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Abstract

The autologistic actor attribute model (ALAAM) is a model for social influence, derived from

the more widely known exponential-family random graph model (ERGM). ALAAMs can be

used to estimate parameters corresponding to multiple forms of social contagion associated

with network structure and actor covariates. This work introduces ALAAMEE, open-source

Python software for estimation, simulation, and goodness-of-fit testing for ALAAM models.

ALAAMEE implements both the stochastic approximation and equilibrium expectation (EE)

algorithms for ALAAM parameter estimation, including estimation from snowball sampled

network data. It implements data structures and statistics for undirected, directed, and bipar-

tite networks. We use a simulation study to assess the accuracy of the EE algorithm for

ALAAM parameter estimation and statistical inference, and demonstrate the use of ALAA-

MEE with empirical examples using both small (fewer than 100 nodes) and large (more than

10 000 nodes) networks.

Author summary

If we observe a social network, along with some attributes of the actors within it, including

an opinion, behaviour, or belief (we will call this the outcome attribute) that we might sup-

pose to be socially contagious, how might we test this supposition? The situation is compli-

cated by the fact that, if the outcome attribute is indeed socially contagious, then its value

for one actor will depend on its value for that actor’s network neighbours (friends, for

instance). Even further complexity arises if we suppose that the outcome is not simply con-

tagious like a disease, where it is likely to be transmitted from a single network neighbour,

but its adoption might instead depend on particular patterns of adoption of the outcome

attribute in the local network structure surrounding an actor. The “autologistic actor attri-

bute model” (ALAAM) is a statistical model that, unlike some better-known models, can

handle such situations. In this work we describe open-source software called ALAAMEE

that implements this model, and demonstrate its use on both small and large networks.
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Introduction

Social contagion is a form of social influence supported by social contact. Specifically, it is the

process whereby actors in a social network adopt the attitudes, opinions, behaviours, or beliefs

(which we refer to generically as outcome attributes here) of their network neighbours. This

process may also be known as diffusion, one possible result of what is known in economics as

peer effects [1]. One source of complexity in social networks and diffusion on them is that this

process results in autocorrelation in such outcome variables. That is, the outcome variable is

correlated across connected network nodes. Such processes are therefore often inferred from

observed data with the network autocorrelation model [2–7], in which a parameter associated

with network contagion is estimated.

Unlike a “simple contagion”, such as, for example, disease, or diffusion of information, in

which a single tie to a network neighbour with the outcome in question is likely sufficient for

transmission, a “complex contagion” [8] may require a certain threshold of an actor’s network

neighbours to adopt a behaviour before that actor is influenced to do so [9–11]. Such a process

results in an even more complex relationship between network structure, other attributes of

the actors in the network, and the outcome variable [6, 12, 13].

The autologistic actor attribute model (ALAAM) is a model for social contagion which

allows for such complexity. Unlike the more widely known network autocorrelation model, in

which social contagion is associated with a single parameter [4, 7], the ALAAM can be used to

estimate parameters corresponding to multiple mechanisms of social contagion associated

with more complex relationships between network structure, the outcome variable, and other

actor attributes. This is discussed further in Stivala et al. [14], and the dependency assumptions

and the types of terms these allow in the ALAAM are discussed in Daraganova [15] and Koski-

nen & Daraganova [16].

Originally introduced by Robins et al. [17], the ALAAM is a variant of the exponential-fam-

ily random graph model (ERGM) for social networks [15, 18–23]. As such, the ALAAM is a

cross-sectional model: given a single observation of the social network and the outcome attri-

bute (assumed to be binary in the ALAAM) which is hypothesized to be socially contagious,

the model is used to estimate parameters relating to this contagion. In the ALAAM, the net-

work is assumed to be fixed (exogenous), and the binary outcome variable is modeled (the var-

iable is endogenous). This in contrast to the ERGM, in which the tie variables are modeled (tie

formation is an endogenous process), based on fixed actor attributes. Note that the outcome

(binary) attribute of an actor in the ALAAM is allowed to depend on its values for other actors

connected to it in the social network, hence the “autologistic” in the name.

ALAAMs can also be estimated for network data obtained via snowball sampling [14, 15,

19, 24]. For a recent introduction and review of ALAAM usage, see Parker, Pallotti, & Lomi

[25], and for a comprehensive survey of ALAAM applications, Stivala [26].

The most commonly used software for ALAAM modeling is the IPNet Windows applica-

tion [27], or its successor, the Windows application MPNet [28, 29], which allows for ERGM

and ALAAM modeling with undirected, directed, bipartite, and multilevel networks. Note that

the widely-used R package statnet [30–34] for ERGM modeling, does not implement ALAAM.

Although, as noted in Barnes et al. [35], an ALAAM can be considered as an ERGM for a two-

mode network, with the N nodes of one mode representing the actors, and a tie from an actor

to the single node of the other mode representing that actor having the outcome attribute,

with the observed N node social network as a fixed covariate. And hence this could be imple-

mented as a statnet ergm model, but whether or not it is practical is another question. This

conception of an ALAAM could also be a way of implementing a multivariate ALAAM, by

having more than one “outcome” node.
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The exponential-family random network model (ERNM), a generalization of the ERGM

and ALAAM, which models both social selection and social contagion simultaneously [36–38]

is implemented using statnet. The only other publicly available code for ALAAM modeling is

the R code for estimating Bayesian ALAAMs described by Koskinen & Daraganova [16].

These existing implementations are limited, both by the algorithms implemented and

details of their implementation, in the size of the networks on which they can practically be

used. Therefore, in order to be able use ALAAMs with large (tens of thousands of nodes or

more) networks, such as, for example, those that can be collected from online social network

data, an alternative is required.

This paper describes one such alternative, ALAAMEE, open-source Python code for

ALAAM parameter estimation, simulation, and goodness-of-fit testing. The ALAAMEE soft-

ware implements the same stochastic approximation algorithm for ALAAM parameter estima-

tion as IPNet and MPNet do [39], which is practical for networks of the order of thousands, or

in some cases tens of thousands, of nodes in size or smaller. For larger networks, it also imple-

ments the “equilibrium expectation” (EE) algorithm [40–42], which has previously been used

for estimating ERGM parameters for very large networks [41, 43–45]. Because it implements

both the stochastic approximation and EE algorithms, the ALAAMEE software can be used to

estimate ALAAM models for both small and large (tens of thousands of nodes or more) net-

works. It is not practical to do the latter with existing software, and hence ALAAMEE extends

the range of network data for which ALAAMs are a practical modeling choice.

