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Abstract
We review a class of energy landscape analysis method that uses the Ising model and
takes multivariate time series data as input. The method allows one to capture dynam-
ics of the data as trajectories of a ball from one basin to a different basin to yet another,
constrained on the energy landscape specified by the estimated Ising model. While this
energy landscape analysis has mostly been applied to functional magnetic resonance
imaging (fMRI) data from the brain for historical reasons, there are emerging applications
outside fMRI data and neuroscience. To inform such applications in various research
fields, this review paper provides a detailed tutorial on each step of the analysis, termi-
nologies, concepts underlying the method, and validation, as well as recent develop-
ments of extended and related methods.

1. Introduction
Energy landscape is an established concept, catered with computational methods, in protein
folding research [1–4]. With this dynamic view, we comprehend protein folding as an ensem-
ble of locally stable protein conformations that are stochastically switched between depend-
ing on how stable each conformation is and how likely one conformation changes to another.
According to the principles of statistical physics, a conformation with a low energy occurs
with a high probability, and transitions between conformations occur with a high frequency
if the energy barrier separating them is low (see Figs 1 and 2 for schematics). The purpose of
this review paper is to explain a family of data analysis methods for constructing such energy
landscapes and dynamics on them for general multivariate time series data for which we do
not know any underlying kinetic, chemical, or other laws.

The type of energy landscape analysis (ELA) that this article deals with, which we simply
refer to as ELA in the following text, was initially proposed in [5,6] for functional magnetic
resonance imaging (fMRI) data recorded from the human brain. It uses the Ising spin sys-
tem model. The model fitting part of this ELA is shared with earlier studies, in particular in
neuroscience [7–13]. Related to this fact, the ELA has predominantly been used in neuro-
science, especially for human fMRI data [14–35]. Other applications in neuroscience include
electroencephalogram (EEG) [36–38], magnetoencephalography (MEG) [39], and structural
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Fig 1. One-dimensional schematic of energy landscapes. (a) An energy landscape with two local minima of energy,
𝛼𝛼𝛼1 and𝛼𝛼𝛼2. They are separated by an energy barrier. The filled circle, or “ball,” represents the state of the system,
which tends to go downhill but can also go uphill with a smaller rate. The position of the ball along the horizontal
axis specifies the system’s state, which we call the activity pattern. (b) An energy landscape with a higher energy
barrier between two local minima. (c) Sample time course of the system’s dynamics on the energy landscape shown in
(a). (d) Sample time course on the energy landscape shown in (b). Note that switching between𝛼𝛼𝛼1 and𝛼𝛼𝛼2 is rarer in
(d) than (c) because𝛼𝛼𝛼1 and𝛼𝛼𝛼2 are separated by a higher energy barrier in (b) than (a). In fact, the system’s state (i.e.,
filled circle) can take activity patterns different from the two local minima (e.g., a pattern close to but different from
𝛼𝛼𝛼1). However, we only show stochastic transition dynamics between𝛼𝛼𝛼1 and𝛼𝛼𝛼2 in (c) and (d) for simplicity.

https://doi.org/10.1371/journal.pcsy.0000039.g001

Fig 2. Two-dimensional schematic of an energy landscape. Four local minima are present. The dotted lines show
the borders between the basin of different local minima. The “ball” represents the state of the system, and its position
on the plane (ignoring the vertical coordinate) represents the activity pattern.

https://doi.org/10.1371/journal.pcsy.0000039.g002

brain network [40] data. However, the ELA does not impose any neuroscientific assumptions

Foundation (under grant no. 2204936), and
JSPS KAKENHI (under grant nos. JP 23H03414,
24K14840, and 24K030130). The funders had
no role in study design, data collection and
analysis, decision to publish, or preparation of
the manuscript.

Competing interests: The authors have
declared that no competing interests exist.

on the data and therefore applicable to any multivariate time series data as long as the data
are long enough relative to the number of variables. In fact, the ELA has seen applications to
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simulated data of cardiac fibrillation [41], time series of a combination of multimodal observ-
ables from patients in rheumatoid arthritis (such as the rheumatoid factor and swollen joint
count) [42], Raman spectroscopy data [43], microbiome data [44–47], and mixture of micro-
biome data and physiological signals from calves [48]. ELA crucially takes a system’s dynam-
ics point of view in the sense that the method tracks the dynamics of the system’s state, which
is defined by the values of all variables at each time t. Such a system’s state is abstracted into
the filled ball in Figs 1(a), 1(b), and 2. As these figures show, ELA aims to capture the given
multivariate time series data as the single abstracted system’s state that transits among discrete
states, similar to a Markov chain. Furthermore, the present ELA is based on the computation
and statistical physics theory of the Ising spin system model. There are various other energy
landscape analyses in addition to those in protein folding studies (e.g. [49–53]). In this review
paper, we exclusively focus on the ELA based on the Ising model.

Our intention to write this tutorial-prone survey paper is to guide potential users of ELA
in various research fields. At the same time, probably owing to open-source code (reviewed
in Section 4), including some with a graphical interface, one can now easily carry out ELA
without knowing details. This situation is beneficial for boosting applications of the method.
However, there are recommended practices and pitfalls in ELA, which we will advocate in
this paper. Furthermore, a detailed step-by-step tutorial for non-specialists is expected to help
users understand intuitions, physics theory, and logic behind the scene. Therefore, although
we published a shorter review in 2017 [54], here we provide a detailed tutorial, which includes
discussion of recommended practices and pitfalls, advantages and disadvantages of ELA, and
recent methodological developments, followed by some example applications.

2. Workflow of the energy landscape analysis
2.1. Overview
We outline a workflow of ELA in Fig 3. First, the input data are multivaraite time series with
N variables in discrete time (Fig 3(a)). We denote the time series by {x(1),… , x(tmax)}, where
x(t) (with t∈ {1,… , tmax}) is the N-dimensional time series at time t, and tmax is the number
of observations, or the length of the time series. We denote the N-dimensional vector x(t) by

x(t) = (x1(t),… , xN(t)), (1)

where xi(t)∈ℝ is the signal of the ith variable at time t. We usually assume N of the order of
10; we discuss the choice of N in Section 3.3.

Second, we binarize each xi(t), i∈ {1,… ,N}, t∈ {1,… , tmax}. See Fig 3(b) for an exam-
ple of binarized multivariate time series. We denote the obtained binarized multivariate time
series by {𝜎𝜎𝜎(1),… ,𝜎𝜎𝜎(tmax)}, where the system’s binarized state, which we call the activity
pattern, at time t is written as

𝜎𝜎𝜎(t) = (𝜎1(t),… ,𝜎N(t)), (2)

where 𝜎i(t)∈ {–1, 1}. Another common convention is 𝜎i(t)∈ {0, 1}. In either convention, 1
corresponds to high activity of the ith variable at time t; the other value (i.e., –1 or 0 depend-
ing on the coding scheme) corresponds to low activity. Because the linear transformation
f(x) = (x + 1)/2 maps {–1, 1} to {0, 1}, i.e., f(–1) = 0 and f(1) = 1, the choice of either conven-
tion does not essentially matter for the following analyses. See [54] for more discussion of the
two conventions.

Third, we estimate the Ising model, i.e., infer the model parameters from the binarized
multivariate time series data {𝜎𝜎𝜎(1),… ,𝜎𝜎𝜎(tmax)} (Fig 3(c) and 3(d)). The Ising model is also

PLOS COMPLEX SYSTEMS https://doi.org/10.1371/journal.pcsy.0000039 May 9, 2025 3/ 35

https://doi.org/10.1371/journal.pcsy.0000039


ID: pcsy.0000039 — 2025/5/9 — page 4 — #4

PLOS COMPLEX SYSTEMS Energy landscape analysis based on the Ising model: tutorial review

Fig 3. Steps of the ELA. (a) The input data is multivariate time series with N variables. (b) Binarized time series. (c) Fraction of times,
P(𝜎𝜎𝜎), with which each of the 2N activity patterns,𝜎𝜎𝜎, occurs in the binarized data shown in (b). (d) Fitting of the PMEM to the distribu-
tion of𝜎𝜎𝜎 shown in (c). (e) Disconnectivity graph derived from the estimated PMEM. It shows relationships between the activity patterns
that are local minima. Each𝛼𝛼𝛼i, i∈ {1,… , 6}, represents a local minimum. The double-headed arrow indicates the height of the energy
barrier between local minima𝛼𝛼𝛼1 and𝛼𝛼𝛼2 when the activity pattern tries to travel from𝛼𝛼𝛼1 to𝛼𝛼𝛼2. (f) Basin graph derived from the esti-
mated PMEM. (g) Downstream analysis, which may use a feature computed from the estimated disconnectivity graph or basin graph.

https://doi.org/10.1371/journal.pcsy.0000039.g003
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referred to the pairwise maximum entropy model (PMEM), which we use throughout this
paper, and the Boltzmann machine. There are various inference algorithms. The estimated
Ising model is typically a maximum likelihood estimator for the data under some constraints.
In fact, the procedures up to this point, i.e., fitting the Ising model to multivariate time series
and other multivariate data, is not a new idea. See [11,12,55–58] for reviews.

The following steps are unique to the ELA. Fourth, we estimate the so-called disconnectiv-
ity graph [59], of which a hypothetical example is shown in Fig 3(e). The bottom of each val-
ley schematically shown in Figs 1 and 2 corresponds to the tip of each branch hanging down
vertically in the disconnectivity graph (see Fig 3(e)). It is called a local minimum of energy
(local minimum for short). The disconnectivity graph represents all the local minima and
their relationships in terms of the ease of transition for the estimated PMEM and is a primary
product of the ELA. Another main product of the ELA is the basin graph, shown in Fig 3(f).
The basin graph encodes the width of the valley of each local minimum schematically shown
in Fig 1 or its area schematically shown in Fig 2. It also contains other information.

Fifth, because the disconnectivity graph and basin graph are graphical representations of
the energy landscape, we quantify them into numbers or vectors, which we collectively call
features of the energy landscape. These features provide insights into the given multivariate
time series data or a system generating the data.

Sixth, one often wants to compare the energy landscapes obtained from a group of people
or an individual against the energy landscapes obtained from a different group or individ-
ual. Such a comparison is made in terms of features of the energy landscape. For example,
we examine whether or not larger values of a particular feature from the energy landscape
estimated for different human individuals are associated with the severity of a disease (see
Fig 3(g)). In the following sections, we explain each step in detail.

2.2. Fitting the PMEM
We start by binarizing the original time series (see Fig 3(a) and (b)). For each i∈ {1,… ,N}
and t∈ {1,… , tmax}, we set 𝜎i(t) = –1 if xi(t) < 𝜃i and 𝜎i(t) = 1 if xi(t) ≥ 𝜃i, where 𝜃i is an
arbitrary threshold. A common choice of 𝜃i is the 50 percentile of {xi(1),… , xi(tmax)} such
that 𝜎i(t) = –1 and 𝜎i(t) = 1 with probability 0.5 each. If the distribution of xi(t) is not
extremely skewed, one can also set 𝜃i to the average of the time series, i.e.,∑tmax

t=1 xi(t)/tmax, to
obtain roughly 50% of 𝜎i(t) = –1 and 𝜎i(t) = 1 each.

