘)) does not enhance pattern diver-
(max)

sity, assuming the aforementioned constraints on Ay and . The importance of Ay and
/x](wmm) outweighs that of Kgm‘“’, which cannot further improve our predictions of pattern

diversity decreases. We illustrate its role in S7 Fig (when coupled to Ay;) and S8 Fig (when
coupled to Ay) in S1 Appendix.

Also, a larger local spectral gap Ag > Ay is statistically more likely to result in a larger A5,
and thus theoretically more pattern diversity after edge removal. However, in terms of preci-
sion, whether in Fig 2 or Fig 3, there is only a marginal advantage to considering separate cri-
teria for o € ag and a € ay. The diffusion parameter selection protocol has a negligible effect
on our predictions. We therefore drop all distinctions between o and ay.
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Fig 3. Predicting pattern diversity increases as a function of 1) and Au. Considering the dataset used in Fig 2, we split the results into two columns
according to the two initial degenerate unstable eigenmodes (&, & + 1):on theleft, @ € as (if As < Ay), and on the right, & € ay (if As > Ay). (a) and (c):

) and Uy = |KM - 0.5 > M&mi"), respectively for & € as and @ € ay. (b) and (d): Average proportion of

cases predicted as pattern diversity increases for Ay < KS“”) and ppr = [Ay - 0.5 > y&min) , respectively for & € as and @ € ay.

https://doi.org/10.1371/journal.pcsy.0000044.g003

Average positive predictive value for Ay < ngmax
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4.3. Application to a population of graphs

In this subsection, we apply the previously derived criteria ¢ and ¢(*) and evaluate our
ability to split simulated data into two subsets, separating pattern diversity decreases and
increases using only structural quantities.

Fig 4 compares the overall distribution of changes in pattern diversity versus those
predicted by ¢ and ¢(*) where:

(1) ¢ is the intersection between the two sets verifying Ay > 0.3 and Ag > 0.8 identifying
pattern diversity decreases (below-average changes).

(2) ¢™) is the intersection between the two sets verifying Ay > 0.1 and y < 0.4 identifying
pattern diversity increases (above-average changes).

Note that the choice of ) and ¢(*) involves a trade-off between prediction performance
and predicted sample size. We can have more accurate predictions on a smaller sample by
considering more extreme value boundaries (e.g. Ay <0.05and Uy > 0.45 as <) would
increase the PPV but drastically reduce P), and vice versa. We detail our prediction perfor-
mance per graph in S9 Fig in S1 Appendix. In addition, we present the detailed analysis of
a single graph in S10 Fig, S11 Fig, S12 Fig, S13 Fig in S1 Appendix, where we show how our
conclusions extend to the case of edge addition.

I
ot
[
I3

accuracy =
negative predictive value = 0.86
positive predictive value = 0.91

14.0% 4 distribution of all

| observations
mm predicted decreases
10.0% | ™8 predicted increases

12.0%

€ 8.0%-
3 average change for all
© 6.0%- - = Observations
—-= Observed decreases
4.0% A -=-= Observed increases
predicted decreases
2.0% - . .
predicted increases
0.0% T T T T ——— T T

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
pattern diversity change

Fig 4. Histograms of changes in pattern diversity for the dataset used in Fig 2 which amounts to a total of 65107 cases (100%, grey histogram) of average pat-
tern diversity change d = -0.06 (black dashed vertical line) according to which we can define two sets: (1) 27616 observed pattern diversity decreases (42.4% of
all observations) of average d) = _0.167 (black-blue dashed vertical line) and 37491 observed pattern diversity increases (57.6% of all observations) of aver-
age d+) = 0.0145 (black-red vertical line). The negative criterion c() = (Ay > 0.3) A (As < 0.8) predicts pattern diversity decreases for 15749 cases (26% of all

observations, blue histogram) of average dg’) =-0.157 (blue dashed vertical line) which translates into a negative predictive value of 0.86. The positive criterion
¢ = (Ay 2 0.1) A (Jum < 0.4) predicts pattern diversity increases for 17024 cases (24% of all observations, red histogram) of average dl(f) =-0.003 (red dashed

vertical line) which translates into a positive predictive value of 0.91. Using both ¢ and ¢{*), we obtain an accuracy of 0.88.

https://doi.org/10.1371/journal.pcsy.0000044.9004
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5. Discussion

The problem of predicting changes in pattern diversity under structural perturbations can be
treated as a binary classification problem, where each data point is defined by a set of dynami-
cal parameters and an edge of the graph, and for which local spectral gaps of the graph Lapla-
cian constitute powerful discriminative features. By considering the structural sensitivity of
the eigenvalues, we show how we can predict with high accuracy whether a given data point
produces below-average or above-average pattern diversity changes, two possible outcomes
referred to in this paper as decreases and increases in pattern diversity.

As follows from the interlacing theorem, structural perturbations affect the Laplacian
eigenvalues in a single direction. This results in an asymmetry between eigenvalues on either
side of the Turing instability regime, i.e. the ascending and descending arcs of the dispersion
relation parabola, as shown in Fig 1. For this reason, each eigenmode must be treated sepa-
rately and not only on the basis of its growth rates, as illustrated by the eigenmodes M and U
in our example. Fortunately, this does not lead to an explosion of complexity (and relevant
structural indicators). In fact, we find that, regardless of the interaction model, the response of
the network to structural perturbations can be explained by exactly three eigenmodes of the
Laplacian spectrum: S the stable eigenmode that can become unstable, U the unstable eigen-
mode that can become stable, and M the unstable eigenmode that remains unstable after a
single structural perturbation.

