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Abstract

This paper investigates the financial economics of simple periodic systems. Well-established
financial procedures appear to be complicated, and lead to partially biased results. Probability
theory is applied, and the focus is on the finances of simple periodic growth processes, in

the absence of intermediate divestments. The expected value of the profit rate, derived from
accounting measures on an accrual basis, does not depend on the capitalization path. The
expected value of capitalization is path dependent. Because of the path-dependent capi-
talization, the return rate on capital is path-dependent, and the time-average return rate on
capital differs from the expected value of the return rate on capital for the growth cycle. The
internal rate of return, defined through a compounding equation, is path-independent, thereby
differing from the expected value of the rate of return on capital. It is shown that within a pro-
duction estate, the area-average of internal rate of return is not representative of the rate of
return on capital. The growth cycle length maximizing the return rate on equity is independent
of market interest rate. Leverage effect enters the microeconomics of the growth processes
through a separate leverage equation, where the leverage coefficient may reach positive or
negative values. The leverage effect on the internal rate of return and the net present value
are discussed. Both effects are solvable, resulting in incorrect estimates.

Author Summary

Economics of periodic growth systems are investigated. In such systems, no time instant is of
special importance, and expected values of observables within any period are of interest. The
rate of return on capital (RROC), on an accrual basis, differs remarkably from the internal
rate of return (IRR) on a cash flow basis. Both differ from the net present value of cash flows
(NPV), which further depends on the selection of the “present time”, Suitable period dura-
tions do not depend on external interest rates. Leverage effects on RROC are successfully
introduced, whereas both IRR and NPV fail to show a meaningful leverage effect.

1. Introduction

For more than a century, two families of criteria for capital investment decisions have
coexisted: net present value (NPV) [1,2,3,4] and internal rate of return (IRR) (or marginal
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efficiency of capital) [5,6,7,8]. The first criterion, based on a discounted utility argument,
apparently falls into the neoclassical realm, neglecting resource limitations of resources like
the availability of capital [9,10]. The latter, analyzing the time schedule of cash transactions,
has been criticized for the existence of multiple solutions, some of them complex [11,12,13].
Further techniques, related to the above, exist [2-4,14,15].

Specifically, three different shortcomings have been identified in the net present value
approach. Firstly, reinvestment of cash flows has not been included [11,16,17]. Procedures for
overcoming this difficulty have later been developed [18,19,20,21]. Secondly, the separation
theorem of Fischer has been applied, resulting in path-independency of the financial criterion
[2-4,11]. Thirdly, the NPV approach is inherently focused on the maximization of consump-

As will be detailed in the following section, the NPV, as well as the IRR are defined through
compounding equations [26]. Return on investment (ROI), on the contrary, is defined as the
ratio of operating profit to capitalization [26-30]. It is worth noting that internal measures
of valuation not based on or used in compounding equations exist [31,32,33,34]. ROI is not
compatible with NPV, neither IRR [35]. One can ask, why they should be, considering that
NPV approach is focused on the maximization of consumption utility, and the IRR on wealth
widely varying definitions of the ROI appear in the literature. Magni and Marchioni [35] and
Hazen and Magni [36] compute ROI as the ratio of the sum of discounted incomes to the sum
of discounted capitalizations, as a present value at the time of an investment. Such a procedure
is unconventional, but possibly justified in the case an investment project with heavy involve-
ment at the time of initial investment. Problematically, the present values depend on the
discount rate, the choice of which is inherently subjective [4,7,11]. It would be more conven-
tional to discuss ROI within any instant of time, such metrics naturally forming a time series
integrable over time.

Even if IRR and NPV are not compatible, techniques for bridging the approaches exist
[36,42,43]. It also is worth noting that the concept of marginal economic efficiency has been
used also for another meaning [30,44] than the marginal efficiency of capital above [7,8]. Fur-
ther, some authors have referred with internal rate of return to measures that are not internal
to any production process but relate to market interest rates [2-4,14].

The above-mentioned criteria for capital investment decisions lead to complex problemat-
ics. This paper intends to clarify such problematics by discussing its action on simple periodic
systems. Additionally, the simple systems are discussed from the viewpoint of financial argu-
ments simple enough to become non-disputable.