The autologistic actor attribute model (ALAAM)

The ALAAM, modeling the probability of outcome attribute Y (taking the form of a binary

vector y) given the network X (a matrix of binary tie variables) can be expressed as [19]:

PryðY ¼ yjX ¼ xÞ ¼
1

kðyÞ
exp

X

I

yIzIðy; x;wÞ

 !

ð1Þ

where θI is the parameter corresponding to the network-attribute statistic zI, in which the

“configuration” I is defined by a combination of dependent (outcome) attribute variables y,

network variables x, and actor covariates w, and κ(θ) is the normalizing quantity which

ensures a proper probability distribution.

Just as for ERGM, parameter estimation for ALAAM is a computationally intractable prob-

lem, and so the maximum likelihood estimate (MLE) of the ALAAM parameters is found

using Markov chain Monte Carlo (MCMC) methods (see Hunter et al. [46] for an overview in

the ERGM context).

The sign and significance of the ALAAM parameters θI support inferences about the statis-

tical relationship between the corresponding configurations zI(y, x, w) and the outcome attri-

bute binary vector y, each conditional on all the other effects included in the model.

For example, consider the frequently used contagion effect, using an undirected network

for simplicity. The statistic for contagion is the number of pairs of directly connected nodes, i
and j (i 6¼ j) where xij = 1, in which both nodes have the outcome attribute yi = yj = 1 (see Fig

1). If the contagion parameter (that is, the parameter corresponding to the contagion statistic

just defined) is found to be positive and significant, this means the contagion configuration (a

directly connected pair of nodes both with the outcome attribute) occurs more frequently than

expected by chance, given all the other effects included in the model. So there is a statistically

significant correlation between a pair of nodes being directly connected, and both having the

outcome attribute (conditional on the other effects in the model).
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Fig 1. Configurations used in ALAAMs for undirected networks.

https://doi.org/10.1371/journal.pcsy.0000021.g001
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The distinction between the ERGM and the ALAAM arises from the assumptions and

hypotheses behind the model. In the ERGM, modeling tie formation, we might hypothesize

that having the same attribute value affects (increases, for homophily) the probability of a tie

between two nodes, and test for this. In the ALAAM, modeling the outcome attribute, we

might hypothesize that having a network tie affects (increases, for contagion) the probability

that both nodes will have the outcome attribute. More generally, the difference between the

ERGM and the ALAAM reflects the distinction introduced by Borgatti & Halgin [47] between

theories of networks and network theories. The former concern the possible antecedents of

network ties. The latter concern the potential outcomes of network ties. Distinguishing homo-

phily and contagion in an observational network study is in general a difficult problem [48],

and ALAAM parameters indicate only (auto -)correlation, not causation.

Once parameters for an ALAAM model of an observed network and outcome binary attri-

bute have been estimated, these can be used to simulate, again using MCMC, a set of outcome

binary vectors from the model. These simulated outcome attributes can be used for goodness-

of-fit testing and model evaluation. For further explanation and examples, see Parker, Pallotti,

& Lomi [25].

Sampling from the ALAAM distribution

Simulating outcome attribute vectors from a model specified by a parameter vector θ requires

drawing from the ALAAM distribution defined by Eq (1). Drawing from this distribution is

also necessary for the estimation algorithms (described in the following section). Due to the

intractable normalizing constant κ(θ) in Eq (1), the Metropolis–Hastings algorithm is used for

this purpose. This MCMC algorithm proposes transitions from the current outcome binary

vector y to a proposed vector y0 with acceptance probability

pa ¼ min 1;
qðy0 ! yÞPryðY ¼ y0jX ¼ xÞ
qðy! y0ÞPryðY ¼ yjX ¼ xÞ

� �

ð2Þ

¼ min 1;
qðy0 ! yÞ
qðy! y0Þ

exp
X

I

yIdIðy; x;wÞ

 !( )

ð3Þ

where q is the proposal distribution and δI(y, x, w) = zI(y0, x, w) − zI(y, x, w) is the change statis-

tic [46, 49, 50] corresponding to the statistic zI for each configuration I in the model. Note that

this means that only these change statistics δ need to be computed, rather than the statistics z
themselves.

If the proposal distribution is symmetric, that is q(y0 ! y) = q(y! y0), then Eq (3) can be

simplified to

pa ¼ min 1; exp
X

I

yIdIðy; x;wÞ

 !( )

ð4Þ

and this is an instance of the Metropolis, rather than the more general Metropolis–Hastings,

algorithm.

The simplest choice of proposal, which we refer to as the basic ALAAM sampler, is to

choose a node uniformly at random and toggle its outcome attribute value, that is, change it to

1 if it was 0, and to 0 if it was 1. In the former case the change statistic is δI(y, x, w) and in the

latter case it is −δI(y, x, w). This proposal distribution is symmetric and so the simplified

Metropolis acceptance probability, Eq (4), can be used.
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In the case of ERGMs, the analogous basic sampler (toggling a dyad) often results in very

low acceptance rates, due to the sparsity of the network, and more efficient samplers (with

asymmetric proposal distributions) such as the TNT (“tie / no tie”) sampler [51] or IFD

(improved fixed density) sampler [40] are frequently used. In the case of ALAAM, however,

the frequency (density or incidence) of the outcome variable is typically orders of magnitude

higher the graph density of a sparse graph such as those to which ERGMs are usually applied,

and so more advanced samplers are not necessary. We implemented an ALAAM analogue of

the TNT sampler, the ZOO (“zero or one”) sampler, but found that it had little or no practical

application (it did not speed up the process of sampling from the ALAAM distribution). The

basic ALAAM sampler is used for all experiments and examples in this work.

Estimation algorithms

Stochastic approximation (SA)

Stochastic approximation of ERGM parameters using the Robbins–Monro algorithm [52] is

described in detail in Snijders [39], and recapitulated more briefly in Koskinen & Snijders [53]

and very briefly in Hunter et al. [46]. Here we briefly describe this algorithm and its applica-

tion to the estimation of ALAAM parameters. As this is a relatively straightforward application

of the same algorithm in a slightly different context, the preceding references can referred to

for further detail.

The aim of the algorithm is to find the MLE of the parameter vector θ, which solves

ry log PryðY ¼ yÞ ¼ zðyÞ � EyðzðYÞÞ ¼ 0 ð5Þ

whererθ log Prθ(Y = y) is the gradient of the log-likelihood log Prθ(Y = y) [46] (but note here

Y and y are random binary outcome attribute vectors and instances of binary outcome attri-

bute vectors, respectively, not matrices of tie variables as used in ERGM). That is, we aim to

find the parameter vector θ such that Eθ(z(Y)), the expected value of the statistics with respect

to the probability distribution (1), is equal to the observed statistics z(y) = z(yobs) = zobs.