Because 𝜎𝜎𝜎(t) is an N-dimensional binary vector, there are 2N possible activity patterns
in total, which we enumerate as 𝜎𝜎𝜎(1), …, 𝜎𝜎𝜎(2N). This is depicted in Fig 3(c). For example, one
obtains 𝜎𝜎𝜎(1) = (–1, –1,… , –1), 𝜎𝜎𝜎(2) = (1, –1,… , –1), and 𝜎𝜎𝜎(2N) = (1, 1,… , 1). We then count the
fraction of each activity pattern 𝜎𝜎𝜎, denoted by Pdata(𝜎𝜎𝜎), in the given data. Note that 𝜎𝜎𝜎 is any of
𝜎𝜎𝜎(1), …, 𝜎𝜎𝜎(2N) and that Pdata(𝜎𝜎𝜎) is simply the number of times that 𝜎𝜎𝜎 appears in the data that
is divided by tmax. Because Pdata(𝜎𝜎𝜎) is a fraction, we obtain

2N

∑
k=1

Pdata(𝜎𝜎𝜎(k)) = 1. (3)

The PMEM aims to fit a particular form of the distribution, denoted by Pmodel(𝜎𝜎𝜎) and
explained in the following text, to the empirical distribution, Pdata(𝜎𝜎𝜎). With this methodolog-
ical choice, we are drastically ignoring the temporal order of the given data. For example, the
estimated PMEM will be the same as that for the original time series even if we re-arrange the
original multivariate time series in the reversed order (i.e., {𝜎𝜎𝜎(tmax),𝜎𝜎𝜎(tmax – 1),… ,𝜎𝜎𝜎(1)})
or shuffle the time stamp of {𝜎𝜎𝜎(t)} randomly before the analysis. Therefore, the ELA is in a
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sense not a method for analyzing time series. It is a method to describe the distribution of
the given data. However, ELA still allows us to infer and interpret the dynamics of the data;
e.g., the system’s state (i.e., the ball in Figs 1 and 2) stays near a local minimum 𝛼𝛼𝛼1 for some
time, then transits to a different local minimum 𝛼𝛼𝛼2, and comes back to 𝛼𝛼𝛼1. This is because the
PMEM implies a particular equilibrium stochastic dynamics. In other words, once a PMEM is
estimated, it dictates the probability or rate of the move from any activity pattern 𝜎𝜎𝜎 to another,
which we explain in Section 3.2.3.

The mean activity of the ith variable for the data is given by

⟨𝜎i⟩data ≡
1

tmax

tmax

∑
t=1

𝜎i(t). (4)

The mean pairwise joint activity for the ith and jth variables for the data is given by

⟨𝜎i𝜎j⟩data ≡
1

tmax

tmax

∑
t=1

𝜎i(t)𝜎j(t). (5)

The PMEM maximizes the entropy of the distribution of activity patterns, P(𝜎𝜎𝜎), under
the condition that ⟨𝜎i⟩ and ⟨𝜎i𝜎j⟩ (with 1≤ i≤ j≤N) are the same between the estimated
Ising model and the given data for all i, j∈ {1,… ,N}. As a result of entropy maximization, one
obtains (see Fig 3(d))

P(𝜎𝜎𝜎) = e–E(𝜎𝜎𝜎)

∑2N
k=1 e–E(𝜎𝜎𝜎

(k))
, (6)

where E(𝜎𝜎𝜎) represents the energy of activity pattern 𝜎𝜎𝜎 and is given by

E(𝜎𝜎𝜎) = –
N
∑
i=1

hi𝜎i –
1
2

N
∑
i=1

N
∑
j=1

Jij𝜎i𝜎j. (7)

Equation (6) is a Boltzmann distribution (also called Gibbs distribution) in statistical
mechanics without the temperature parameter, or equivalently, the temperature normalized
to 1. Equation (6) implies that a high probability of the activity pattern P(𝜎𝜎𝜎) corresponds to
a low energy E(𝜎𝜎𝜎) and vice versa. It should be noted that the energy here is a purely mathe-
matical construct and does not imply any physical energy. In Eq (7), the fitting parameter hi
represents the tendency that the ith variable is active (i.e., 𝜎i = 1), and Jij quantifies the sign
and strength of the pairwise interaction between the ith and jth variables. The PMEM assumes
that Jij = Jji. Furthermore, the Jij𝜎i𝜎j when i = j is reduced to a constant Jii𝜎2

i = Jii because 𝜎2
i

with 𝜎i ∈ {–1, 1} is always equal to 1. Because P(𝜎𝜎𝜎) in Eq (6) does not change by the addition
of a constant term to E(𝜎𝜎𝜎), one can simplify Eq (7) to

E(𝜎𝜎𝜎) = –
N
∑
i=1

hi𝜎i –
N
∑
i=1

i–1
∑
j=1

Jij𝜎i𝜎j. (8)

We denote the expected single-variable activity and pairwise activity from the PMEM by
⟨𝜎i⟩model and ⟨𝜎i𝜎j⟩model, respectively. They are given by

⟨𝜎i⟩model =
2N

∑
k=1

𝜎(k)i P(𝜎𝜎𝜎(k)) (9)
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and

⟨𝜎i𝜎j⟩model =
2N

∑
k=1

𝜎(k)i 𝜎(k)j P(𝜎𝜎𝜎(k)), (10)

where 𝜎(k)i ∈ {–1, 1} is the binarized activity of the ith variable in the kth activity pattern 𝜎𝜎𝜎(k).
A popular and conceptually easy method to infer hi and Jij is to iteratively adjusting them

using a gradient ascent algorithm; it is an ascent algorithm because it gradually increases the
likelihood of the data, L =∏tmax

t=1 P(𝜎𝜎𝜎(t)) along the ascent direction. The iteration scheme is
given by

hnew
i = hold

i +
𝜖

tmax

𝜕L
𝜕hi
= hold

i + 𝜖(⟨𝜎i⟩data – ⟨𝜎i⟩model) (11)

and

Jnewij = Joldij +
𝜖

tmax

𝜕L
𝜕Jij
= Joldij + 𝜖(⟨𝜎i𝜎j⟩data – ⟨𝜎i𝜎j⟩model), (12)

where superscripts new and old represent the values after and before a single updating
step, respectively, and 𝜖 is the learning rate. The factor 1/tmax on the right-hand sides of
Eqs (11) and (12) is for normalization. A slightly different iteration scheme called the itera-
tive scaling algorithm [60], in which the right-hand side of Eqs (11) and (12) is replaced by
𝜖 sgn(⟨𝜎i⟩) log(⟨𝜎i⟩data/⟨𝜎i⟩model) and 𝜖 sgn(⟨𝜎i𝜎j⟩) log(⟨𝜎i𝜎j⟩data/⟨𝜎i𝜎j⟩model), respectively, is
also common [7,11,13]. With either iterative algorithm, the convergence (i.e., hnew

i = hold
i and

Jnewij = Joldij for all i,j) implies that ⟨𝜎i⟩model = ⟨𝜎i⟩data and ⟨𝜎i𝜎j⟩model = ⟨𝜎i𝜎j⟩data for all i,j.
One can verify that Eq (6) is concave in terms of each hi and Jij by checking that the Hes-

sian of logL is a type of sign-flipped covariance matrix, which is negative semi-definite. The
concavity guarantees that the gradient ascent scheme always yields the unique maximum
likelihood estimator. However, a single updating step requires reference to P(𝜎𝜎𝜎) for all the
2N activity patterns for calculating ⟨𝜎i⟩model and ⟨𝜎i𝜎j⟩model. Because P(𝜎𝜎𝜎) changes in every
iteration step, the gradient ascent method is computationally costly for large N. Our expe-
rience is that, without dedicated hardware, the gradient ascent method would be slow even
with N = 15 or 20. To circumvent this problem, there are various approximate algorithms
(e.g., pseudo-likelihood maximization) for estimating the PMEM [54–56,61,62].

2.3. Accuracy of fit
If the PMEM poorly fits to the data, ELA is probably not a good choice. Therefore, while many
papers skip measuring an accuracy of fit, it is important to measure it.

A least stringent test, which is often used, is to examine the correlation between ⟨𝜎i⟩model

and ⟨𝜎i⟩data across the i values and that between ⟨𝜎i𝜎j⟩model and ⟨𝜎i𝜎j⟩data across (i,j) pairs. A
good fit of the PMEM to the data should yield ⟨𝜎i⟩model ≈ ⟨𝜎i⟩data and ⟨𝜎i𝜎j⟩model ≈ ⟨𝜎i𝜎j⟩data,
where ≈ represents “approximately equal to”. However, these relationships are not enough for
the following reason. If we run a gradient ascent algorithm to fit the PMEM (Section 2.2), it
will converge due to the concavity of the problem for any data while convergence may take
a long time if N is relatively large. Once the algorithm sufficiently converges, one obtains
⟨𝜎i⟩model ≈ ⟨𝜎i⟩data and ⟨𝜎i𝜎j⟩model ≈ ⟨𝜎i𝜎j⟩data even if the data are a poor fit to the PMEM.

Therefore, one often plots P(𝜎𝜎𝜎) against Pdata(𝜎𝜎𝜎) over all the 2N activity patterns 𝜎𝜎𝜎. If P(𝜎𝜎𝜎)
and Pdata(𝜎𝜎𝜎) are highly correlated, the accuracy of the fit is considered to be high [5–10,12,13,
17].
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Another commonly used accuracy measure [8,11,54] is

rD =
D1 –D2

D1
, (13)

where

Dℓ =
2N

∑
k=1

Pdata(𝜎𝜎𝜎(k)) log2
Pdata(𝜎𝜎𝜎(k))
Pℓ(𝜎𝜎𝜎(k))

(14)

is the Kullback-Leibler divergence between the probability distribution of the activity pat-
tern in the ℓth-order (ℓ = 1, 2)maximum entropy model, Pℓ(𝜎𝜎𝜎), and the distribution of the
activity pattern in the original data, Pdata(𝜎𝜎𝜎). Distribution P2(𝜎𝜎𝜎) is equivalent to P(𝜎𝜎𝜎) given
by Eqs (6) and (7). It is called second-order because the highest-order function in terms of
𝜎i appearing in the model is of second order (i.e., Jij𝜎i𝜎j). The first-order, or independent,
maximum entropy model (i.e., ℓ = 1) is given by Eq (6) but without interaction terms. In
other words, we force Jij = 0 ∀i, j in Eq (7) and set each hi so that ⟨𝜎i⟩model = ⟨𝜎i⟩data is satisfied.
Quantity rD ranges between 0 and 1 for the maximum likelihood estimator of the PMEM.
We obtain rD = 1 when the PMEM perfectly fits the distribution of the activity pattern for the
given data. In contrast, rD = 0 when the PMEM does not fit the data any better than the first-
order model. For the maximum likelihood estimator, rD is equal to another often employed
accuracy measure given by (S1 – S2)/(S1 – Sdata), where Sℓ = –∑2N

k=1 Pℓ(𝜎𝜎𝜎(k)) logPℓ(𝜎𝜎𝜎(k)) is
the Shannon entropy of distribution Pℓ [9,11].

The accuracy of fit would be small when N is large or tmax is small. In fact, the ELA is a
data-hungry method. Therefore, it is important to check and report the value of rD or a dif-
ferent accuracy of fit measure. We recommend the value of rD above 0.85, or ideally 0.9. This
is because, although these guideline values do not have any theoretical ground, an influential
early study of the PMEM applied to neural spiking data realized rD ≈ 0.9 [7].

2.4. Local minima of energy and the network of activity patterns
Once we have estimated the PMEM, the next task is to construct and draw the so-called
disconnectivity graph. To understand the meaning and construction of the disconnectivity
graph, we need to introduce two concepts: local minimum of energy and network of activity
patterns.