In the remaining part of this paper, the two established families of investment criteria,
along with the hereby formulated rate of return on capital (RROC), are applied to simple
periodic growth processes. Differences in the outcomes are investigated, including the depen-
dency of the results on the capitalization path. Finally, internal consistency of any financial
approach in the presence of a leverage effect is investigated.

2. Methods and results
2.1. Elementary financial arguments on accrual basis

The simple financial arguments to be applied here consist of the application of elementary prob-
ability theory to the rate of return on capital [45,46,47,48]. All financial approaches are applied
to simple periodic growth processes [47,48,49]. Even if consequent growth cycles may not be
completely similar in real life, the discussion is simplified by the application of the periodic
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boundary condition. A further simplification for the systems discussed is the absence of interme-
diate divestment: the periodic growth process is not disturbed by intermediate harvest.

As the discussion regards a growth process, in the absence of intermediate harvest, the
capitalization increases along with the growth process. In the determination of ROI or RROI
(rate of return on investment), no single time instant is decisive. Consequently, we discuss the
expected value of RROI within any growth period. Further, a growth process being discussed,
the expected value of the capitalization is not necessarily determined as the accumulated cash
flow into investment goods. That is why we now turn the discussion into the expected value
of the rate of return on capital (RROC) instead of rate of return on investment (RROI). This is
simply produced by computing the expected value of the operating profit rate, divided by the
expected value of capitalization.

The elementary financial arguments applied here are formulated as follows. The expected
value of the operating profit rate is

b+

<Z—’:>=fd” p(t) dt, (1)

b
where 7 is cycle (or period) duration, p(t) is the probability density of time within the cycle,

dr . . . . .
and — is any current operating profit rate. On the profit/loss — basis, the profit rate includes

value growth, operative expenses, interests, and amortizations, but neglects investments and
withdrawals. It is worth noting that the profit rates in Eq. (1) are additive, instead of com-
pounding [26,50]. On the other hand, the expected value of the capitalization is

(K)= f K p(t) dt, )

where the capitalization K, on the balance sheet basis, is directly affected by any investment
and withdrawal. Again, the capitalizations in Eq. (2) are simply additive. Then, the expected
value of the rate of return on capital (RROC) is

<;”>

As the capitalization in Eq. (2) depends on both accumulated profits and investments, at any
time within the rotation cycle b+t the capitalization can be written

€)

b+[ b+t

K(b+1t)=K(b) +f dt+f"”dt (4)

dl
where — refers to the rate of investments and divestments. The operating profit rate is
. t
written

I (= K@), (5)
dt

2.2. Elementary financial arguments on cash flow basis

In addition to the elementary financial arguments given above, the basic features of the two
established families of financial criteria are given as follows. Internal rate of return o refers to a
discount rate where discounted cash flow approaches zero, or
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bir

o= [ ©C o ar, ©)
) dt

where ac refers to cash flow rate. In general, Eq. (6) has many solutions for the discount

rate, manty of them complex [11,12,13]. It is worth noting that in Eq. (6), the discount rates are

compound rates [26,50]. Eq. (6) can be discretized to a polynomial, then having as many solu-

tions as is the degree of the polynomial [12,13]. However, most of the solutions have limited

application [8,11,51].

The net present value of future cash flows is simply given as

NPV (b) = f 4C a gy, 7)
) ar

where g refers to discount rate. It is found that the right-hand sides of Eqgs. (6) and (7) are of
the same form. Interestingly, unlike Eq. (3), the value of Egs. (6) and (7) depend on the phase
of the period (or the time instant b) where the computation is started. Again, the discount rate

in Eq. (7) is compounding.

2.3. Return rate on capital and internal rate of return

The internal rate of return (IRR) according to Eq. (6) is traditionally computed on cash flow
basis [4,7,8]. In this paper, three features are included in the elementary financial treatment.
Firstly, the return on capital is discussed as an integrable time rate (RROC), according to Eq..
(3). Secondly, the profit rate appearing in Eq. (1) and then substituted to Eq. (3) is discussed
on an accrual basis. Thirdly, accrual-basis increments of capitalization are discussed as conse-
quences of a growth process, contributing positively to the profit rate.