The SA algorithm to do this consists of three phases. Phase 1 estimates the covariance

matrix based on a small number of samples M sampled from the ALAAM distribution at the

initial parameter value θ(0) as

D ¼
1

M
UTU ð6Þ

where U is a matrix such that each row Ui;� ¼ Zi;� � �z where Z is a matrix where each row is

the vector of statistics for a sample and �z is the vector of mean statistics over the M samples.

We use M = M1 = 7 + 3p where p is the number of parameters in the model.

Phase 2 is the main part of the algorithm, where the parameter estimates θ are updated

using the Robbins–Monro algorithm according to:

y
ðtþ1Þ
¼ y

ðtÞ
� aiD� 1ðzðtÞ � zobsÞ ð7Þ

where z(t) = z(y(t)) is the vector of statistics of a sample y(t) drawn from the ALAAM distribu-

tion with parameter vector θ(t) and ai is a sequence of positive step sizes converging to zero,

satisfying the Robbins–Monro convergence criteria: at each subphase this value is halved. We

use five subphases and a0 = 0.01.

Phase 3 estimates the covariance matrix of the estimator to estimate the standard error,

checks the approximate validity of Eq (5) and tests for convergence. This is done by estimating

the covariance matrix D just as in phase 1 using Eq (6), but with a larger number of samples M
= M3 = 1000 drawn from the ALAAM distribution at the final estimated value of θ. If this
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matrix is singular then the model may be degenerate. Otherwise the standard error is esti-

mated as

seðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
diagðD� 1Þ

p
ð8Þ

and the t-ratio as

ti ¼
�zi � zobs;i
sdðziÞ

ð9Þ

for each parameter i in the model. If the absolute value of the t-ratio |ti|< 0.1 for each parame-

ter i then the estimation is considered to be converged: the difference between the expected

value of the statistic under the model with the estimated parameters θ and its observed value is

small enough that we consider Eq (5) to be satisfied. If this convergence criterion is not satis-

fied, then the entire algorithm may be run again, starting at the current estimated value of the

parameters θ.

In this algorithm, whenever samples are drawn from the ALAAM distribution (using the

Metropolis–Hastings algorithm described in section “Sampling from the ALAAM distribu-

tion”) an interval of 10N iterations, where N is the number of nodes, is used between each sam-

ple to reduce autocorrelation between samples. In phase 3, a burn-in period of M3N iterations

is used to try to ensure that it has reached equilibrium before samples are taken.

Equilibrium expectation (EE)

The stochastic approximation algorithm is a robust and reliable algorithm that does not

require particularly good initial estimates [53]. However, it has the shortcoming that it is not

scalable to very large networks since it involves running the MCMC algorithm for sampling

from the ALAAM distribution to convergence each time the parameter estimates are updated.

The EE algorithm [40–42] overcomes this scalability problem by not requiring potentially

very long MCMC simulations between parameter updates [44]. Instead, it attempts to find the

MLE, that is, solve Eq (5), by taking only a small number (Ms = 1000) of steps of the Metropo-

lis–Hastings algorithm (see section “Sampling from the ALAAM distribution”) between

updates of the estimated parameter vector θ according to the divergence of the simulated sta-

tistics from the observed statistics. After many iterations (default value MEE = 50000) of this

process, if on average this divergence is zero, then we have estimated θ values for the MLE.

Note that in the EE algorithm, the Markov chain of simulated outcome attribute vectors starts

at the observed value (not, for example, a zero vector or random vector), and the Markov

chain continues across iterations of the EE algorithm (that is, the simulated outcome attribute

vector is not reset after the parameters are updated).

The parameter update step in the EE algorithm is

y
ðtþ1Þ
¼ y

ðtÞ
� signðzðtÞ � zobsÞ � r �max jyðtÞj; c

� �
ð10Þ

where z(t) = z(y(t)) is the vector of statistics at the current state of the simulated outcome attri-

bute vector y(t) (initially z(0) = zobs), r> 0 is the learning rate (r = 0.01 by default) and c = 0.01

is a constant that ensures the algorithm does not get “stuck” at zero values of the parameters.

The parameter update is actually performed as

y
ðtþ1Þ
¼ y

ðtÞ
� signðdðtÞz Þ � r �max jyðtÞj; c

� �
ð11Þ

where dðtþ1Þ
z ¼ dðtÞz þ dM (initially, dð0Þz ¼ 0), and δM are the change statistics for accepted

moves summed over the Ms iterations of the Metropolis–Hastings algorithm in this EE
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iteration. Since dz accumulates change statistics for accepted Metropolis–Hastings moves,

starting at zero for the observed outcome attribute vector, then dðtÞz ¼ zðtÞ � zobs and so Eq (11)

is equivalent to Eq (10), and zobs need not be computed.

Note that the version of the EE algorithm used here is the simplified version of Borisenko

et al. [42] rather than the original version [41, 44].

This algorithm results in chains of θ(t) and dðtÞz values, where 0� t<MEE. To compute the

point estimate and standard error for θ we first thin the chains by discarding the first 1000 iter-

ations (burn-in) and using an interval of 100 iterations between each value, resulting in Nm =

(MEE − 1000)/100 values for each.

Similar to the situation discussed in Hunter & Handcock [49] for ERGM estimation, there

are two sources of error that need to be considered: the MCMC error in our point estimate of

θ, and the error inherent in using the MLE. The point estimate for θ and its asymptotic covari-

ance matrix T are estimated by the multivariate batch means method [54–58] from the thinned

θ(t) chain, as is the asymptotic covariance matrix for the simulated statistics, V, from the

thinned dðtÞz chain. The estimated standard errors for the θ estimates are then estimated by

seðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
diagðWÞ

p
ð12Þ

where

W ¼
1

Nm
T þ

1

Nm
V

� � � 1

: ð13Þ

In doing the computations described above, several convergence checks can be applied. If

the covariance matrix V is computationally singular, then the model is possibly degenerate,

and this estimation is not valid. The estimation can also be discarded as non-converged if, heu-

ristically, it appears not to converge due to θ values that are infinite or NaN (“not a number”)

or simply “too large” (heuristically, |θ|> 1010), or if the average of the dz values after the burn-

in period is not approximately zero (for this purpose we use the heuristic that an estimation is

considered non-converged if j �dz=sdðdzÞj > 0:3).