Intuitively, a local minimum of energy is the bottom of a basin of the energy land-
scape shown in Figs 1 and 2. However, the 2N activity patterns do not lie in a one- or two-
dimensional space as depicted in these figures. To precisely define the local minimum,
let us consider Fig 4, in which there are N = 5 variables and an activity pattern 𝜎𝜎𝜎(19) =
(–1, 1, –1, –1, 1) is neighbored by five other activity patterns. Each of these neighboring activ-
ity patterns is different from 𝜎𝜎𝜎(19) in the sign of just one 𝜎i. In other words, these five activity
patterns are in Hamming distance 1 from 𝜎𝜎𝜎(19). There are five activity patterns neighboring
𝜎𝜎𝜎(19) because one can flip any one entry of 𝜎𝜎𝜎(19) to obtain a neighboring activity pattern. Fig 4
shows that 𝜎𝜎𝜎(19) has a lower energy than all the five neighbors. Therefore, 𝜎𝜎𝜎(19) appears more
frequently than each of its neighboring activity patterns in the data. When this is the case, we
say that 𝜎𝜎𝜎(19) is a local minimum. If we allow the activity pattern to vary over time, the sys-
tem’s state is more likely to transit from a neighbor of 𝜎𝜎𝜎(19), say 𝜎𝜎𝜎(17), to 𝜎𝜎𝜎(19) than vice versa
because 𝜎𝜎𝜎(19) is more frequent than 𝜎𝜎𝜎(17). In this sense, 𝜎𝜎𝜎(19) is locally attractive.
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Fig 4. A schematic of the local minimum of energy. A system of N = 5 variables is assumed. Activity pattern𝜎𝜎𝜎(19)
is a local minimum because it has a lower energy than all its neighbors. The neighbors are the activity patterns with
Hamming distance 1 from𝜎𝜎𝜎(19). The numbering scheme for the activity patterns is consistent with the one used in
Fig 3(c).

https://doi.org/10.1371/journal.pcsy.0000039.g004

However, such dynamics are by definition stochastic. Therefore, 𝜎𝜎𝜎(19) being a local mini-
mum implies that the system’s state arriving at 𝜎𝜎𝜎(19) will still escape it albeit at a lower rate. In
empirical data, we commonly see transitions out of local minima.

In fact, any activity pattern has N neighbors no matter whether or not it is a local mini-
mum. The 2N activity patterns form a “network of activity patterns” shown in Fig 5. This net-
work is called the hypercube. One can verify that each node of this network, corresponding
to an activity pattern, has exactly N neighbors. Using the terminology of network science (or
graph theory), there are 2N nodes, and the degree of each node (i.e., the number of edges the
node has) is equal to N. Furthermore, in Fig 5, each node has ten nodes in distance (i.e., min-
imum number of hops) 2, ten nodes in distance 3, five nodes in distance 4, and one node in
distance 5. The single node in distance 5 is the one in which all the N values of 𝜎i are flipped.
For example, the node in distance 5 from 𝜎𝜎𝜎(19) = (–1, 1, –1, –1, 1) is 𝜎𝜎𝜎(14) = (1, –1, 1, 1, –1). In
general, there are (Nd) nodes in distance d from any node, where () represents the binomial
coefficient. The network of activity patterns represents admissible routes of the system’s state,
𝜎𝜎𝜎(t), when 𝜎𝜎𝜎(t) is allowed to change in one entry, i, at one time.

In empirical data, 𝜎𝜎𝜎(t) and 𝜎𝜎𝜎(t + 1) are often different in more than one i unless the time
resolution of the observation is high. For example, in Fig 3(b), 𝜎𝜎𝜎(1) = (1, 1, –1, –1, –1) and
𝜎𝜎𝜎(2) = (1, –1, –1, 1, –1) are different in two variables, i.e., i = 2 and i = 4. If 𝜎𝜎𝜎(t) and 𝜎𝜎𝜎(t + 1)
are indeed different in more than one i for some t, the trajectory is not a discrete-time walk
on the hypercube because the walker can move from a node to its non-neighboring node in
one time step. However, even in this situation, the assumption that only a single entry of 𝜎𝜎𝜎(t)
can flip at a time is still plausible by considering that we are observing a continuous-time walk
in discrete time. This is the case if synchronous threshold crossing, which would simultane-
ously flip multiple 𝜎i(t), is absent for the resolution of discrete times t = 1, 2, … at which one
observes the continuous-time walk.

To discuss the interpretation of 𝜎𝜎𝜎(t) as a discrete-time observation of a continuous-time
walk, we postulate an underlying N-dimensional dynamics in continuous time, x(t′), t′ ∈ℝ,
and consider that we observe it in discrete times t∈ {1, 2,…}, obtaining 𝜎𝜎𝜎(t). Discrete time
t does not have to be the same as t′. In Fig 6, the t shown in blue is identical with t′. In con-
trast, the t shown in red is sampled three times less frequently than the t shown in blue. Recall
that 𝜎i(t) flips if and only if xi(t) crosses the threshold 𝜃i, no matter whether the time is
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Fig 5. Networks of activity patterns for N∈ {1,… , 5}. They are hypercubes having 2N nodes. Each node represents
an activity pattern and has N neighbors.

https://doi.org/10.1371/journal.pcsy.0000039.g005

continuous or discrete. If different xi(t)’s simultaneously cross their thresholds, then multi-
ple 𝜎i(t)’s flip at the same time. In this case, {𝜎𝜎𝜎(1),𝜎𝜎𝜎(2),…} is not a nearest-neighbor walk
on the hypercube. On the contrary, if such a synchronous threshold crossing is absent and
the time resolution for sampling 𝜎𝜎𝜎(t) is high enough, then 𝜎𝜎𝜎(t) flips at most one bit at a time.
In this case, {𝜎𝜎𝜎(1),𝜎𝜎𝜎(2),…} is a nearest-neighbor walk. In other words, the walker stays at
one node of the hypercube for some discrete times, then moves to one of its neighbors, and
so on, producing a discrete-time walk on the hypercube, without jumps from a node to a
non-neighboring node. For example, the walk shown in blue in Fig 6(a) is a nearest-neighbor
walk. The figure indicates that xj(t′) changes from positive to negative first, followed by the
same change in xi(t′). Then, xk(t′) changes from negative to positive. Then, xi(t′), xk(t′), and
xj(t′) turn from positive to negative in this order. The discrete-time walk 𝜎𝜎𝜎(t) shown in blue
captures all these events including their chronology. In contrast, the walk shown in red in
Fig 6(a) is not a nearest-neighbor walk because the time resolution for observing 𝜎𝜎𝜎(t) is too
low. For example, both 𝜎1(t) and 𝜎2(t) change between t = 1 and t = 2.

In the PMEM fitted to empirical data, we often find moves from a node on the hypercube
to its non-nearest-neighbor, as shown in Fig 3(b) and as 𝜎𝜎𝜎(t) shown in red in Fig 6(a). We jus-
tify this situation by regarding such 𝜎𝜎𝜎(t) as an observation of originally continuously varying
x(t′) at a relatively low time resolution, if there is no approximately simultaneous threshold
crossing event.

Fig 6(b) shows a case with approximately simultaneous threshold crossing events in the
time series {x(t′); t′ ∈ℝ}, marked by the green and yellow circles. In this case, even if the
time resolution for observing 𝜎𝜎𝜎(t) is high, {𝜎𝜎𝜎(1),𝜎𝜎𝜎(2),…} is not a nearest-neighbor walk. For
example, the walker shown in blue in Fig 6(b) moves to a non-neighboring node between t = 2
and t = 3 and between t = 7 and t = 8, which are two intervals in which approximately simul-
taneous threshold crossing occurs. In fact, a move to a non-neighboring node also occurs
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Fig 6. Time series of activity pattern as a discrete-time observation of a continuous-time walk. (a) Absence and (b) presence of synchronous threshold cross-
ing. The horizontal dotted lines represent the threshold for binarization, 𝜃i. We show the case t = t′ and t = 3t′ – 2 in blue and red, respectively. In (b), the green
circles show an approximately simultaneous threshold crossing of xi(t′), xj(t′), and xk(t′). The yellow circles show an approximately simultaneous threshold
crossing of xi(t′) and xj(t′).

https://doi.org/10.1371/journal.pcsy.0000039.g006

between t = 6 and t = 7, which contains a less stringent simultaneous threshold crossing of
xj(t′) and xk(t′). We also note that the same 𝜎𝜎𝜎(t), shown in blue, fails to capture the two
threshold crossings of xk(t′) between t′ = t = 8 and t′ = t = 9 and two threshold crossings of
xi(t′) between t′ = t = 9 and t′ = t = 10. In this situation, it is difficult to justify the use of the
PMEM and hence ELA.

Approximately simultaneous threshold crossing is a relative concept. If we observe x(t′),
t′ ∈ℝ, at large regular intervals to produce 𝜎𝜎𝜎(t), then xi(t′) with multiple i’s would cross
their thresholds, perhaps multiple times for some i’s, between adjacent discrete times (i.e.,
between t and t + 1). This is a case of simultaneous threshold crossing. In the extreme case, if
the observation occurs with excessively long time intervals, then x(t) and x(t + 1) would be
completely uncorrelated, and so are 𝜎𝜎𝜎(t) and 𝜎𝜎𝜎(t + 1). Then, the trajectory {𝜎𝜎𝜎(1),𝜎𝜎𝜎(2),…}
will be composed of independent samples drawn from the distribution P(𝜎𝜎𝜎), completely
ignoring the hypercube structure. Given this discussion, we could try to justify the use of the
PMEM and ELA even in the case of 𝜎𝜎𝜎(t) shown in blue and red in Fig 6(b). If we use a higher
sampling rate, such as t = 100t′, such that t∈ {1, 2,…} corresponds to t′ ∈ {0.01, 0.02,…},
then {𝜎𝜎𝜎(1),𝜎𝜎𝜎(2),…} will be a nearest-neighbor walk unless there are perfectly simultane-
ous threshold crossing events in x(t′), t′ ∈ℝ. However, excessively synchronous threshold
crossing of xi(t′)’s would violate the detailed balance condition underlying the random walk
assumption (Section 3.2.3). Therefore, we do not recommend that users rely on random-walk
views when strongly synchronous dynamics among the variables is known or expected.

The network of activity patterns should not be confused with networks that variables of
the multivariate time series form. One can form a network of the N variables by, for exam-
ple, naively laying an edge (i,j) if and only if the Pearson correlation coefficient between the
two time series {xi(1),… , xi(tmax)} and {xj(1),… , xj(tmax)} is sufficiently large [63]. In such
a correlation network, a node is a variable of the multivariate time series, and there are N
nodes. There may also be a structural network generating {x(t)} (e.g., a neuronal network
with neurons as nodes, or a social network with human individuals as nodes). In contrast,
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in the network of activity patterns, a node is an activity pattern, there are 2N nodes, and the
network structure is always the hypercube.

2.5. Disconnectivity graph
The disconnectivity graph is a first-hand and main summary of the energy landscape. The dis-
connectivity graph is a tool from chemical physics and represents the relationship between
different local minima of energy [59,65]. For expository purposes, we show a hypothetical
disconnectivity graph in Fig 3(e); see Fig 7(a) for the disconnectivity graph for a real fMRI
data set from the human brain.

There may be multiple local minima in the network of activity patterns. In the hypothetical
network of activity patterns for N = 5 variables shown in Fig 8(a), we indicate the local min-
ima by red circles. To construct the disconnectivity graph, we need to determine the energy
barrier separating each pair of local minima. This task would be easy if the energy landscape
were one-dimensional, as shown in Fig 1(a) and 1(b) because there is only one shortest (i.e.,
non-redundant) path connecting the two local minima. In fact, this task is more involved
because the actual energy landscape of the PMEM is defined on the hypercube. Let us con-
sider possible paths between each pair of local minima. Partly because such a path does not
have to be a shortest path (whose length is equal to the Hamming distance between the two
local minima), there are many paths unless N is small. The non-black lines in Fig 8(a) show
three among many paths connecting local minima 𝛼𝛼𝛼1 and 𝛼𝛼𝛼2. Because the Hamming distance

Fig 7. Disconnectivity graphs. (a) Disconnectivity graph from fMRI data obtained from the brain of healthy human
participants. We used the same data as the one used for Fig A1(a) in [32]. It is a concatenation of the first four fMRI
recording sessions (resulting in tmax = 818 × 4 = 3, 272) from a single participant in the Midnight Scan Club data
set [64]. We used the first participant (i.e., MSC01). We used the so-called whole-brain network with N = 7 nodes;
the N variables are the attention network (ATN), auditory network, default mode network (DMN), fronto-parietal
network (FPN), salience network (SAN), somatosensory and motor network (SMN), and visual network [14]. See
[32] for more details and the procedures for preprocessing the fMRI data. The activity pattern at each local minimum
is indicated below the local minimum; a gray square represents 𝜎i = –1, and a white square represents 𝜎i = 1. The
accuracy of fit rD = 0.915. (b) Disconnectivity graph for randomly generated data with the same N and tmax as those
used in (a). (c) Disconnectivity graph obtained via pruning of (a). Local minima𝛼𝛼𝛼1 and𝛼𝛼𝛼5 in the disconnectivity
graph shown in (a) have survived the significance test, whereas the other three local minima have not.

https://doi.org/10.1371/journal.pcsy.0000039.g007
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Fig 8. Local minima and paths between them. (a) The network of activity patterns in the case of N = 5 variables.
The red circles represent local minima. (b) Three paths between local minima𝛼𝛼𝛼1 and𝛼𝛼𝛼2 in the network of activity
patterns shown in (a).

https://doi.org/10.1371/journal.pcsy.0000039.g008

between 𝛼𝛼𝛼1 and 𝛼𝛼𝛼2 is three, any path has at least length 3. For example, the path shown in
green has length 5.