An apparently nontrivial question is, how the ratio of the additive expected values in Eq.
(3) relates to the compounding discount rate in Egs. (6) and (7). Accounting is inherently
based on simply additive processes, whereas financial computations are often compounding
[26,50]. The discount rates in Eqs. (6) and (7) are defined through the compounding equa-
tions. The rate of return on capital (RROC) in Eq. (3) is defined through accounting equations,
but it is supposed to be used in compounding equations, in the clarification of the change
Eq. (3) on the one hand, and (6) and (7) on the other; the former is rigorously derived from
accounting, whereas the latter ones are not.

In periodic growth systems, profits often accumulate within a rotation period. On accrual
basis, instead of cash basis, the growth of any season adds to profit. In the absence of interme-
diate divestments, the expected value of the operating profit rate can be written

<‘;—’:> f % p(t) dt = f Kt)r(t) p(t) dt = f K(0)exp( f rdt'yr(t) p(t) dt,  (8)

where the arbitrary starting point of the integration that appeared in Eq. (1) has been aban-
doned, and the time origin is placed at the beginning of the rotation cycle. The reason for this
arrangement is that divestment often occurring at the end of any rotation cycle does then not
become an intermediate divestment. On the other hand, the expected value of the operating
profit rate can be given simply by normalizing the total accumulated operating profit by the
duration of the rotation period:

dr 1 1

K(O)exp(]rdt) _K(©)|= @[eTM— 1] ©)
o T
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The last form of Eq. (9) shows that the expected value of the profit rate is path-independent: it
depends on the time-average value of the spot return rates <r> , rather than the sequence of the
return rates. The path-independency does not become violated by eventual negative returns.

On the other hand, in the absence of intermediate divestments, the expected value of the
capitalization can be written

T t

(K)= f K p(t) dt = f K(0)exp( f rdt') p(t) dt. (10)

0 0

Interestingly, there is no path-independent form of Eq. (10). Correspondingly, the expected
value of the capitalization is path dependent. It depends on the time schedule of the spot
return rates in the inner integral of Eq. (10). This will naturally render the return rate on
capital according to Eq. (3) path dependent. At elevated return rates at the beginning of the
rotation period, the expected value of capitalization becomes greater, and the expected value
of the return rate on capital is smaller. Reduced return rates at the beginning of the rotation
have the opposite effect.

The path-dependence of the return rate on capital appears worthy of investigation. A simple
Ansatz for the path-dependency might be to write the spot return rate on capital as a function
of time on period, period duration, and the time-average value of the rate of return on capital:

r(t)= <<r>>

; (11)

a+ (1 - a)zsin2 [%7‘(’}
v

where <<r>> is the time-average value of the spot rate of return on capital within a full cycle
— of the squared periodic function, and a is a modeling parameter. Ansatz here refers to a

tentative formulation established for the purpose of illustrating a problem.

The above discussion can be readily compared with an internal rate of return, determined
on a cash-flow basis. In the absence of intermediate divestments, Eq. (6) for IRR can be
rewritten

K(1)e™ —K(0)=K(0)e*""e " —K(0)=0, (12)

where the time-average value of the rate of return on capital <r> depends on the rotation age
7 according to the Ansatz of Eq. (11).

Fig 1 shows the annual spot return rate according to Eq. (11), the expected value of return
on capital according to Eq. (3), and the internal rate of return according to Eq. (12) as a func-
tion of the phase of the full period cycle of duration 7 from Eq. (11). In Fig 1, the parameter
value a=0.5. As the internal rate of return o is path-independent according to Egs. (6) and
(12), it converges to the full-cycle average <<r>> at the end of the full cycle.