Unlike the stochastic approximation algorithm (but not unlike the MCMC MLE algorithm

used for ERGM parameter estimation in statnet [30–34, 49, 53, 59]), it is important to have a

reasonable initial estimate of the parameters for the EE algorithm, and for that purpose we use

“Algorithm S” from the EE algorithm publications [41, 44], which, as discussed in those papers

and also the paper describing the simplified EE algorithm [42] used here, is equivalent to con-

trastive divergence (CD) [60], which has been applied to ERGM parameter estimation [59, 61,

62]. Essentially this algorithm amounts to running a small number (we use 100 here) of the EE

parameter update steps (10), but without actually performing any accepted moves in the

Metropolis–Hastings algorithm (that is, leaving the outcome attribute vector at the observed

value).

When using the original version of this algorithm to estimate ERGM parameters [41, 44], it

was found that it tended to have low statistical power because of large estimated standard

errors. For this reason, a meta-analysis technique, similar to that used for combining ERGM

parameter estimates from multiple snowball samples of large networks [63] is used. Specifi-

cally, the EE algorithm is run multiple times (which can be done in parallel, taking advantage

of modern multicore or parallel computing clusters), and the estimates combined by the

inverse-variance weighted average [64, Ch. 4]. From the vector of NC (the number of con-

verged estimates) estimated parameter values θ and a vector of their associated estimated
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standard errors s, the point estimate is

ŷ ¼

Pj¼NC
j¼1

yj=s2
j

Pj¼NC
j¼1

1=s2
j

ð14Þ

and the estimated standard error is

seðŷÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPj¼NC
j¼1

1=s2
j

q
ð15Þ

for each of the parameters in the model. In this work we use this method, running multiple EE

algorithm runs in parallel for each ALAAM estimation.

In order to test that the parameter estimates are properly converged and the model is not

degenerate or near-degenerate, ALAAM vectors can be simulated from the model with esti-

mated parameter vector ŷ and the statistics of these vectors compared to those of the observed

outcome attribute vector, to verify that Eq (5) is (approximately) satisfied. Here we do this by

plotting degeneracy check plots, showing trace plots and histograms of the simulated vector

statistics, along with the observed values, from which it can be verified that the simulation has

sufficient burn-in and large enough interval to avoid excessive autocorrelation between sam-

ples, and that the observed values are within the 95% confidence interval of sample distribu-

tion. Note that, unlike the EE algorithm itself, these simulations require sufficient burn-in and

iterations to ensure the simulation has reached the stationary distribution and the samples are

not too autocorrelated. For very large networks, therefore, this can mean that this degeneracy

check simulation could possibly take longer than the estimation with the EE algorithm.

If the estimation does not converge, it may be useful to reduce the value of the learning rate

r, which affects how large the parameter update steps are. As discussed in Giacomarra et al.

[65], it needs to be sufficiently small for the EE algorithm to converge to the MLE, but a smaller

learning rate r may come at the expense of requiring a larger number of iterations MEE. For

example, in estimating ALAAM parameters for the very large (approximately 1.6 million

node) network in Stivala [26], the learning rate was set to r = 0.001. For all estimations in this

work, the default values of the learning rate (r = 0.01) and iterations (MEE = 50000) were used.

Materials and methods

Implementation

ALAAMEE is implemented in Python 3 [66], and uses the NumPy [67] package for array data

types and linear algebra. The Python code does not require any other packages, simply using a

“dictionary of dictionaries” data structure to implement graphs. Just as described in Bianchi

et al. [68], this allows simple and efficient graph construction and implementation of the graph

operations required, such as testing for the existence of an edge or arc, and iterating over the

neighbours of a node.

ALAAM parameters are usually estimated by stochastic approximation with the Robbins–

Monro algorithm [39, 52]. This is the method used in MPNet, and is also implemented in

ALAAMEE, as described in the “Stochastic approximation (SA)” section. For the stochastic

approximation algorithm, all stages of the estimation, including point estimation, estimation

of standard errors from the Fisher information matrix [39], and simulation-based goodness-

of-fit testing, are implemented in Python.

For larger networks, on the order of tens of thousands of nodes or more, this method may

no longer be practical. For such networks, the EE algorithm can be used, and ALAAMEE also
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implements this algorithm, as described in the “Equilibrium expectation (EE)” section. The EE

algorithm works differently [44]. In this algorithm, a number of estimation processes (each of

which is a separate Python task) are run independently. Because these runs are independent,

they can be run in parallel to minimize the elapsed time taken.

From the results of these multiple estimation runs, a point estimate and estimated standard

error are computed using an R [69] script that uses the mcmcse R package [70] to estimate the

Fisher information matrix and the asymptotic covariance matrix for the MCMC standard

error with the multivariate batch means method [54–58]. The overall estimate and its esti-

mated standard error are then computed from these multiple independent runs as the inverse

variance weighted average [64, Ch. 4].

Scripts are provided to run the parallel estimations using either GNU Parallel [71] or, for

Linux compute clusters, SLURM [72] job arrays. Scripts for processing network data and con-

verting it between different formats, taking snowball samples from networks, making plots,

and computing the Wilson score interval [73] for the binomial proportion score interval (used

to find confidence intervals for Type I and II error rates in the simulation study described in

the “Results and discussion” section) are written in R and use the igraph [74], ggplot2 [75],

and PropCIs [76] R packages.

ALAAMEE also implements estimation (and simulation) conditional on snowball sampled

network structure, as described in Pattison et al. [77] and Stivala et al. [63] in the context of

ERGM, and in Daraganova [15], Daraganova & Pattison [78], Kashima et al. [24], and Stivala

et al. [14] for ALAAM.

Change statistics

It is a property of the ALAAM that the odds of a node having the outcome attribute equal to

one, conditional on the values of the outcome attribute for the other nodes, is a function of the

change in the vector of statistics associated with switching the outcome attribute value of that

node from 0 to 1. It follows that, in implementing the MCMC process for ALAAM simulation

and estimation, only these change statistics need be implemented (see section “Sampling from

the ALAAM distribution” for details). That is, rather than writing functions to count each of

the configurations in the data, we need only write functions that compute the change statistic

value resulting from changing the outcome attribute value of a given node from 0 to 1. The

value of the statistics in observed data can be computed by summing the change statistics for

each element of the outcome attribute vector that is equal to 1.

For example, consider the simplest statistic, attribute Density, sometimes instead called

Incidence [25] to avoid confusion with graph density. This statistic is simply the number of

nodes with the outcome attribute equal to 1. Its corresponding change statistic is simply the

constant 1, since for any node, if its outcome attribute value is switched from 0 to 1, then that

increases the Density statistic by 1.