Then, to determine the ease with which the system’s state can travel from 𝛼𝛼𝛼1 to 𝛼𝛼𝛼2 and
vice versa, let us tabulate all the paths between them and the energy value of each node on
the path. One can omit walks visiting the same node more than once because such redun-
dant walks do not make the travels between 𝛼𝛼𝛼1 and 𝛼𝛼𝛼2 easier than the corresponding shortest
path. Fig 8(b) shows the three paths shown in color in Fig 8(a) together with the energy on
the nodes. The energy value of each node on the path dictates how much height of the hill the
system’s state needs to climb to go from one end to the other. This is because, by definition,
a high-energy activity pattern is a rare activity pattern in the data or the estimated PMEM.
For example, in the path shown in skyblue, the highest hill to be overcome is activity pat-
tern 𝜎𝜎𝜎, which has energy E = –0.8. The magenta path makes the travel easier with the largest
energy of E=–1.2. Although the green path is longer than the skyblue path, the green path has
the largest energy of E = –1.1, which is smaller than that for the skyblue path. As this exam-
ple shows, longer paths may be easier to go through than shorter paths. If all the other paths
between 𝛼𝛼𝛼1 and 𝛼𝛼𝛼2 have an activity pattern with E>–1.2, we conclude that the magenta path
is the easiest path between 𝛼𝛼𝛼1 and 𝛼𝛼𝛼2 and record its peak height, denoted by E1,2 (= –1.2 in
the current example). Computationally, we do not need to actually enumerate all the possible
paths because there are efficient algorithms to realize the same computation [6,32,54,66].

How easy it is for the system’s state to travel between 𝛼𝛼𝛼i and 𝛼𝛼𝛼j depends on the energy of
𝛼𝛼𝛼i and 𝛼𝛼𝛼j as well as on Ei,j. If E(𝛼𝛼𝛼i) is much smaller than Ei,j, then it is difficult for a trajec-
tory starting at 𝛼𝛼𝛼i to reach Ei,j even if Ei,j is small. We define the energy barrier between 𝛼𝛼𝛼i and
𝛼𝛼𝛼j from the viewpoint of 𝛼𝛼𝛼i by Ei,j – E(𝛼𝛼𝛼i). The energy barrier between the same pair of local
minima from the viewpoint of 𝛼𝛼𝛼j, which is equal to Ei,j – E(𝛼𝛼𝛼j), is different from that from the
viewpoint of 𝛼𝛼𝛼i in general. For example, Fig 8(b) indicates that E1,2–E(𝛼𝛼𝛼1) = –1.2–(–2.1) = 0.9
and E1,2 – E(𝛼𝛼𝛼2) = –1.2 – (–1.6) = 0.4.

We carry out the same computation between each pair of local minima to obtain all Ei,j.
Once this is done, one can visualize all the local minima and energy barrier between each pair
of them in a dendrogram, which is the disconnectivity graph, as shown in Figs 3(e) and 7(a).
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The vertical axis of the disconnectivity graph represents the energy. A leaf, which verti-
cally hangs down in the upside-down tree, represents a local minimum. The vertical posi-
tion of the tip of the leaf represents the energy of the local minimum. Observe in Fig 3(e) that
E(𝛼𝛼𝛼1) = –2.1 and E(𝛼𝛼𝛼2) = –1.6, which are consistent with Fig 8(b). We also observe that 𝛼𝛼𝛼4 is
the global minimum activity pattern in terms of the energy. Therefore, 𝛼𝛼𝛼4 is the most frequent
in the estimated PMEM and also likely so in the given data. The horizontal axis of the discon-
nectivity graph does not bear any meaning; different local minima are horizontally spread out
only for visualization purposes. We also observe in Fig 3(e) that the branch of 𝛼𝛼𝛼1 and that of
𝛼𝛼𝛼2 joins at E1,2 = –1.2, which is also consistent with Fig 8(b). In this manner, the disconnectiv-
ity graph represents all the local minima with their energy and the minimal height of the hill
that any trajectory between each pair of local minima has to overcome.

The disconnectivity graph shown in Fig 3(e) suggests grouping of the six local minima into
three groups, one composed of 𝛼𝛼𝛼1, 𝛼𝛼𝛼2, and 𝛼𝛼𝛼3, one composed solely of 𝛼𝛼𝛼4, and the other com-
posed of 𝛼𝛼𝛼5 and 𝛼𝛼𝛼6. Alternatively, one may want to avoid grouping 𝛼𝛼𝛼1 together with 𝛼𝛼𝛼2 and
𝛼𝛼𝛼3. One obtains such a grouping by cutting the disconnectivity graph into subtrees by draw-
ing an arbitrary horizontal line into the disconnectivity graph (e.g., at E = –1.1, as shown by
the dotted line in Fig 3(e)). For example, the authors of [6] similarly grouped 10 local min-
ima into three groups (shown in Fig 1(e) of [6]). This procedure is the same as determination
of the number of clusters in hierarchical clustering and necessarily arbitrary. Many studies
relied on visual inspections or arbitrary criteria. We will explain a more principled method of
grouping together some local minima into one major state in Section 3.2.2.

2.6. Basin graph
The disconnectivity graph only contains the local minimum activity patterns. How should we
interpret activity patterns that are not local minima? The low-dimensional schematics shown
in Figs 1 and 2 suggest that activity patterns that are not local minima belong to the basin of a
local minimum. In other words, if we release a ball at the position of an arbitrary activity pat-
tern, 𝜎𝜎𝜎, on the energy landscape, and if the ball only goes downhill (which is contrary to the
actual stochastic dynamics implied by the PMEM though), the ball eventually reaches one of
the local minimum 𝛼𝛼𝛼 and stops there. In this case, we say that 𝜎𝜎𝜎 belongs to the basin of 𝛼𝛼𝛼. In
reality, visual understanding, such as in Figs 1 and 2, is not easy to obtain because the network
of activity patterns is a hypercube. However, the definition of the basin remains the same.
We can tell the basin to which an arbitrary activity pattern, 𝜎𝜎𝜎, belongs as follows. We start
by identifying the neighbor 𝜎𝜎𝜎′ of 𝜎𝜎𝜎 that attains the lowest energy among all the N neighbors
of 𝜎𝜎𝜎 (see Fig 9(a) for a schematic). Unless 𝜎𝜎𝜎 is itself a local minimum, 𝜎𝜎𝜎′ has a lower energy
than 𝜎𝜎𝜎, which we assume here. If there is a tie, we break it arbitrarily to set 𝜎𝜎𝜎′. The direction
from 𝜎𝜎𝜎 to 𝜎𝜎𝜎′ is the steepest descent direction from 𝜎𝜎𝜎. Therefore, we move from 𝜎𝜎𝜎 and 𝜎𝜎𝜎′ in
search of the bottom of the basin. Then, at 𝜎𝜎𝜎′, we similarly identify the neighboring activity
pattern having the lowest energy, denoted by 𝜎𝜎𝜎′′. If 𝜎𝜎𝜎′′’s energy is lower than 𝜎𝜎𝜎′’s energy, then
we move to 𝜎𝜎𝜎′′. Otherwise, 𝜎𝜎𝜎′ has an energy that is lower than all its neighbors such that 𝜎𝜎𝜎′
is a local minimum. In the latter case, we stop the journey at 𝜎𝜎𝜎′ and conclude that 𝜎𝜎𝜎 belongs
to the basin of 𝜎𝜎𝜎′. If this is not the case, we repeat the procedure until we reach a local mini-
mum, and we call that 𝜎𝜎𝜎 belongs to the basin of the finally visited activity pattern, which is a
local minimum. In Fig 9(a), the steepest descent path starting at 𝜎𝜎𝜎 stops at 𝜎𝜎𝜎′′. Therefore, 𝜎𝜎𝜎′′
is the local minimum associated with 𝜎𝜎𝜎. In this manner, we can identify to which basin each
activity pattern belongs.

PLOS COMPLEX SYSTEMS https://doi.org/10.1371/journal.pcsy.0000039 May 9, 2025 14/ 35

https://doi.org/10.1371/journal.pcsy.0000039


ID: pcsy.0000039 — 2025/5/9 — page 15 — #15

PLOS COMPLEX SYSTEMS Energy landscape analysis based on the Ising model: tutorial review

Fig 9. Basin graph. (a) The steepest descent path from𝜎𝜎𝜎 to its associated local minimum𝜎𝜎𝜎′′. A node represents an
activity pattern. The numbers attached to each activity pattern represents its energy value. We set N = 5. In fact,𝜎𝜎𝜎
and𝜎𝜎𝜎′′ share two neighbors because they are distance 2 apart from each other. One such neighbor is𝜎𝜎𝜎′. The other
shared neighbor is an activity pattern with E = –0.6. For expository purposes, we showed this second neighbor as
separate nodes in this figure. (b) An empirical basin graph with N = 7 corresponding to the disconnectivity graph
shown in Fig 7(a).

https://doi.org/10.1371/journal.pcsy.0000039.g009

What we call the basin graph tells us the basin of each activity pattern and more; see
Fig 3(f) for a schematic and Fig 9(b) for a real example. A node of the basin graph is an activ-
ity pattern. Therefore, there are 2N nodes; in Figs 3(f) and 9(b), there are 25 = 32 and 27 = 128
nodes, respectively. The edge of the basin graph represents the steepest descent move from
an activity pattern to its neighbor. Differently from the network of activity patterns, which is
also a network among the 2N activity pattern nodes, the edge of the basin graph is directed,
and each node has at most one out-going edge. If a node is not a local minimum, it has one
out-going edge (i.e., the node’s out-degree is equal to 1); see the orange nodes in Figs 3(f) and
9(b). If a node is a local minimum, it does not have any out-going edge; see the blue nodes in
the same figures. Any node has between 0 to N in-coming edges; its number is called the in-
degree of the node. The basin graph is composed of so-called weakly connected components
(i.e., islands), each of which contains just one local minimum. This fact aids the interpreta-
tion of the basin graph. The number of nodes in the connected components is equal to the
size of the basin of the corresponding local minimum. Comparison between Figs 3(e) and 3(f)
and between Figs 7(a) and 9(b) suggests that an local minimum with a smaller energy value
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(i..e, therefore, high frequency of appearance) tends to have a large basin. However, while this
association is often found in empirical data, it is not guaranteed.

Some activity patterns may be located near the border between different basins. Such an
activity pattern roughly, but not exactly, corresponds to those on the top of a hill separating
two basins (e.g., the local maximum in Fig 1 or a dotted line in Fig 2). Precisely speaking, if
activity pattern 𝜎𝜎𝜎 belonging to the basin of 𝛼𝛼𝛼i has a neighboring activity pattern 𝜎𝜎𝜎′ belong-
ing to the basin of a different local minimum, then we say that 𝜎𝜎𝜎 and 𝜎𝜎𝜎′ are at the boundary
between the two basins.