Eq. (12) readily shows that the internal rate of return o corresponds to the time-average of
the spot return rates. On the other hand, according to Eq. (3), (8) and (10), the expected value
of the return on capital is produced by weighing the spot return rates by current capitaliza-
tion. In the absence of intermediate divestments, capitalization increases within a growing
cycle. In Fig 1, the spot return rate, resulting from Eq. (11), is symmetric with respect to the
center point of the growth period, where it displays its maximum. The low-return rate cycle
part towards the end of the growth cycle is weighed by the greatest capitalization, rendering
the expected rate of return <s> from Eq. (3) at the end of the full growth cycle lower than the
time-average <r> .
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Phase of squared sinusoidal variation
Fig 1. Annual spot return rate according to Eq. (11) with parameter value a=0.5, expected value of the rate of return
according to Eq. (3), internal rate of return according to Eq. (12), and the reference case r(t) = <r> from Eq. (11).
https://doi.org/10.1371/journal.pcsy.0000043.9001

The maximum value of either IRR (0) or the expected value of the rate of return on capital
<s> is not reached at the end of the full period cycle of duration 7 from Eq. (11), but at an
earlier phase. The expected value of the RROC (or <s> ) being path-dependent, and the capital-
ization being smaller at early stages of the cycle, the maximum value of <s> is greater than that
of IRR (o), and <s> reaches its maximum earlier within the cycle.

2.4. Net present value and leverage effect

It is of interest to consider the outcome of a net present value analysis in the present example
problem. As a modification of Egs. (7) and (12), the net present value of all future cash flows is

eT(<V >"1) -1
NPV =K(0)————, (13)
1—e 7

where ¢ is a discount rate (as in Eq. (7)), and the denominator corresponds to the contribu-
tion of further rotations in the future [1,52,53]. The discount rate is supposed to reflect market
interest rates, and it is used to match achievable present value to a utility-indifference curve of
different temporal consumption patterns [2-4,11]. Fig 2 shows the effect of the discount rate
on the net present value, as a modification of Fig 1. The discount rate is given as rf‘ultiples of
the time-average value of the spot return rate on capital <<r>> within a full cycle —7 of the
squared periodic function. The discount rate affects not only the level of NPV butalso the
rotation cycle length where the NPV becomes maximized (Fig 2).

It is found from Fig 2 that the NPV varies very much as a function of the discount rate.
In general, utilization of the NPV for consumption requires that any agent can borrow at the
market rate of an assumed perfect financial market [2-4,11]. However, there are cases where
the discount rate can be derived from the utility function [4]. As the translation along the time
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Fig 2. Net present value of future cash events, according to Eq. (13), normalized by the initial investment K(0). The
discount rate g is given in different multiples of <<r>> (Eq. (1D)).

https://doi.org/10.1371/journal.pcsy.0000043.9002

axis in terms of discounting is considered financially invariant, and there is no return rate
apart from the discount rate, the NPV-approach is apparently unable to discuss any leverage
effect.

There is a leverage effect. The leverage ratio L is here defined as

Lr1=X, (14)
E

where K is capitalization, and E is equity. Increasing capitalization increases leverage if equity
does not change. The capitalization within the productive system may approach zero, in
which case the leverage coefficient reaches negative unity. Leverage may also be changed by
increasing or decreasing the amount of equity.

Then, the leverage effect on the return rate on capital can be written as

(RROE) = (s)+L({s)—u), (15)

where <RROE > is the expected value of the return rate on equity, and u is a market inter-

est rate [cf. 30]. The rotation cycle length apparently enters Eq. (15) only through <s> (or
(RROC > ). <RROE> can now be plotted as a function of L and u; in Fig 3, L=1, and the market
interest rate is given in terms of multiples of <<r>> .Itis found that whereas the (RROE)
depends on the market interest rate, the rotation cycle length maximizing (RROE) indeed

is independent of the market interest level. For the market interest rates appearing in Fig 3,
the leveraging increases the return on equity in the vicinity of the cycle length close to the
maximum of <s> . On the other hand, in rotation cycle lengths where <s> is less than u, the
leveraging reduces the <RROE> . It is here worth noting that seminal research has stated

the magnitude of productive investments depend on the market interest rates [7].
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Fig 3. Expected value of the rate of return according to Eq. (3), and leveraged (L=1) rate of return on equity according
to Eq. (15) with four different interest rates, expressed as multiples of (r) (Eq. (11)).