Every change statistic in ALAAMEE is implemented as a function of the form

changeStatname (G, A, i) where G is a Graph (or Digraph or

BipartiteGraph, as appropriate to the change statistic) object, A is a binary outcome attri-

bute vector, and i is a node identifier. The function returns the change statistic value for

switching the node outcome attribute value A[i] from 0 to 1. It is a precondition of the

change statistic functions that A[i] == 0. Some examples are shown in Fig 2. Python “doc-

strings” are used to document the change statistic functions, including ASCII diagrams illus-

trating the corresponding configurations. This allows the documentation to be viewed at the

interactive Python prompt with the built-in help() function.
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Fig 2. Example change statistic implementations. Some change statistics for directed networks.

https://doi.org/10.1371/journal.pcsy.0000021.g002
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The first two functions shown in Fig 2 implement, respectively, the Sender and Receiver

change statistics (see Fig 3). These are quite straightforward. The Sender statistic counts the

number of outgoing ties from actors that have the outcome attribute equal to 1. Therefore, the

change statistic when a node i has its outcome variable changed from 0 to 1 is the out-degree

of i, and similarly for Receiver and in-degree.

The third function, changeEgoInTwoStar, is slightly more complicated. This statistic

(see Fig 3) counts the number of pairs of incoming arcs to nodes that have the outcome attri-

bute equal to 1. Hence the change statistic when a node i has its outcome variable changed

from 0 to 1 is the number of pairs of incoming arcs to node i, that is
dðinÞi

2

� �
¼ dðinÞi ðd

ðinÞ
i � 1Þ=2,

where dðinÞi is the in-degree of node i (and dðinÞi > 1).

The last function shown in Fig 2 implements the change statistic for the Contagion reci-

procity statistic, also known as mutual contagion (see Fig 3). This statistic counts the number

of pairs of nodes with a reciprocated (mutual) tie between them, in which both nodes have the

outcome attribute equal to 1. Hence the change statistic, computing the change in the statistic

when a node i has its outcome variable changed from 0 to 1, counts the number of out-neigh-

bours of i, i.e. nodes u such that there is an arc i! u, such that u has the outcome variable

equal to 1 and there is also an arc u! i. changeReciprocity is similar, but does not

require that both nodes have the outcome attribute equal to 1, only that node i does. (Note that

the code for changeContagionReciprocity in Fig 2 can be written less verbosely and

more elegantly, and arguably in more idiomatic Python style, in a single line using a list com-

prehension: return sum([(G.isArc(u, i)and A[u] == 1) for u in G.
outIterator(i)]), however this turns out to be slower; similar considerations apply to

changeReciprocity.) The ALAAMEE source code repository (https://github.com/

stivalaa/ALAAMEE) includes unit tests for verifying the correctness of change statistic imple-

mentations against known correct values, verifying that alternative implementations give the

same results, and comparing their execution speeds.

Some change statistics make use of nodal attribute values. These change statistic functions

take also as their first parameter the name of the attribute to use, used as the key in the relevant

attribute dictionary in the Graph object. So that these functions have the same signature as

the structural statistics, the higher-order function functools.partial() is used to cre-

ate a function with the (G, A, i) signature. For example, partial(changeoOc,
“age”) returns a function with the required (G, A, i) signature, implementing the

change statistic for outcome attribute related to nodal continuous attribute “age”, given the

original generic change statistic function changeoOc(attrname, G, A, i). This usage

is illustrated in the empirical example in the “Results and discussion” section. The same tech-

nique is used for statistics that use an auxiliary (“setting”) network (that is, statistics that

depend on edges in a second network, as used for example in Diviák et al. [79], where the net-

work is criminal collaboration, and the setting network is pre-existing ties such as kinship or

friendship), a distance matrix, the decay value for geometrically weighted statistics [26], and

for the node type (mode) in two-mode graphs using the BipartiteGraph object.

For some change statistics, computation can be made far more efficient and scalable by

using a sparse matrix counting two-paths between each pair of nodes in the network. A similar

technique, implementing the sparse matrix as a hash table, has been used for ERGM change

statistics [44]. This technique is far simpler and more advantageous for ALAAM estimation

and simulation in ALAAMEE, for two reasons. First, in ALAAM the network is exogenous,

and hence, once constructed, the two-path lookup sparse matrix need not be modified. Sec-

ond, the sparse matrix data structure is very easily and efficiently implemented in Python as a
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Fig 3. Configurations used in ALAAMs for directed networks.

https://doi.org/10.1371/journal.pcsy.0000021.g003
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“dictionary of dictionaries” data structure, just as the graph data structures are, since dictionar-

ies are a built-in data type in Python.

Currently, change statistics for undirected and directed one-mode networks, and undi-

rected two-mode (bipartite) networks are implemented. These statistics include all of those

used in the ALAAM models published in Kashima et al. [24], Letina [80], Letina et al. [81],

and Diviák et al. [79] for undirected networks, and Gallagher [82] and Parker et al. [25] for

directed networks, for example. ALAAMEE has been used to estimate ALAAM parameters for

a director interlock (bipartite) network [83]. Change statistics for the new geometrically

weighted ALAAM statistics described in Stivala [26] are also implemented in ALAAMEE.

We hope that the use of Python will facilitate the implementation of further user-defined

change statistics, since adding ALAAM change statistics to the Python code, for example as

shown in Fig 2, would appear to be considerably easier than the procedure for adding new

ERGM change statistics in the statnet ergm package, which requires writing both R and C

code [84].

Data sources

Simulation study. To evaluate the performance of the EE algorithm implemented in

ALAAMEE for ALAAM parameter estimation and statistical inference, we apply it to estimat-

ing parameters for ALAAM outcome attribute vectors with known parameters. These are

obtained by generating the outcome attribute vectors by ALAAM simulation from a fixed net-

work (and covariates) with a given set of ALAAM parameters. This is done over a set of 100

simulated ALAAMs, allowing us to measure the point estimate bias and RMSE (root mean

square error), as well as the type I (false positive) and type II (false negative) error rates in

inference.

This technique was used to evaluate ERGM estimation from snowball sampled network

data in Stivala et al. [63] and for ERGM estimation by the EE algorithm in Stivala et al. [44]. It

was used to evaluate ALAAM estimation from sampled network data in Stivala et al. [14].