2.7. Features of energy landscapes
The disconnectivity graph and basin graph are visualizations of the energy landscape. They are
useful for us to intuitively understand the dynamics generating the multivariate time series
data and differences between different data or between different groups of data (e.g., between
a group of healthy individuals and a group of those with disease) in terms of the energy land-
scape. However, we need to quantify such differences to draw conclusions. We refer to such a
quantity as a feature of the energy landscape. A primary usage of a feature is to look for asso-
ciation between the feature and a property of interest in the research domain. For example,
a schizophrenia researcher may be interested in seeking correlation between the severity of
schizophrenia and a feature of the energy landscape. As another example, one may want to
measure the effect of treatment in terms of the change in the value of a feature, especially if
the feature is known to correlate with the severity of the disease.

A feature is also useful for assessing reliability of the ELA. If one measures a multivariate
time series data of length tmax twice from the same system (e.g., same person in two separate
days), run an ELA, and calculate a feature from the two energy landscapes, the value of the
feature should be roughly the same between the two energy landscapes. Otherwise, one can-
not rely on the ELA. Such a test, which should be done statistically, also requires a feature of
energy landscape. Popular features of energy landscapes are as follows:

• The number of local minima [5,16], denoted by nm. Because a local minimum may not be
significant in the sense that it is separated from a different local minimum with a small
energy barrier (see Section 3.2.2 for a procedure to remove insignificant local minima), one
may want to only count major local minima, i.e., significantly deep local minima.

• The frequency with which a local minimum 𝛼𝛼𝛼 appears in the data [16,17]. It is the number
of times t at which 𝜎𝜎𝜎(t) =𝛼𝛼𝛼, divided by tmax. Because the dynamics on the energy landscape
are noisy by definition, it is more common to calculate the frequency with which the basin
of a local minimum or that of a major local minimum is visited [6,14,16,21,22,26,37].

• The basin size [5,6,14–16]. It is the number of activity patterns belonging to the basin of
a local minimum 𝛼𝛼𝛼, that can be divided by 2N depending on the preference. It is equal to
the number of nodes in the connected component of the basin graph to which 𝛼𝛼𝛼 belongs.
The basin size tends to correlate with E(𝛼𝛼𝛼) [5] and the frequency of appearance of the basin
[37].

• The energy barrier between local minima 𝛼𝛼𝛼i and 𝛼𝛼𝛼j. It can be quantified by min{Ei,j –
E(𝛼𝛼𝛼i),Ei,j – E(𝛼𝛼𝛼j)}, where we recall that Ei,j is the smallest energy value that any path
between 𝛼𝛼𝛼i and 𝛼𝛼𝛼j needs to overcome [5,15,16]. The energy barrier quantifies the difficulty
with which the system’s state transits from 𝛼𝛼𝛼i to 𝛼𝛼𝛼j or vice versa. If the energy barrier is
high, the transition occurs at a low rate in both directions. Sometimes, the unsymmetrized,
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or directed, version of the energy barrier, i.e., Ei,j – E(𝛼𝛼𝛼i) or Ei,j – E(𝛼𝛼𝛼j), but not the mini-
mum of the two, is used [15,37]. See Section 3.2.3 for quantitative relationships between the
height of the energy barrier and the state transition rate.

A variant of this feature is an average over different local minima. In [32], the
authors used the average of branch length over all the major local minima in the pruned
disconnectivity graph. By the pruned disconnectivity graph, we mean one created by
sequentially removing insignificant local minima, to keep only the major local min-
ima (see Section 3.2.2 for the procedure). The branch length for local minimum 𝛼𝛼𝛼i is
minj such that j≠i{Ei,j – E(𝛼𝛼𝛼i)}, where Ei,j now refers to the smallest energy at which the ith and
jth branches of the pruned disconnectivity graph merge. For example, in Fig 3(e), suppose
that the pruning process discards 𝛼𝛼𝛼2, 𝛼𝛼𝛼3, and 𝛼𝛼𝛼6, leaving 𝛼𝛼𝛼1, 𝛼𝛼𝛼4, and 𝛼𝛼𝛼5 as major local min-
ima. This pruning is equivalent to setting the threshold energy to the one shown by the dot-
ted horizontal line in the figure to define three major states, each of which is represented by
a major local minimum. Then, the branch length for 𝛼𝛼𝛼1, 𝛼𝛼𝛼4, and 𝛼𝛼𝛼5 are equal to E1,4 –E(𝛼𝛼𝛼1),
E1,4–E(𝛼𝛼𝛼4), and E1,5–E(𝛼𝛼𝛼5), respectively. The last one is equal to E4,5–E(𝛼𝛼𝛼5) because 𝛼𝛼𝛼1 and
𝛼𝛼𝛼4 merge earlier than 𝛼𝛼𝛼5 does as we climb up the disconnectivity graph from a low energy
value. The average branch length used in [32] is the average of these three branch lengths
and represents how distinct the different major local minima are from each other.

• The frequency of transitions between basins [6,14,15,17]. This is the number of transitions
from the basin of local minimum 𝛼𝛼𝛼i to that of local minimum 𝛼𝛼𝛼j. To explain the idea, we
note that the activity pattern at each time t∈ {1,… , tmax}, i.e., 𝜎𝜎𝜎(t), belongs to the basin of
an ith local minimum, which we write as s(t) = i, where each s(t)∈ {1,… ,nm}. Then, the
time series of the basin is given by {s(1),… , s(tmax)}. The normalized frequency of tran-
sitions from the ith basin (i.e., basin of local minimum 𝛼𝛼𝛼i) to the jth basin is the count of
times with s(t) = i and s(t + 1) = j over t∈ {1,… , tmax – 1}, divided by tmax – 1. Another
way to normalize the count is to divide it by the number of times at which s(t) = i over t∈
{1,… , tmax – 1}. The latter quantity is equal to the empirical probability of transitions from
s(t) = i to s(t + 1) = j conditioned that s(t) = i.

There are some variants of the frequency of transitions. First, one sometimes measures
the number of transitions from the local minimum 𝛼𝛼𝛼i, not from its basin, to 𝛼𝛼𝛼j [17,25]. A
second variant is the frequency of indirect transitions from i (either the local minimum or
its basin) to j through k [6,14,26,27,29,37]. In this count, we exclude the transitions from
i to j that do not go through k. We call this type of transitions “indirect”. Those that do not
go through another local minimum or its basin are called direct transitions. Third, one may
want to count the number of iterations between two major local minima [6]. This quantity
is basically the sum of the number of transitions from i to j and that from j to i.

• Average dwell time of an ith basin [15,16]. This is the duration for which 𝜎𝜎𝜎(t) resides in
the ith basin (i.e., s(t) = i) before leaving it. Because the dwell time is generally different
for different visits to the ith basin in a single data set, we average the dwell time of the ith
basin over the number of the visits to the ith basin. In one report, the average dwell time
was strongly correlated with the basin size [15].

• The average number of time steps for moving from the ith basin to the jth basin to another,
forming a path [6].

• Various quantities that can be directly calculated from the estimated Jij or hi values. For
example, a definition of the node strength (i.e., weighted degree) of the ith variable is
∑N

j=1 |Jij| [16]. This class of features only requires the estimated PMEM, not further steps of
the ELA.
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One often needs to pool data from many different individual data, such as different par-
ticipants in the experiment, and then estimate a single group PMEM with a high accuracy.
Even in this situation, one can measure some of these features for each individual despite
that only one energy landscape for the entire group of individuals is available. One can do
this by using the group energy landscape and still computing these features for time series
{x(1),… , x(tmax)} for each individual. For example, one can calculate the dwell time of the
ith basin for a single individual because the group energy landscape gives 𝛼𝛼𝛼i and its basin that
are common to all the individuals. In contrast, in the same situation, one cannot use features
that are directly measured for the estimated energy landscape, not for {x(1),… , x(tmax)} for
each individual. Such features include nm and the energy barrier.

3. Further methods
In this section, we discuss advanced ELA methods, their backgrounds, and validation meth-
ods.

3.1. Phase diagrammethods
An advantage of carrying out ELA using the Ising model is that one can potentially benefit
from statistical mechanical theory of the Ising spin-system model, which is a mature research
field. The notions of local minima of energy and energy barrier have been investigated in
spin-system theory for decades. One can also attempt to use other knowledge of spin-system
theory for analyzing and interpreting multivariate time series data. One such method is to
determine the phase of the multivariate time series data [19].

The statistical mechanical theory exploited here is that of prototypical spin systems, such
as the Sherrington-Kirkpatrick (SK) model [67]. The SK model is a type of Ising model and
defined by drawing each Jij (= Jji; 1≤ i ≠ j≤N) independently from the Gaussian distribution
with a given mean and standard deviation. The SK model, as well as other spin system models,
shows different phases depending on the parameter values (see Fig 10 for a schematic). In the
paramagnetic phase, the spins (i.e., 𝜎is) tend to be random and orderless in the sense that the

Fig 10. Schematic of the phase diagram of the SK model. A more common parameter in physics literature is the
temperature. However, in this figure, we chose the average and standard deviation of Jij because their interpretation is
easier in our context.

https://doi.org/10.1371/journal.pcsy.0000039.g010
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mean activity

m = 1
N

N
∑
i=1
⟨𝜎i⟩model (15)

and the so-called spin-glass order parameter defined by

q = 1
N

N
∑
i=1
(⟨𝜎i⟩model)2 (16)

are both close to 0. Theoretically, m and q converge to 0 as N→∞. The spin-glass order
parameter q represents the degree of local (i.e., for each variable) magnetization, or the local
stickiness of the activity. In an energy landscape, the paramagnetic phase corresponds to a sit-
uation in which local minima are shallow and not distinguishable from those existing in com-
pletely random spin systems. Therefore, if we run a significance test for the local minima in
this situation (see Section 3.2.2 for a method), local minima in the paramagnetic phase should
be classified to be insignificant.

In the ferromagnetic phase, the spins strongly tend to align in one direction, let say, 𝜎i = 1.
It is defined by m ≠ 0 and q>0. For example, m>0 if a majority of 𝜎is tends to be 1. A strongest
case of ferromagnetic phase corresponds to an energy landscape in which 𝜎𝜎𝜎 = (1,… , 1) is by
far the deepest local (and global) minimum. However, in ELA, we usually impose that ⟨𝜎i⟩data
is close to 0 by choosing a threshold on xi(t) as such. Therefore, ⟨𝜎i⟩model is also expected
to be close to 0, and m substantially far from 0 is not likely to occur. Instead, in practice, we
often have an energy landscape in which 𝜎𝜎𝜎 = (1,… , 1) and 𝜎𝜎𝜎 = (–1,… , –1) are the only most
dominant local minima [17,25,27,34].

The other phase is the spin-glass phase, which has attracted a lot of statistical physics
research. The spin-glass phase corresponds to rugged energy landscapes (and therefore, com-
plex state-transition dynamics) [67] and chaotic dynamics [68–70]. It is defined by m = 0 and
q>0 (in the N→∞ limit). In our ELA, the obtained energy landscape would have relatively
many local minima whose branches are not too short to be ignorable.

Criticality, or phase transition, i.e., the boundary between (typically) the paramag-
netic phase and the spin-glass phase in a parameter space (see Fig 10), is of special interest
due to rich dynamical behavior of the spin system near there. On these grounds, Ezaki et
al. developed a data-driven method to locate a given multivariate time series data as a point
in the phase diagram to tell which phase the given data resides in, and quantify how close the
data is from the boundary with a different phase [19].

The first step of the method is to fit the Ising model to the given data, as in the ordinary
ELA. Because the above discussion holds true in principle in the limit of N→∞, we need to
estimate a relatively large Ising model. If N is small, phase transition lines would be blurred.
We used N = 264 in [19]. Then, we need to give up an exact estimation method and resort to
an approximate model estimation method such as pseudo-likelihood maximization. A large N
leads to a low accuracy of fit, which is an issue to be investigated in future research.