As a consequence of the asymmetry between eigenvalues near the Turing threshold, we
find that multistability depends significantly more on the structural sensitivity of U than of
M or S. In fact, varying Ay is more likely to affect pattern diversity through two interdepen-
dent factors: (i) reducing the number of unstable pattern-forming eigenmodes (unlike Ayy),
and (ii) reducing the interactions between pattern-forming eigenmodes (unlike Ag).

Moreover, our numerical analysis reveals the existence of a phenomenological growth rate
offset [ > 0, region in which eigenmodes interact and induce further multistability, which
we evaluate using the structural sensitivity of either S (As>0.6) or U (Ay < 0.4), depending
on the narrowest local spectral gap on either side of the Turing instability. We note that this
quantity [ > 0 is not to be confounded with the (usually larger) convergence threshold made
explicit in S1 Fig in S1 Appendix, and which concerns pattern formation in the first place.
Although more informative than the sign of growth rates, the number of unstable eigenmodes
of growth rates 4 > [ > 0 is by itself a poor predictor of pattern diversity (not shown here).
Instead, we propose to track two quantities simultaneously: (1) U and S to infer whether
a structural perturbation suppresses multistability (see Sect 4.1), or (2) U and M to infer
whether a structural perturbation encourages multistability (see Sect 4.2).

In the general case, starting with k unstable eigenmodes (where in this study k = 2), the
same principles apply if we assume that M is not 1 but a set of k-1 eigenmodes within the
Turing instability regime. However, we expect that considering a larger number k of ini-
tially unstable and competing eigenmodes will lead to an overall increase in pattern diversity,
which will narrow the distribution of pattern diversity changes and hinder our ability to sep-
arate decreases and increases in pattern diversity. Furthermore, an increase in k also implies
going deeper into the Turing instability regime where our results, originally interpolated from
the linear growth rates, begin to break down and would require incorporating the increasing
contribution of nonlinear terms, e.g. using the Ginzburg-Landau formalism [30,31]. Simi-
larly, a larger graph spectral density (e.g. for larger and denser networks) implies less sensitive
eigenvalues, less changes in pattern diversity and therefore, less accurate predictions.

Node degrees are at the core of diffusion processes on graphs and as such, their distribu-
tion has been seen as the primary structural indicator of Turing pattern formation, or lack
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thereof. Nakao and Mikhailov [1] argued for the existence of a characteristic node degree
k., which acts as a lower bound that the graph mean degree must exceed in order for Turing
patterns to occur.

Degree heterogeneity affects eigenmode localisation [32], e.g. the eigenmodes of a scale-
free graph are generally more localised than those of a regular graph. Consequently, the latter
has been presented as another structural indicator that determines whether the emergent pat-
terns are related to graph topology [33]. However, this does not explain how: (i) on a regular
graph, all eigenmodes are delocalised, yet pattern formation occurs and correlates with the
subset of eigenmodes within the Turing regime; (ii) on a heterogeneous graph, eigenmodes
have very different localisations, which can be excited separately depending on the set dynam-
ical parameters of the system (using the dispersion relation, as presented in Sect 2.5). This
prevents the possibility of deriving generalisable model and parameter-independent principles
relating Turing pattern formation and graph topology based on eigenmode localisation.

Furthermore, statistical measures such as the degree distribution fail to capture the impact
of node and neighbourhood similarity in reaction-diffusion systems. More recently, using
geometric soft configuration models [34,35], Pranesh et al. [36] showed how graph cluster-
ing, also referred to as transitivity, provides a more refined picture of the relationship between
Turing pattern formation and graph topology.

We find that local spectral gaps are the overarching structural indicators that can explain
the impact of all the previous ones, be it: the mean degree (as it influences graph connected-
ness, captured by the second smallest Laplacian eigenvalue, i.e. the first local spectral gap of
a connected graph), degree heterogeneity (as it relates to the distribution of eigenvalues [32,
37], i.e. local spectral gaps), graph clustering [38] or community structure (as captured by
higher order Cheeger constants [39], which define boundaries for eigenvalues and hence,
local spectral gaps).

Our methodology differs from previous ones in that we do not explore different classes
of random graphs, build configuration models in between and conclude on the influence of
specific graph measures (be it degree heterogeneity or graph clustering). Instead, we apply
minute structural perturbations to a generic graph and observe significant changes in the pat-
tern forming capabilities of the network. As a consequence, our results can be generalised
and inform us about the influence of various structural changes on Turing pattern forma-
tion, especially in the case of less studied graph classes such as small-world and geometric
networks [40], provided we know how their particular structural features affect the Laplacian
eigenvalues [41]. Furthermore, this binary classification framework not only aids in under-
standing how network structure shapes Turing patterns multistability but provides a predic-
tive tool applicable to other complex systems where multistability plays a critical role, such as
ecological networks [42-44], power-grid systems [45,46] and neural dynamics [47,48].

Supporting information

S1 Appendix. A. Annotated dispersion relation. B. Turing-convergence and largest unstable
growth rate. C. The convergence of the distribution of pattern diversity changes. D. Growth
rates offset threshold. E. Statistical prediction performance. F. Application to a single graph.
(PDF)
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