Here we use the simulated ALAAM outcome attribute values on the “Project 90” network, a

sexual contact network of high-risk heterosexuals in Colorado Springs [85–88]. These are

exactly the simulations described in Stivala et al. [14]. The network is the giant component of

the Project 90 network, consisting of 4430 nodes, with mean degree 8.31. Binary and continu-

ous attributes are generated for the nodes: the binary attribute is assigned the nonzero value

for 50% of the nodes, chosen at random, and the continuous attribute value vi at each node i is

vi�
iid Nð0; 1Þ. From this network and nodal attributes, ALAAM outcome attribute vectors are

simulated with parameters (Density, Activity, Contagion, Binary, Continuous) = (−15.0, 0.55,

1.00, 1.20, 1.15). As described in Stivala et al. [14], these parameters were chosen so that

approximately 15% of the nodes have the outcome attribute value equal to 1.

Small network. To demonstrate the implementation of the stochastic approximation

algorithm for estimating ALAAM parameters, we will use the excerpt of 50 girls from the

“Teenage friends and lifestyle study” data [89–94], which is used as an illustrative example for

the SIENA software [95] for stochastic actor-oriented models (SAOMs) [96]. The data consists

of an excerpt of 50 girls from panel data recording friendship networks and substance use over

a three year period from 1995, when the pupils were aged 13, to 1997, in the West of Scotland.

The data includes information on smoking (tobacco), alcohol, and cannabis consumption, as

well as sporting activities.

This data was also used as a tutorial example for the Bayesian ALAAM [16] implementation

in R [97]. As noted in the description for this data [98], this is not a properly delineated net-

work, and is used only for illustrative purposes.
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Unlike SAOMs, we cannot use ALAAMs to model the co-evolution of network and actor

covariates based on longitudinal data: we can only model a single binary outcome attribute

given a fixed network and other (fixed) covariates, as well as the outcome attribute itself on

other nodes. As in the Bayesian ALAAM R tutorial, we will use smoking at the second wave as

the outcome variable, and use the network and other covariates from the first wave. Hence the

network assumed to diffuse social contagion is observed before the outcome variable, as dis-

cussed in Parker et al. [25].

The categorical variable for smoking is converted to binary by treating any amount of

smoking other than completely non-smoking as the nonzero binary outcome.

Large networks. For networks with tens of thousands of nodes or more, estimating

ALAAM parameters with the stochastic approximation algorithm may no longer be practical.

For such networks, we can instead use the EE algorithm. We will use three such networks as

examples for ALAAMEE parameter estimation: undirected online friendship networks for the

“Deezer” music streaming service in Croatia, Hungary, and Romania [99]. These networks are

publicly available from the Stanford large network dataset collection [100]. Descriptive statis-

tics of these networks are shown in Table 1.

Each node in these three networks represents a user, and an undirected edge represents

friendship in the Deezer online social network. Each node is annotated with a list of genres

liked by the user [99]. Based on these genre annotations, we created two different binary out-

come variables: one for liking jazz, and one for liking “alternative” music. The binary outcome

variable for liking jazz is true if the user likes any one or more of the genres in the data that

describe jazz music, namely “Jazz”, “Instrumental jazz”, “Jazz Hip Hop”, or “Vocal Jazz”. The

binary outcome variable for liking alternative music is true if the user likes the genre in the

data labelled “Alternative”. Consistently across all three networks, approximately 5% of users

like jazz, and between 35% and 40% of users like alternative music (Table 1).

Results and discussion

Simulation study for estimation using the equilibrium expectation

algorithm

Fig 4 and Table 2 show the results for using the EE algorithm implemented in ALAAMEE to

estimate parameters from the simulated ALAAMs. For all parameters other than Binary (the

covariate effect for the simulated binary attribute described under “Simulation study” in the

“Data sources” section), the type II error rate was less than 5%. For the Binary parameter, how-

ever, the type II error rate was estimated to be 9%, with a 95% confidence interval [5%, 16%].

When using the stochastic approximation algorithm on the same data, used as the baseline for

comparing against results from sampled data in Stivala et al. [14], the type II error rate was less

than 5% for all parameters, including Binary (S1 Fig). Comparing the results for the EE algo-

rithm (Fig 4) and the stochastic approximation algorithm (S1 Fig) for the Binary parameter, it

Table 1. Network descriptive statistics for the Deezer networks.

Network Nodes Mean degree Max. degree Density Clustering coefficient Likes jazz % Likes alternative %

Deezer Croatia 54573 18.26 420 0.00033 0.11463 5 38

Deezer Hungary 47538 9.38 112 0.00020 0.09292 5 37

Deezer Romania 41773 6.02 112 0.00014 0.07527 6 36

Each network is a single connected component. Network statistics were computed using the igraph R package. “Clustering coefficient” is the global clustering coefficient

(transitivity).

https://doi.org/10.1371/journal.pcsy.0000021.t001
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seems that the problem is likely not the point estimate, but rather that the estimated standard

errors (and hence confidence interval) from the EE algorithm were too large, giving a high

type II (false negative) error rate on the Binary parameter. Although this problem only occurs

on the Binary parameter, the coverage rate (the percentage of samples for which the true value

Fig 4. Parameter estimates and estimated standard errors from the EE algorithm. The algorithm was used to estimate the known ALAAM

parameters for the Project 90 network with simulated attributes. The error bars show the nominal 95% confidence interval. The horizontal line shows

the true value of the parameter, and each plot is annotated with the mean bias, root mean square error (RMSE), the percentage of samples for which the

true value is inside the confidence interval (coverage rate), and the Type II error rate (False Negative Rate, FNR). NC is the number of samples (of the

total 100) for which a converged estimate was found.

https://doi.org/10.1371/journal.pcsy.0000021.g004

Table 2. Type II error rate from estimation of simulated outcomes using the EE algorithm.

Effect Bias RMSE False negative rate (%) in C.I. (%) Total samples converged Mean runs converged Total runs per sample

Estim. 95% C.I.

lower upper

Density -0.4280 1.1790 0 0 4 98 100 200.00 200

Activity 0.0134 0.0475 0 0 4 100 100 200.00 200

Contagion 0.0340 0.0827 0 0 4 99 100 200.00 200

Binary 0.0246 0.2596 9 5 16 100 100 200.00 200

Continuous 0.0598 0.1720 0 0 4 99 100 200.00 200

The “estim.”, “lower”, and “upper” columns show the point estimate and lower and upper 95% confidence interval (C.I.), respectively, of the Type II error rate (false

negative rate). This C.I. is computed as the Wilson score interval. The “in C.I. (%)” column is the coverage rate for the nominal 95% confidence interval. Results are over

100 simulated ALAAM outcome attribute vectors (samples), each of which is estimated with 200 parallel estimation runs.

https://doi.org/10.1371/journal.pcsy.0000021.t002
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is inside the confidence interval) was higher than the nominal 95% on all the parameters: in

fact was between 98% and 100% for the EE algorithm, while for the stochastic approximation

algorithm, it was still higher than 95%, but less than 99% (S1 Fig).