Next, to draw a phase diagram from the given multivariate time series data, we fix h≡
(h1,… ,hN) at that for the estimated PMEM by following a convention [67,71]. Under this
constraint, we vary the mean of J≡ (J12, J13,… , JN–1,N), denoted by 𝜇, and the standard devi-
ation of J, denoted by s, to linearly transform J as follows:

Jij = ( ̂Jij – 𝜇̂)
s
̂s + 𝜇, (17)
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where 𝜇̂, for example, is the value of 𝜇 for the originally estimated PMEM. With Eq (17), if we
arbitrarily choose the values of 𝜇 and s, then we obtain J, which specifies one PMEM. For each
J specified by a (𝜇, s) pair, we perform Monte Carlo simulations to produce {𝜎𝜎𝜎(1),𝜎𝜎𝜎(2),…}
and calculate observables such as m and q. In this manner, we can generate a phase diagram
for each observable in terms of 𝜇 and s, as in Fig 10.

With this method, energy landscapes estimated for fMRI data from healthy human par-
ticipants were in the paramagnetic phase but close to the boundary between the paramag-
netic and spin-glass phases [19]. It was also shown that the participants with higher intelli-
gence quotient scores were, albeit weakly, closer to the phase boundary, consistent with the
so-called critical brain hypothesis [19].

3.2. Validation methods and good practices
Because ELA fits a model (i.e., PMEM) to data, it is imperative to validate the methods on the
data. The accuracy of fit introduced in Section 2.3 is one validation method. In this section,
we explain other validation methods.

3.2.1. Threshold variation. The choice of the threshold, 𝜃i, for reducing each ith time
series {xi(1),… , xi(tmax)} into a binarized time series {𝜎i(1),… ,𝜎i(tmax)} is an arbitrary
parameter. We recommend that one tests the robustness of the results, such as the accuracy
of fit, the disconnectivity graph at the level of major local minima, and association between a
feature of the an energy landscape and, e.g., a cognitive score for a human participant in the
experiment, for a range of values of 𝜃i. For example, in some studies, it was verified that the
accuracy of fit remained large for a range of 𝜃i, i∈ {1,… ,N}, in which the frequency of 𝜎i = 1
(as opposed to 𝜎i = –1) varied between approximately 30% and 70% [13,17,72].

3.2.2. Randomization. In Fig 3, local minimum 𝛼𝛼𝛼2 is shallow in the sense that the energy
barrier between 𝛼𝛼𝛼2 and 𝛼𝛼𝛼3 is small. Therefore, the dwell time in 𝛼𝛼𝛼2 would be small. Therefore,
although 𝛼𝛼𝛼2 is technically a local minimum, it may be better to ignore it in practice. Only the
local minima that have sufficiently high energy barriers with others are trustable. We already
discussed this topic; by choosing a threshold energy level, shown by the dotted line in Fig 3(e),
one can classify the local minima into groups. However, how should we choose the threshold?
How can one tell whether or not a local minimum is too shallow to be seriously considered?
This decision has been rather arbitrary in most studies using the ELA. The root of the prob-
lem is basically the same as an often asked problem for clustering algorithms for data: how to
determine the number of clusters?

For ELA, we developed a statistical test to tell which local minima are significant [32].
Specifically, to generate a completely random disconnectivity graph to be constrasted with
the disconnectivity graph from the given data, we generate a completely random multivari-
ate time series of the same size (i.e., same N and tmax) as that of the original time series data
by assigning –1 or 1 with probability 0.5 each, independently to each of 𝜎i(t), i∈ {1,… ,N},
t∈ {1,… , tmax}. For the generated random multivariate time series, we estimate the PMEM
and then the disconnectivity graph. A completely random time series should not have any
meaningful structure including local minima. Therefore, we regard that the branch length in
the generated random disconnectivity graph (see Section 2.7 for the definition of the branch
length) for any 𝛼𝛼𝛼 is meaningless. To operationalize this idea, we record the maximal branch
length among all the local minima in the random disconnectivity graph.

We compute the maximal branch length for a sufficiently large number, c, of completely
random multivariate time series data. We set c = 102 in [32] and use c = 103 in the following
running example in this section. We denote the mean and standard deviation of the maxi-
mal branch length over the c random disconnectivity graphs by ⟨L⟩ and std(L), respectively.
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Then, we remove the local minimum with the shortest branch length in the original discon-
nectivity graph as being insignificant if its branch is shorter than ⟨L⟩ + 2 × std(L). For exam-
ple, Fig 7(b) shows the disconnectivity graph for a random multivariate binary time series
having the same N (= 7) and tmax (= 3, 272) as those for the original data whose disconnectiv-
ity graph is shown in Fig 7(a). Due to the randomization, the disconnectivity graph in Fig 7(b)
has shorter branch lengths than the disconnectivity graph in Fig 7(a) in general. The maximal
branch length in Fig 7(b) is that of 𝛼𝛼𝛼′3 and equal to L = 0.125. Based on c = 103 random discon-
nectivity graphs, we obtained ⟨L⟩ = 0.0902 and std(L) = 0.0471. Therefore, ⟨L⟩ + 2 × std(L) =
0.184. The shortest branch of the empirical disconnectivity graph shown in Fig 7(a), which is
for 𝛼𝛼𝛼3, is shorter than 0.184. Therefore, we regard 𝛼𝛼𝛼3 as an insignificant local minimum and
prune it away.

If we have removed a local minimum according to this procedure, then we recompute the
branch length of the local minima affected by the removal. In Fig 7(a), removal of the branch
of 𝛼𝛼𝛼3 does not affect the branch length of any other local minima, especially because 𝛼𝛼𝛼4 and
𝛼𝛼𝛼5 merge before they merge 𝛼𝛼𝛼3. Therefore, there is no need to recompute any branch length.
After the possible recomputation, we repeat the above procedure. In other words, if the short-
est branch is shorter than ⟨L⟩ + 2 × std(L), we remove the branch and recompute the affected
branch lengths. For example, in Fig 7(a), we next remove the branch of 𝛼𝛼𝛼2 because it is shorter
than the threshold (i.e., 0.184). This removal changes the branch length for 𝛼𝛼𝛼1 from 0.814 to
1.082. Next, we remove the branch of 𝛼𝛼𝛼4, which increases the branch length for 𝛼𝛼𝛼5 from 0.761
to 0.902.

We repeat the procedure until the branches of all the surviving local minima are longer
than the threshold in the pruned disconnectivity graph. We refer to the surviving local min-
ima as major local minima. For example, for Fig 7(a), the final, pruned discoonnectivity
graph, shown in Fig 7(c), only consists of 𝛼𝛼𝛼1 and 𝛼𝛼𝛼5, which are the two major local minima.
This pruning algorithm also tells us how to associate each removed local minimum and its
basin to a major state. In Fig 7(c), 𝛼𝛼𝛼1, 𝛼𝛼𝛼2, and their basins constitute a major state represented
by 𝛼𝛼𝛼1. Similarly, 𝛼𝛼𝛼3, 𝛼𝛼𝛼4, 𝛼𝛼𝛼5, and their basins constitute a major state represented by 𝛼𝛼𝛼5.

There are two remarks. First, the threshold ⟨L⟩ + 2 × std(L) is arbitrary and probably too
generous. We test the significance of the branch length at most nm times, where we recall that
nm is the number of local minima. Therefore, one may want to set a more conservative thresh-
old, such as ⟨L⟩ + 3 × std(L) or one that explicitly carries out Bonferroni correction, to avoid
a potential multiple comparison problem. Second, one may want to use a different method to
generate random multivariate time series of the same size (i.e., N × tmax). In fact, it is a com-
mon practice to randomize the given time series, creating surrogate time series, then measure
a quantity to characterize time series, q, and compare the value of q with that for the origi-
nal time series to assess whether the q value for the original time series is statistically mean-
ingful [73,74]. We can implement such a procedure here, too. However, it should be noted
that time stamp shuffling (i.e., randomly permute the time stamps of {𝜎𝜎𝜎(1),… ,𝜎𝜎𝜎(tmax)} does
not work because the PMEM ignores the time order of the data. The PMEM estimated for
the original data and that estimated for the data after time stamp shuffling are exactly the
same.

3.2.3. Random-walk simulations. Once the PMEM is estimated, one can generate
random-walk trajectories on the hypercube to emulate the dynamics of the system’s state with
a high time resolution (because each step of the walk is only to the nearest neighbor on the
hypercube by definition) and for arbitrary long time [6,14,15]. We consider discrete-time ran-
dom walks for simplicity and construct them such that the moves from activity pattern 𝜎𝜎𝜎 to 𝜎𝜎𝜎′
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and vice versa respect the detailed balance condition, i.e.,

T𝜎𝜎𝜎→𝜎𝜎𝜎′
T𝜎𝜎𝜎′→𝜎𝜎𝜎

= eE(𝜎𝜎𝜎)–E(𝜎𝜎𝜎
′), (18)

where T𝜎𝜎𝜎→𝜎𝜎𝜎′ is the transition probability of the random walk from 𝜎𝜎𝜎 to 𝜎𝜎𝜎′. This detailed bal-
ance condition is a quantitative formulation of the already made claim that the movement
of the state uphill on the energy landscape is not much likely to occur, especially when the
energy barrier to be overcome to go to a different activity pattern is high. In this way, moves
from a high energy activity pattern to a low energy one are more likely than vice versa. How-
ever, the random walk is a stochastic process, so moves from a lower energy activity pat-
tern to a higher one do occur with some probability. Note that Eq (18) is consistent with the
stationary density given by Eq (6).

Random-walk simulations are useful for validation of the ELA. For example, we can cal-
culate the transition probability from a major state represented by a major local minimum 𝛼𝛼𝛼
to an adjacent major state represented by major local minimum 𝛼𝛼𝛼′, denoted by T(basin)𝛼𝛼𝛼→𝛼𝛼𝛼′ , from
both random-walk simulations and the given data. If these two numbers are drastically dif-
ferent, the ELA may not be a suitable method for the data. Such a discrepancy, if it exists, may
be because the transition probability in the given data is more complex than what the detailed
balance condition dictates. For example, if the probability of the move 𝜎𝜎𝜎→𝜎𝜎𝜎′ depends on
where the trajectory comes from to 𝜎𝜎𝜎, i.e., the last activity pattern before 𝜎𝜎𝜎, it should not be
fitted by the PMEM in principle. This is because the PMEM, hence ELA, does not assume
such a dependence. Alternatively, if the given data is too short, we may not observe suffi-
ciently many transitions from the basin of 𝛼𝛼𝛼 to that of 𝛼𝛼𝛼′ such that the statistical fluctuation
in T(basin)𝛼𝛼𝛼→𝛼𝛼𝛼′ estimated for the given data is too large.

A practical method to run random-walk simulations is a Markov chain Monte Carlo
method with the Metropolis-Hastings algorithm [75] (used in, e.g., [6]). In each discrete
time step, the random walker selects a neighbor, 𝜎𝜎𝜎′, of the currently visited node, 𝜎𝜎𝜎, with
equal probability 1/N. The walker actually moves from 𝜎𝜎𝜎 to 𝜎𝜎𝜎′ with probability T𝜎𝜎𝜎→𝜎𝜎𝜎′ =
min{1, eE(𝜎𝜎𝜎)–E(𝜎𝜎𝜎

′)}. Otherwise, the walker does not move. We remark that, if one prefers,
main features of the random walk such as the dwell time and transition probabilities, includ-
ing those between basins, can be theoretically calculated without running simulations [76].
This is because the complete transition probability matrix of the random walk on the hyper-
cube with 2N nodes is available once the PMEM is estimated.

3.2.4. Test-retest reliability. If ELA is reliable, the energy landscape constructed from the
data collected in one day should be similar to that on another day unless the system has suf-
ficiently changed between the two days. Otherwise, we cannot trust the constructed energy
landscapes even if the accuracy of the fit values are high. We recently developed a statisti-
cal test of test-retest reliability for experimental designs where data are collected in multiple
sessions from each participant of the experiment and over multiple participants [32]. The
main idea is to compare two energy landscapes constructed from two disjoint sets of ses-
sions from the same participant, called the within-participant comparison, and two energy
landscapes constructed from different participants, called the between-participant compari-
son. If ELA is reliable, the within-participant comparison should yield a smaller discrepancy
score than the between-participant comparison, which we operationalized. Because one ses-
sion is often too short to yield a high accuracy of fit, we built the above procedure to also work
when one estimates each energy landscape from data pooled across sessions. In other words,
a within-participant comparison is made between two energy landscapes from the same par-
ticipant, with each energy landscape being built from m̃ sessions from the same participant.
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Then, we need at least 2m̃ sessions of data from the same participant. The obtained within-
participant comparison result is to be contrasted with the between-participant comparison,
which consists in comparing the energy landscape constructed from m̃ sessions from m̃ par-
ticipants, one session from each participant, and that constructed from m̃ sessions from other
m̃ participants.