https://doi.org/10.1371/journal.pcsy.0000043.9g003

As mentioned above, negative leverage is also possible; the range of the leverage is from
negative unity to infinity. Negative leverage maximizes the <RROE> if the market rate is
greater than the expected value of return on capital in the periodic growth process <s> (Eq.
(3)). Negative leverage corresponds to lending instead of borrowing. The leverage ratio
approaching negative unity corresponds to the lending of all available capital, resulting in zero
capital allocation to the periodic growth process.

Another question is, how the leverage effect could be applied in the context of the inter-
nal rate of return. Firstly, Eq. (15) could be technically used, simply by replacing <s> by the
internal rate of return o from Eq. (6) or (12). However, such a solution would not be correct
since the IRR does not correspond to the expected value of the rate of return on capital (Fig 2).
Alternatively, one could write another IRR-type equation for a leveraged project as

[(1 +L)e " —Le" ]e“” —1=0, (16)
where (2 is a discount rate forcing the initial value of the leveraged project to zero. This dis-

count rate is not internal, since it depends on the market interest rate u. The leverage effect is
readily solvable from Eq. (16) as

Q—<r>=%ln

1+ L(l - e’T[<'>’”])]. (17)

Eq. (16) has been written under the boundary condition that compound loan interest is paid

along with the loan itself at the end of the rotation. Another Equation can be written for the case

of interest payments during the growth period; such an Equation is resolvable at least numerically.
A few asymptotic values of Eq. (17) are indeed correct. However, there is no proof that

it would produce the leverage effect correctly, including the effect of the market interest
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rate. There rather is proof that it does not: Eq. (15) and Fig 2 show that the market interest
rate does not contribute to the rotation cycle length maximizing the return rate on equity
( (RROE> ). Eq. (17) conflicts with that result, as the rotation time interacts with the market
interest rate in the determination of the leverage effect.

Eq. (16) inspires an eventual application to the leverage effect on NPV. Indeed, it is possible
to write a leveraged net present value as

(1) —Le™ e -1

NPV(L) = K(0) —
—e

(18)

Equation (18) contains three financial time rates: the time-average return rate on capital <r>

, the market interest rate u, and the discount rate d. As the first two first rates can be deter-
mined from the production process and from the market, the discount rate remains arbitrary.
NPV(L) on the left-hand side being a priori unknown, the Equation is then not solvable. How-
ever, it has been postulated that the discount rate must equal a market interest rate [4]. Then,
Eq. (18) becomes solvable, and the leveraged NPV in relation to unleveraged NPV becomes

T<V> TU —T
NPV(u=d,L) [(1+L)e —Le ]e 11
= =1+L. (19)
NPV(u=d,L=0) 0

Eq. (19) contains a remarkable result. Yes, indeed, it does describe the effect of the leverage
coefficient reasonably. But the leverage effect does not depend on the market interest rate! The
latter finding is in serious conflict with Eq. (15) and indicates that the NPV-approach seriously
fails in its description of the leverage effect. It also is worth noting that leverage coefficient of
negative unity renders the net present value to zero. In other words, investment in interest-
bearing instruments produces no value.

Even if the utilization of the maximized NPV requires borrowing at the discount rate [4],
or u=d, amore general expansion of Eq. (18) with the help of Eq. (19) might be of interest.

[(1 +L)e —Lem ]e’”’ 1

NPV(L) = K(0) — NPV|1+ Leu—_d .

(4 —e

m (20)
—e

{r) ru ]

A few features of Eq. (20) appear logical. The unleveraged NPV is positive if <r> >d . Then,
a positive leverage coefficient makes a positive leverage effect if <r> >y, and negative lever-
age effect if <r> < u . The unleveraged NPV is negative if <r> <d . Then, a positive leverage
coefficient makes a negative leverage effect if <r> >u, and positive leverage effect if <r> <u

. However, with negative unleveraged NPV, negative leverage effect increases the value of
the leveraged NPV. Interestingly, the leverage effect goes to zero if <r> =u, and to infinity if
<r> =d . The effect of the interest rate vanishes if u=4d .