In order to measure the type I error rate on each parameter, an ALAAM simulation without

the corresponding effect (the parameter value is zero) was required. Hence for each of the

ALAAM parameters considered (other than Density, which if zero results in almost all nodes

having the outcome attribute equal to 1), another set of 100 ALAAM outcome attribute vectors

were simulated, with the parameter set to zero and the other parameters unchanged (apart

from Activity, which if zero results in very few nodes having the outcome attribute equal to 1,

and so Density was changed to −7.0 for this case only).

The results for estimating the type I error rate for ALAAM estimation by the EE algorithm

are shown in Table 3. In all cases the type I error rate was less than the nominal 5%. Just as for

the type II error rate results, however, the coverage rate was higher than the nominal 95%,

indicating that the standard error estimates might be too large.

In the results discussed so far, the point estimates and standard errors were estimated, as

described in the “Materials and methods” section, from 200 parallel estimation runs. Fig 5

shows the effect on the type II error rate when the number of runs was varied from 1 up to 500

(the data point for 200 runs therefore corresponding to the results shown in Table 2 and Fig

4). This shows that for all parameters other than Binary, 50 runs (indeed, for the Density,

Activity, and Contagion parameters, fewer than 20 runs) were more than sufficient to obtain a

type II error rate of less than 5%. For the Binary parameter, however, the type II error rate

declined far more slowly, and was 9% with 200 runs, as we have seen.

Each of these estimation runs, with the default EE algorithm parameters, took on average

49 minutes (sd = 12.7, min. = 44, max. = 126, median = 46, N = 8000) on an Intel Xeon E5–

2650 v3 2.30 GHz processor on a Linux cluster, and on average 9.46 minutes (sd = 0.49, min. =

3.59, max. =12.85, median = 9.56, N = 40000) on AMD EPYC 7543 2.8 GHz processors on a

newer and larger Linux cluster. Less than 2 GB of memory was required (for all parallel runs

occupying a single node) for the Python code, and less than 8 GB in total for the R scripts to

do the final statistical analyses and diagnostic plots.

S2 Fig shows the corresponding results for the type I error rate. It shows that it is “safe” to

vary the number of runs, in the sense that the type I error rate remained less than 5% at all val-

ues tested.

The results of these simulation experiments indicate that it is desirable for the purposes of

decreasing the type II error rate, without increasing the type I error rate to an unacceptable

level, to use as many runs of the ALAAMEE estimation process as practical (at least up to a

Table 3. Type I error rate from estimation of simulated outcomes using the EE algorithm.

Effect Bias RMSE False positive rate (%) in C.I. (%) Total samples converged Mean runs converged Total runs per sample

estim. 95% C.I.

lower upper

Activity 0.0048 0.0149 0 0 4 100 100 200.00 200

Contagion 0.0011 0.0386 0 0 4 100 100 200.00 200

Binary 0.0191 0.2922 1 0 5 99 100 200.00 200

Continuous 0.0475 0.1638 0 0 4 100 100 200.00 200

The “estim.”, “lower”, and “upper” columns show the point estimate and lower and upper 95% confidence interval (C.I.), respectively, of the Type I error rate (false

positive rate). This C.I. is computed as the Wilson score interval. The “in C.I. (%)” column is the coverage rate for the nominal 95% confidence interval. Results are over

100 simulated ALAAM outcome attribute vectors (samples), each of which is estimated with 200 parallel estimation runs.

https://doi.org/10.1371/journal.pcsy.0000021.t003
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maximum of 500). Because these runs are independent, they can be run in parallel to minimize

elapsed time, taking advantage of as many processor cores as may be available. The results here

indicate that 200 runs is a reasonable number, however for some parameters this might still

result in an undesirably high type II error rate.

Empirical examples

Small network. Python code to use ALAAMEE to specify an ALAAM model for the

excerpt of 50 girls from the “Teenage friends and lifestyle study” and estimate its parameters

using the stochastic approximation algorithm [39] is shown in Fig 6 (this code is located in the

ALAAMEE repository as https://github.com/stivalaa/ALAAMEE/blob/master/examples/

simple/directed/glasgow_s50/runALAAMSAs50.py). It also automatically does a goodness-of-

fit test for the converged model (if found). This code took less than two minutes (and less than

300 MB of memory) to run on a Windows 10 personal computer with an Intel Core i5–10400

2.90 GHz processor, giving the model shown in Fig 7. The results are consistent (only the con-

tagion and alcohol effects are significant, and positive) with those from estimating the same

model using MPNet [28]. For this small network, MPNet was faster, taking approximately one

minute (and less than 100 MB of memory), on the same PC.

The model shown in Fig 7 indicates a significant and positive contagion effect: smokers

tend to be directly connected to other smokers. The only other significant effect is for alcohol

consumption; this is positive, indicating that drinkers are more likely to smoke.

Fig 5. Type II error rate as the number of runs used for each sample is varied.

https://doi.org/10.1371/journal.pcsy.0000021.g005
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Fig 6. Python code for estimating parameters of an ALAAM model. This code uses ALAAMEE with the stochastic

approximation algorithm to estimate ALAAM parameters and their standard errors for the teenage friends and

lifestyle data excerpt, with smoking as the outcome variable. After a converged model is found, this will also do a

goodness-of-fit test.

https://doi.org/10.1371/journal.pcsy.0000021.g006

Fig 7. Example ALAAMEE output. This is the output from using ALAAMEE to estimate ALAAM parameters by

stochastic approximation for the teenage friends and lifestyle data excerpt, with smoking as the outcome variable.

Asterisks indicate statistical significance at p< 0.05.

https://doi.org/10.1371/journal.pcsy.0000021.g007
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The goodness-of-fit statistics for this model are shown in Fig 8. The effects in the model are

at the top, followed by additional effects which are not included in the model. For effects in the

model, the convergence statistic (t-ratio) should be less than 0.1 in magnitude (just as they

must be for the model to be considered converged by the estimation algorithm). Fig 8 shows

that all the effects included in the model met this criterion.

For effects not included in the model, a rule of thumb is that the t-ratio should be less than

2.0 in magnitude for an acceptable fit [25], although some authors have used a stricter thresh-

old of 1.0 [24, 78], or even 0.3 [79]. Parker et al. [25] use 1.645, signifying statistical significance

at the 5% level (one-tailed). All of the effects not included in the model, but included in the

goodness-of-fit test shown in Fig 8, were less than 1.0 in magnitude, indicating this model had

an acceptable fit for all the statistics included in the goodness-of-fit test.