3.3. Challenges
We recognize two main difficulties in the original ELA.

First, ELA is data-hungry. If we aim at maintaining a high accuracy of fit of the PMEM,
we roughly need to increase the data length, tmax, twice as we add one variable (i.e., as we
increase N by 1). Therefore, tmax needed increases exponentially in terms of N, i.e., in propor-
tion to 2N [54]. Then, if we seriously take the accuracy, one cannot go beyond approximately
N = 10 or N = 15, depending on tmax of the data, while ignoring the fitting accuracy to conduct
a large-scale ELA (e.g., see Section 3.1) is a methodological choice.

For this reason, in neuroimaging data analysis, in which the ELA has been most intensively
used, it is customary to pool data from different participants in the experiment to enhance
the size of the data. A typical approach is to pool data across participants in a control group
and run an ELA, estimating just one energy landscape. Then, we do the same for a set of par-
ticipants in a treatment group (such as those receiving the same diagnosis) and compare the
results between the two groups. This procedure ameliorates the data length issue at a cost: the
data from different participants in either group may not be as homogeneous as that from a
single participant. If the participants within a group are too heterogeneous, then estimating a
common ELA from the pooled data may not be justified.

Note that, when pooling data, we may need to use different threshold values, 𝜃i, for bina-
rizing xi(t) for different participants. For example, assume that one participant, denoted by
p1, tends to have a large xi(t). We also assume that a different participant classified to the
same group, denoted by p2, tends to have a small xi(t). Then, if we use 𝜃i shared by everybody
in the group, xi(t) from p1 tends to yield 𝜎i(t) = 1 and xi(t) from p2 tends to yield 𝜎i(t) = –1.
However, this is not what ELA intends to do; ELA intends to analyze the system’s dynamics
for each participant under the assumption that the dynamics are similar among the partici-
pants in the same group. A common method to evade this situation is to set 𝜃i separately for
different participants such that, for example, the fraction of 𝜎i(t) = –1 and that of 𝜎i(t) = 1 are
approximately the same (i.e., 50%) for each participant (e.g., [17,32]).

Second, binarization implies loss of information contained in the original multivariate
time series data. If the original time series data for each variable, {xi(1),… , xi(tmax)}, shows
bimodality, binarization is better justified. However, bimodal distributions of a time series are
not frequently found in many domains. Despite the apparent loss of information by binariza-
tion, the ELA has been successful in many studies. The reason for this is unknown.

In the next two sections, we introduce two methods that expand the original ELA to
address these problems.

3.4. Variational Bayes approximation method
Consider a collection of multivariate time series data from different participants in the same
experiment. We assume that these participants belong to the same group (e.g., people with
a particular psychiatric disorder). It is typical that the data from a single participant is not
long enough to be able to estimate the PMEM with a high accuracy. If we pool the data across
all the participants in the group, the combined data may be sufficiently long, but we may
suffer from heterogeneity in the data among the different participants, as we discussed in
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Section 3.3. Because the PMEM implicitly assumes that observed data points, no matter
whether they come from the same participant or different participants, are drawn indepen-
dently from the same distribution, such a heterogeneity, which may be better modeled by
a participant-dependent distribution of data, is undesirable. In this situation, a variational
Bayes approximation method [20,21] enables us to estimate the PMEM, and hence the energy
landscape, separately for each participant while benefiting from some commonality that the
participants in the same group have. Core steps of this Bayesian method are as follows.

Assume that there are D multivariate time series data (such as those from D participants)
belonging to the group. This method uses a prior distribution of the PMEM parameters spe-
cific to each time series data in the group (referred to as “series” for short in the remainder of
this section), denoted by

𝜃𝜃𝜃D′ = (𝜃D′1,… ,𝜃D′M)≡ (h1,h2,… ,hN, J12, J13,… , JN–1,N)∈ℝM (19)

for the D′th series, where D′ ∈ {1,… ,D}, and M≡N(N + 1)/2 is the number of parameters of
the PMEM. We set the prior distribution of

Θ = [𝜃𝜃𝜃1,… ,𝜃𝜃𝜃D] (20)

to

p(Θ|𝜂𝜂𝜂, 𝛼̃̃𝛼̃𝛼) =
D
∏
D′=1

M
∏
M′=1

p(𝜃D′M′ |N (𝜂M′ , 1/𝛼̃M′)), (21)

where p(x|N (𝜇,𝜎2)) represents the probability density of x obeying the one-dimensional
normal distribution with mean 𝜇 and variance 𝜎2. Here, 𝜂𝜂𝜂 = (𝜂1,… ,𝜂M)⊤ ∈ℝM is the prior
mean vector, 𝛼̃̃𝛼̃𝛼 = (𝛼̃1,… , 𝛼̃M)⊤ ∈ℝM

+ is the prior precision vector, and ⊤ represents transpo-
sition. Equation (21) implies that the data from the D series are mutually independent.

It is intractable to derive the posterior distribution of Θ because the normal distribution is
not a conjugate prior for the Boltzmann distribution. Therefore, we use a variational approxi-
mation to the posterior distribution [77] using the normal distribution as follows:

q(Θ|S ,𝜂𝜂𝜂, 𝛼̃̃𝛼̃𝛼) =
D
∏
D′=1

M
∏
M′=1

p(𝜃D′M′ |N (𝜇D′M′ , 1/𝛽D′M′)), (22)

where q is the posterior distribution, and S is the set of the data from all the D series.
We denote the posterior mean vector and the posterior precision vector for the D′th series

by 𝜇𝜇𝜇D′ = (𝜇D′1,… ,𝜇D′M)⊤ ∈ℝM and 𝛽𝛽𝛽D′ = (𝛽D′1,… ,𝛽D′M)⊤ ∈ℝM
+ , respectively. One obtains

the variational approximate solution for q by optimizing the evidence lower bound (ELBO),
which is also called the free energy [20,21]. By maximizing the free energy with respect to q,
we calculate the posterior quantities for each D′th series, 𝜇𝜇𝜇D′ and 𝛽𝛽𝛽D′ , from the prior mean
vector 𝜂𝜂𝜂 = (𝜂1,… ,𝜂M)⊤ and the prior precision vector 𝛼̃̃𝛼̃𝛼 = (𝛼̃1,… , 𝛼̃M)⊤ as follows:

𝜇𝜇𝜇D′ = 𝜂𝜂𝜂 + tmax𝔸–1
𝜂𝜂𝜂,𝛼̃̃𝛼̃𝛼(⟨ ̄𝜎 ̄𝜎̄𝜎⟩data,D′ – ⟨ ̄𝜎 ̄𝜎̄𝜎⟩𝜂𝜂𝜂), (23)

𝛽𝛽𝛽D′ = 𝛼̃̃𝛼̃𝛼 + tmaxc𝜂𝜂𝜂 , (24)

where

𝔸𝜂𝜂𝜂,𝛼̃̃𝛼̃𝛼 = diag(𝛼̃̃𝛼̃𝛼) + tmaxC𝜂𝜂𝜂 , (25)
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is an M × M matrix, and diag(⋅) represents the diagonal matrix whose entries are given by the
arguments. In Eq (23),

⟨ ̄𝜎 ̄𝜎̄𝜎⟩data,D′ ≡ (⟨𝜎1⟩data,D′ ,… , ⟨𝜎N⟩data,D′ , ⟨𝜎1𝜎2⟩data,D′ , ⟨𝜎1𝜎3⟩data,D′ ,… , ⟨𝜎N–1𝜎N⟩data,D′)⊤ (26)

is the vector composed of the mean activity of the individual variables and the mean pairwise
joint activities of the data; vector ⟨ ̄𝜎 ̄𝜎̄𝜎⟩𝜂𝜂𝜂 is the model mean of

̄𝜎 ̄𝜎̄𝜎 ≡ (𝜎1,… ,𝜎N,𝜎1𝜎2,𝜎1𝜎3,… ,𝜎N–1𝜎N)⊤ (27)

when the PMEM parameters (h1,… ,hN, J12, J13,… , JN–1,N) are given by 𝜂𝜂𝜂; matrix C𝜂𝜂𝜂 is the
M × M covariance matrix of ̄𝜎 ̄𝜎̄𝜎 when the PMEM parameters are 𝜂𝜂𝜂. In Eq (24), c𝜂𝜂𝜂 is the vector
composed of the diagonal entries of C𝜂𝜂𝜂 . In other words, the ith entry of c𝜂𝜂𝜂 is the variance of
the ith entry of ̄𝜎 ̄𝜎̄𝜎 given PMEM parameters 𝜂𝜂𝜂.

Now, we fix q and maximize the free energy with respect to 𝜂𝜂𝜂 and 𝛼̃̃𝛼̃𝛼 to obtain the updating
rules for 𝜂𝜂𝜂 and 𝛼̃̃𝛼̃𝛼 as follows:

𝜂M′ = 1
D

D
∑
D′=1

𝜇D′M′ , (28)

𝛼̃M′ =
⎡⎢⎢⎢⎢⎣

1
D

D
∑
D′=1
{(𝜇D′M′ – 𝜂M′)2 + 1

𝛽D′M′
}
⎤⎥⎥⎥⎥⎦

–1

, (29)

where M′ ∈ {1,… ,M}.
Thus, we have updated the posterior distribution 𝜃D′M′ ∼N (𝜇D′M′ , 1/𝛽D′M′), D′ ∈

{1,… ,D}, M′ ∈ {1,… ,M} using the prior distribution 𝜃D′M′ ∼N (𝜂M′ , 1/𝛼̃M′), and then
updated the prior distribution using the obtained posterior distribution. These operations
constitute one cycle of the algorithm. The steps of the variational Bayes approximation
method are as follows:

1. Initialize the hyperparameters by independently drawing each 𝜂M′ (with M′ ∈
{1,… ,M}) from the normal distribution with mean 0 and standard deviation 0.1.
We also set the first N entries of the prior precision vector 𝛼̃̃𝛼̃𝛼, corresponding to hi, i∈
{1,… ,N}, to 6, and set the remaining M–N entries of 𝛼̃̃𝛼̃𝛼, corresponding to Jij (with 1 ≤
i < j ≤N), to 30. These values are used in [20,21] and their accompanying code.

2. Calculate the posterior mean vector, 𝜇𝜇𝜇D′ , and the posterior precision vector, 𝛽𝛽𝛽D′ , for
each D′ ∈ {1,… ,D} using Eqs (23) and (24).

3. Update the prior mean vector, 𝜂𝜂𝜂, and the prior precision vector, 𝛼𝛼𝛼, using Eqs (28) and
(29).

4. If ∣ ELBO(iter)
ELBO(iter–1) – 1∣ < 10–8, we stop iterating steps 2 and 3. Otherwise, we return to step 2.

Here, ELBO(iter) represents the ELBO value after ‘iter’ iterations.

3.5. Clustering and Markovian approaches
An attempt to mitigate possible loss of information by binarizing the originally contin-
uous signal is to dichotomize the original signal into a larger number of discrete values.
However, this idea does not help much. For example, using ternary activity for each vari-
able (i.e., 𝜎i(t)∈ {–1, 0, 1}) did not enhance the accuracy of fit in one study [13]. This is
presumably because, by introducing a larger number of discrete activity levels for each
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variable, we have less samples (i.e., time points in the case of time series) in each activ-
ity pattern. If there are three activity levels per variable, there are 3N possible activity pat-
terns as opposed to 2N. If many of the 3N possible activity patterns are never visited by the
data or their counts are close to 0, the estimation of the corresponding PMEM may not be
accurate.