With negative leverage coefficient L, most of the above becomes reversed. For a positive
unleveraged NPV, there is a negative leverage effect if <r> >u, and positive leverage effect if
<r> <u . In other words, the higher the interest, the greater the NPV. This is understandable
since negative leverage corresponds to lending, instead of borrowing. For a negative unlever-
aged NPV, there is a negative leverage effect if <r> > u, and positive leverage effect if <r> <u
. Again, with negative unleveraged NPV, negative leverage effect increases the value of the
leveraged NPV. Again, the effect of the interest rate vanishes if u =d , but if the leverage ratio
simultaneously reaches negative unity, the NPV goes to zero. This is apparently controversial
since the leverage ratio of negative unity means that all equity is invested in interest-bearing
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instruments. However, the equality of the interest rate u and the discount rate qQ means that
interest-bearing instruments produce no value.

3. Discussion

The results above contain three apparently nontrivial findings. Firstly, the net present value
(NPV) in Fig 2 is not produced based on internal features of the production process, but
strongly depends on the discount rate. In contrast, both the internal rate of return (IRR) and
the expected value of the rate of return on capital ( <RROC> or <s> ) are produced inde-
pendently of consumption preferences. Then, the optimization of the production process does
not depend on market interest rates. It is however worth noting that the magnitude of produc-
tive investments within a society depends on the availability of financing [7].

This first result is not new, even if it is possibly not very widely known. It has been shown
in the literature that a series of investments made for the purpose of accumulating capital
value should be evaluated by the accumulation rate of returns, rather than discussing con-
have appeared in some esteemed research papers [4,53,54].

The second nontrivial result appears to be novel. The internal rate of return (IRR) being
determined on cash basis, it depends only on the amount and timing of cash events; is
path-independent regarding growth-induced changes in capitalization. On the other hand,
the expected value of the rate of return on capital ( <RROC> or <s> ), produced as the ratio the
expected value of profit rate to that of the capitalization (Eq. (3)), it depends on the schedule
of changes in capitalization. In other words, it is dependent on the capitalization path. Cor-
respondingly, the expected value of the rate of return on capital (<RROC> or <s> ) very much
differs from the internal rate of return (IRR) in Fig 1, where the spot rate of return depends on
the phase within the growth cycle according to Eq. (11).

The internal rate of return (IRR) depends on the amount and timing of cash events. Cor-
respondingly, it does depend on investments and divestments. In Fig 1, the IRR would relate
to the capitalization path if there were intermediate investments or divestments. On the other
hand, on an accrual basis, the profit rate is only indirectly affected by investments or divest-
ments - their direct effect on Eq. (3) occurs through the denominator.

The third nontrivial result relates to the leverage effect. The rate of return on equity
depends on the leverage as given in Eq. (15) and Fig 3. In analogy with the internal rate of
return, a discount rate can be resolved that renders the initial value of a leveraged project to
zero (Eq. (17)). Such a discount rate, however, is not internal, as it depends on the market
interest rate. Such a postulation (Eq. (17)) corresponds to a few limiting solutions correctly
but is not proven to correctly reflect the rate of wealth accumulation. Eq. (17) conflicts with
Eq. (15) and Fig 2, as the rotation time interacts with the market interest rate in the determi-
nation of the leverage effect.

Then, leverage was introduced into the net present value in Eq. (18), from which the
leverage effect was resolved in Eq. (19). Surprisingly, the market interest rate was absent from
the leverage effect. This is clearly an incorrect result, and obviously disqualifies the NPV from
financial considerations including leverage. A possible reason for the absence of the market
interest rate is that it was postulated to be equal to the discount rate, and temporal translation
in terms of discounting is assumed financially invariant. On the other hand, the equality of the
discount rate to the borrowing interest rate is needed for the matching of achievable present
value to a utility-indifference curve [2-4,11]. Such an explanation appears to be in concert
with the fact that a leverage coefficient of negative unity renders the net present value to zero;
investments in interest-bearing instruments cannot produce any value (Egs. (18) and (19)).
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It is worth noting that in Fig 1, the phase of the rotation where the expected value of the
rate of return on capital (RROI or <s> ) is maximized differs from the phase where the inter-
nal rate of return (IRR) is maximized. Correspondingly, the two criteria result in different
procedures in the management of the periodic growth process. As Eq. (12) indicates that the
internal rate of return o equals the time-average value of spot return rates <r> , the two terms
unify when any spot return rate value r equals <r> . Within the ansatz given in Eq. (11), this
would correspond to the parameter a reaching the value of unity.