Another strategy is to fit a different model than the PMEM to try to realize the same goal
as the ELA. The main goals of ELA are to identify a small number of major states from the
multivariate time series data in a data-driven manner and to interpret the time series as a
journey from one identified major state to another and further.

One simple alternative to the ELA along this idea is to cluster the tmax data points inℝN

using any clustering algorithm and regard each cluster as a major state [78–82]. In the EEG
data analysis for the brain, such clustering analysis, or more sophisticated versions of this, is
known as microstate analysis [83,84]. Application of various conventional clustering meth-
ods used in microstate analysis to fMRI data has shown that, in terms of various features, the
test-retest reliability of conventional clustering methods is not particularly behind the ELA
on the same data sets [82]. This result is encouraging because the clustering methods avoid
dichotomization of data. Furthermore, one can carry out many (albeit not all) measurements
of energy landscapes also for clustering analysis. For example, one can count the transitions
from one cluster to another and compute the dwell time in each cluster. If transitions from
cluster C to cluster C′ and vice versa are considerably rarer than typical cluster-to-cluster tran-
sitions, one can make an analogue to ELA to regard that C and C′ are separated by a high
energy barrier.

Hidden Markov models (HMMs) applied to multivariate time series share the goal of cap-
turing the given data as transitory dynamics among discrete states. They see applications to,
e.g., neuroimaging data [80,85,86]. The rate of transition from one state to another particular
state and the dwell time in each state, for example, are features the original time series data as
in the case of the conventional clustering algorithms. A key difference between the HMM and
the conventional clustering is that the HMM assumes that the state transition rate depends on
the currently visited state, whereas the conventional clustering approach does not. The HMM
explicitly estimates the state transition rate for each pair of states. In contrast, in the cluster-
ing approach, one only estimates discrete clusters, or states, without looking at dynamics of
the time series data. Then, one calculates the state transition rate as the normalized number of
the state transitions (e.g., from state i to j) present in the data.

The ELA, or PMEM, is closer to the conventional clustering approach than to the HMM in
this aspect. In estimating the PMEM from data, only the equilibrium distribution of the data
is fitted, similar to conventional clustering. With the PMEM, one does not fit the state transi-
tion rate from each particular state to another. The state transition rates in the case of ELA are
determined by the detailed balance condition (i.e., Eq (18)) and the structure of the estimated
disconnectivity graph.

It may sound that the HMM is better than conventional clustering and the ELA because
the HMM allows the explicit estimation of the individual state-transition rates dependent on
the current state. However, the HMM usually has more parameters to be estimated, due to the
state-dependent state-transition rate parameters, at least than clustering analyses. Therefore, if
the given data are relatively short or the number of variables is large, it may be better to give
up the HMM to run for conventional clustering or ELA. In addition, poor temporal resolu-
tion and strong autocorrelation of the data may also make the estimation of state-transition
rates in the HMM difficult.
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4. Software
We are aware of the following open-resource code packages for ELA and the related methods
introduced in this article.

The energy landscape analysis toolbox (ELAT), accompanying a review paper [54], is a
MATLAB package with a graphical user interface [87]. It can estimate the PMEM from data,
compute the accuracy of fit, basin graphs in two and three dimensions (the three-dimensional
version shows the energy value of each activity pattern on the vertical axis), disconnectivity
graph, list of activity patterns at each local minimum (each being an N-dimensional binary
vector, as in the gray-white vectors shown in Fig 7), time series of the activity pattern, time
series of the basin ID to which the activity pattern at each time belongs, and some features of
the constructed energy landscape. The code accompanying an MEG study [39] is provided in
MATLAB [88]. It uses ELAT and provides analyses complementary to ELAT such as calcula-
tion of the best threshold for binarization and a boostraping for statistical analysis of energy
values. A Python implementation of ELAT is available [89] as an accompaniment of [43].
Code for carrying out ELA is also available by other authors in R [90] and Mathematica [91],
as an accompaniment of [44]. The code accompanying an EEG study [36] is also written R
and capable of estimating the PMEM by pseudo-likelihood maximization and carrying out
ELA [92].

The code accompanying [20] is written in R and provides PMEM estimation by the stan-
dard maximum likelihood and Bayesian methods [93]. The code accompanying [32] is pro-
vided mostly in MATLAB and partly in R [94]. It allows us to estimate the standard PMEM,
calculate significant local minima, run the variational Bayes method, and run test-retest reli-
ability analyses. The code accompanying [19] is provided in MATLAB [95]. It also allows
us to estimate the standard PMEM and provides part of code for the phase diagram meth-
ods explained in Section 3.1. Code for clustering-based estimation of discrete states as an
analogue of ELA (see Section 3.5) is available [96] as an accompaniment of [82].

5. Applications
In this section, we showcase some applications of ELA.

In our first application, we studied energy landscapes of fMRI data obtained from healthy
humans undergoing a visual bistable perception task [6]. We used N = 7 biologically informed
locations in the brain, called regions of interest (ROI), as variables for constructing the
PMEM. We constructed a single energy landscape from the fMRI data during the task. For
the data pooled across the participants, we found ten local maxima and three heuristically
determined major local maxima. In general, by inspecting the activity pattern at each major
local minimum, one can see which ROI is relatively active (i.e., 𝜎i(t) = 1) or inactive (i.e.,
𝜎i(t) = –1), based on which one can biologically characterize the major local minima. One
major state was an aggregation of five local minima and their basins, and we named this major
state the frontal-area state because the ROIs in the frontal area of the brain were active at the
major local minimum defining this major state. Likewise, the visual-area state was composed
of two other local minima and their basins. The visual-area state is complementary to the
frontal-area state in that the ROIs active in the former are inactive in the latter and vice versa.
The third major state, named the intermediate state, contained three local minima. These
three major states remained the same for the PMEM separately estimated for the data from
each single participant. In the bistable visual perception task, the participants were asked to
watch a set of moving dots on the screen, which allows bistable perception (i.e., either of the
two directions of the apparently moving sphere composed of dots). The participants reported
whenever their subjective perception spontaneously switched from one direction to the other.
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The main result was that participants with a larger basin size of the frontal-area state tended
to have a shorter duration of the percept (i.e., how long the participant perceives one direc-
tion of motion of the visual stimulus before it subjectively switches to the other direction).
In contrast, a larger basin size of the visual-area state tended to yield a longer duration of the
percept. In this manner, we found an association between behavior (i.e., the median duration
of the percept) and brain dynamics revealed by ELA (i.e., basin sizes), as schematically shown
in Fig 3(g).

ELA also succeeded in identifying atypical brain mechanisms underlying prevalent neu-
ropsychiatric conditions. One study on autism spectrum disorder (ASD) using fMRI data
found that both high-functioning ASD adults and control individuals exhibited similar energy
landscapes with the same two major states, each composed of two local minima that were the
same between the ASD and control groups. The ASD adults showed atypically reduced indi-
rect transitions between the two major states that went through one of the two local minima
not belonging to a major state [14]. In particular, this specific transition frequency was so
closely correlated with the severity of the ASD symptoms that it could be used for accurate
diagnosis of autism. In a similar manner, another resting-state fMRI study showed that atten-
tion deficit hyperactivity disorder (ADHD) is characterized by atypical increases in overall
transition probabilities between basins of local minima [29].

Multistability is often present in the composition of multispecies ecosystems, and different
compositions may have different impacts on biodiversity, resistance to infection, and other
functions. Suzuki et al. was among the first to apply the ELA based on the Ising model to out-
side neuroscience [44]. They analyzed gut microbiota data obtained from feces of the same
six mice over the course of 72 weeks. They collected 18 data points per mouse, totaling 18
× 6 = 108 data points in each week in which the measurement was made. They tracked the
changes in the energy landscape on N = 8 variables, which were the binarized abundance of
bacterial species, as the mice aged. They found that the energy at the local minima gradu-
ally decreased (i.e., the local minima became more frequent) over the age and that the energy
barrier between the two local minima with the smallest energy also decreased, making the
transition between them easier for older mice.

6. Outlook
We have provided a tutorial of ELA based on the Ising model, with an emphasis on concepts
and steps that are often confusing to users. We conclude this article by stating some possible
directions for future research.

The problem of the data length, tmax, is inherent in the ELA because tmax required for a
given accuracy seems to scale with 2N [54]. Given this situation, effectiveness of the Bayesian
methods (Section 3.4), which tactically combines the strength of pooling of the data across
many time series to earn an effective tmax and enable estimation of the Ising model for each
time series, should be further investigated. Possible research includes applications to other
data sets and developments of other variants of Bayes approximation methods. In a broader
context, transfer learning for the PMEM [97,98] may help mitigate the data paucity problem.
In particular, pooling of different data sets (e.g., similar data obtained from experiments car-
ried out by different research groups) as well as pooling of different time series data within
one data set may worth pursuing.

We provided a list of existing applications of the ELA in the introduction section. While
ELA has been progressively used in other domains, most applications so far have been to neu-
roscience data, especially fMRI data, presumably reflecting the history of the method. How-
ever, we emphasize that the ELA is completely domain-general and can be applicable to any
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multivariate time series data as long as there are at least about seven variables (i.e., N ≥ 7)
and tmax is large enough to justify the choice of N. Because of the binarization step, ELA may
be particularly useful when each variable shows a bimodal distribution over time, such as
expression of some genes [99–102]. In fact, the fitting of the Ising model to neuronal spiking
data [7–12], which preceded the ELA based on the Ising model, benefited from the observa-
tion that a neuron’s state is approximately binary in the sense that it either spikes or it does
not at any given time. With this remark in mind, applications of ELA to unforeseen types of
multivariate time series data would be exciting.

In Section 3.1, we introduced a phase diagram analysis, which enables us to qualitatively
tell properties of the given data set. If the system generating the observed time series data is
changing on a slow timescale, which may be due to the environmental change (i.e., gradual
pollution of an ecosystem) or the internal changes of the system (e.g., aging of the partici-
pant), the energy landscape of the system may transit from one phase to another (e.g, from
the paramagnetic to spin-glass phase) on a slow timescale. A related challenge is to find early
warning signals for large regime shifts of the system, which may occur as a result of bifur-
cations of the dynamical system underlying the data or for different reasons. Popular early
warning signals include the sample variance and the decay rate of the sample autocorrela-
tion function obtained from the observed time series, which would increase as the system
approaches a bifurcation point [103–107]. A large regime shift that one wants to anticipate
may correspond to a mass extinction of species in an ecosystem or a rapid progression of a
disease in a human individual. From an energy landscape perspective, these methods usu-
ally assume that a large regime shift occurs when a local minimum in which the system’s state
is currently sitting is lost via the diminishment of the energy barrier between the currently
visited basin and a neighboring basin; see Fig 1 in [103], Figs 2 and 3 in [104], and Box 1 in
[106] for schematics. Then, the regime shift corresponds to the movement of the system’s state
from the current basin to the neighboring basin. Cross-fertilization of ELA and early warning
signal research may be interesting.

ELA is not only a powerful tool for inferring and interpreting brain state dynamics but
also for modifying neural dynamics and relevant behaviors. A recent study has developed a
non-invasive closed-loop neural stimulation system using transcranial magnetic stimulation
(TMS) and demonstrated that one can modify the height of a specific energy barrier and con-
trol the dynamics of perceptual consciousness in humans [37]. Also see [38]. Such interven-
tion methods should be useful when we know desirable versus undesirable energy landscapes
or when we can measure the effect of changing the energy landscape. While the TMS is con-
sidered to locally change hi and hence 𝜎i for nodes i in the region of the brain affected by the
TMS, other types of intervention, especially those that changes the connectivity between spe-
cific pairs of nodes, may be possible depending on the system [108]. Simulation studies are
expected to be useful for understanding specificity of intervention [16,18,108]. Further studies
along this line, including applications outside neuroimaging, are warranted.
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