Is there possibly a reason to discuss the intermediate capitalization within a production
process, as is done in the case of Eq. (3)? In other words, are there some benefits of an accrual
basis rather than cash basis in financial considerations? Indeed, there are several reasons.
Firstly, the production process may be developed to become less capital demanding. Conse-
quently, released capital can be invested to produce interest or capital gain. Secondly, there
often is a possibility to divest productive assets. One can expect the prospective income from
divesting to relate to capitalization. Then, the opportunity cost to be considered is the lower
the lower the intermediate capitalization. Thirdly, capital values may be used as collaterals for
loans, even in the absence of timely cash flows.

Fourthly, in production facilities involving growth processes, there often are production
sites at different stages of development. Then, Eq. (2) for the expected value of capitalization
within the facility can be rewritten as

b+1

<K>:fK pla) da, (21)
b

where p(a) is the probability density of site ages, which may or may not evolve in time [55].
The expected value of capitalization for the entire facility then directly contributes to the rate
of return according to Eq. (3), and is subject to streamlining efforts, as well as opportunity cost
considerations. Further, by substituting Eq. (5) into Eq. (3), one finds that the expected value
of the return rate on capital is weighed by the capitalization on the production sites. In case
capitalization varies, the result differs from the area-average of local momentary capital return
rates. In the special case of uniform age distribution, or constant p(a), the area-average value

would equal the time-average, or the internal rate of return o= <r> . This shows that the IRR is
not representative of the capital return on the estate.

It is worth noting that not all sites of periodic production need to have the same period
duration. Eq. (21) then must be understood as an integral over a complete period for the
entire facility, the period duration corresponding to a common multiple of the production site
period durations. Provided the periodic boundary condition is satisfied for the entire facility,
the probability density p(a) does not evolve over time.

It was stated above that when capital appreciation is aspired, the rotation cycle length
maximizing the expected value of RROE is independent of the market interest level. This may
not be the entire truth. There obviously is no first-order effect of the market interest on the
rotation length maximizing the expected values of RROC and RROE. However, such return
rates depend on prices, as well as on productivity. Prices may be affected by market interests.
Also, productivity may depend on interest rates through an eventual effect on investments.

Astonishingly, no references have been found in the literature regarding the path-
dependency of the expected value of the return rate on capital on growth processes. The
application of the return rate on capital in such processes has been applied only in a handful
of publications [56,57,58,59]. This is astonishing since it appears this measure apparently is
the most fundamental single measure of financial performance [28-30,40], and as shown in
this paper, significantly differs from competing measures like the internal rate of return. An
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obvious explanation for the fundamental role of the rate of return on capital in Eq. (3) is that
it is derived from the accounting measures of profit rate and capitalization, unlike the other
measures discussed in Egs. (6) and (7).

In investment portfolio management, capital return is often balanced with risk, as asset
types vary in both measures. It is worth asking how return and risk are related in periodic
growth processes. Obviously, increasing leverage may increase the return on equity (Eq..
(15)), but not without risk [23]. The relation of the return on capital to risk is far less obvi-
ous. In optimization problems, the risk of not meeting constraints can be assessed [60]. No
constraints have been discussed in this paper, but they probably will appear in management
applications.

This paper has applied a few financial procedures to simple systems. In real life, not all
systems are that simple. However, any procedure yielding biased results for a simple system
is shown not to be useful. On the other hand, procedures working apparently well for simple
systems do not always perform well in more demanding applications.
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