Fig 8. Example ALAAMEE goodness-of-fit output. This is the goodness-of-fit output from ALAAMEE for the model

it estimated by stochastic approximation for the teenage friends and lifestyle data excerpt, with smoking as the

outcome variable.

https://doi.org/10.1371/journal.pcsy.0000021.g008
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Large networks. Table 4 shows the results of using the EE algorithm implemented in

ALAAMEE to estimate parameters for ALAAM models of the three Deezer online social net-

works, with liking jazz as the outcome variable. The model parameters were selected to test for

social contagion of liking jazz on this social network (the Contagion parameter), including

specifically in closed triads (the three Triangle parameters), while also accounting for the

degree distribution of users who like jazz (the GWActivity parameter [26]), and the number of

genres liked by a user and their friends. Degeneracy check plots for these models are shown in

S3, S4 and S5 Figs.

This model was estimated first on the Romania network (the smallest of the three). Initially

the Activity parameter, rather than GWActivity, was used, however the degeneracy check

showed that this model was not properly converged, and hence the geometrically weighted

activity parameter GWActivity (with decay parameter α = 2.0) was used instead of Activity to

overcome this problem, as described in Stivala [26]. This model, however, did not converge for

the Croatia and Hungary data, but removing the triangle parameters solved this problem,

resulting in the models shown in Table 4 (for Hungary, the partner number of genres parame-

ter also had to be removed to find a converged model).

Density (or incidence) is negative and statistically significant in all models. This effect, anal-

ogous to the intercept in logistic regression, is simply the baseline presence of the outcome

attribute (liking jazz). Its negative value merely reflects the fact that jazz is a minority interest

in the data for all three countries.

The only parameter, apart from Density, that is significant across all three networks is the

number of genres liked by a user: the more genres a user likes, the more likely they are to like

jazz. This could simply be a consequence of the fact that, even if we assume liking jazz is

completely random, the more genres someone likes, the more likely it is that jazz is one of

them (simply by chance), and this parameter controls for this effect. It also has a more substan-

tive interpretation: we might suppose that a preference for jazz is a highly specific taste that

Table 4. Models estimated using ALAAMEE for the Deezer networks, with liking jazz as the outcome variable.

Effect Croatia Hungary Romania

Density −4.727

(−4.866,−4.589)

−5.055

(−5.209,−4.901)

−4.691

(−4.870,−4.513)

GWActivity [α = 2.0] −2.945

(−7.280,1.390)

5.234

(3.269,7.200)

1.606

(−0.835,4.047)

Contagion −0.008

(−0.130,0.115)

0.265

(0.153,0.377)

0.613

(0.403,0.823)

TriangleT1 — — −0.034

(−0.076,0.008)

TriangleT2 — — 0.004

(−0.177,0.185)

TriangleT3 — — −0.020

(−0.749,0.710)

num. genres 0.194

(0.186,0.201)

0.193

(0.184,0.201)

0.194

(0.184,0.203)

partner num. genres −0.000

(−0.001,0.001)

— −0.006

(−0.011,−0.001)

Parameter estimates are shown with 95% confidence interval. Estimates that are statistically significant at the nominal p< 0.05 level are shown in bold. Results are from

200 converged runs (of a total 200).

https://doi.org/10.1371/journal.pcsy.0000021.t004
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excludes also liking other genres, and so people who like jazz are unlikely to also like other gen-

res. The negative and statistically significant estimate of this parameter refutes that hypothesis.

The Contagion parameter is positive and significant for both Hungary and Romania, indi-

cating that (given the assumptions of the model) a liking for jazz is socially contagious in these

countries’ networks. However this parameter is not significant for Croatia.

The negative and significant partner number of genres parameter (for Romania only) indi-

cates that users who have friends who like many genres are less likely to like jazz (while the

positive and significant number of genres parameter means that a user who likes many genres

is more likely to like jazz).

Estimating these models (200 parallel estimations) took approximately 21, 12, and 36 min-

utes, for Croatia, Hungary, and Romania, respectively, on AMD EPYC 7543 2.8 GHz proces-

sors on a Linux cluster. Less than 300 MB of memory per CPU was required for the Python

code running these estimations, and less than 8 GB in total was required for the R scripts to do

the final statistical computations and diagnostic plots.

We also estimated the same models with ALAAMEE using the stochastic approximation

algorithm, and the results are shown in S1 Table. These estimations took approximately 32, 14,

and 36 hours (and less than 500 MB memory) for Croatia, Hungary, and Romania, respec-

tively, on the same system. The results are consistent with those of the estimation with the EE

algorithm. However three parameter estimates were found to be statistically significant by the

stochastic approximation algorithm that were not when using the EE algorithm: GWActivity

for Croatia, and GWActivity and TriangleT1 for Romania.

For the Romania network, the negative and significant TriangleT1 parameter indicates that

users who like jazz are less likely to be involved in a triangle structure than other users. This is

evidence that liking jazz is less likely to be observed in more clustered regions of this network.

The TriangleT2 and TriangleT3 parameters need to be interpreted in conjunction with

Contagion and TriangleT1. The positive and significant Contagion parameter indicates that

liking jazz is socially contagious, while the TriangleT1 parameter controls for the incidence of

liking jazz in closed triads. Given these effects in the model, a positive and significant Triang-

leT2 parameter would indicate a type of structural equivalence within a closed triad: a pair of

users who are friends and are both also friends with a common third user is associated with

that pair of users both liking jazz. A positive and significant TriangleT3 parameter would indi-

cate that jazz is socially contagious within triads (over and above its contagion in dyads), as

reflected in an over-representation of closed triads where all three users like jazz (given all the

other effects in the model). However the TriangleT2 and TriangleT3 parameters are either not

statistically significant, or models containing them do not converge, in all three countries, and

so we cannot draw any conclusions about these effects in this data.

Note that, as discussed in the Introduction, by using the ALAAM model, in which the net-

works ties are fixed (exogenous to the model), we are assuming that only the process of social

contagion is occurring, without the ability to account for the possibility that friends (network

neighbours) might both like the same genre of music due to homophily.

Table 5 shows the results of using the EE algorithm to estimate ALAAM parameters for the

same three networks, but this time with liking alternative music as the outcome variable. For

this data, the full model was able to be estimated for all three countries. Degeneracy check

plots for these models are shown in S6, S7 and S8 Figs.

The results are qualitatively quite similar to the model for jazz, in that the only parameter

estimate (other than Density) that is statistically significant across all three networks is number

of genres, which is positive, and, again, the Contagion parameter is statistically significant and

positive for the Hungary and Romania (but not Croatia) networks. None of the Triangle

parameters are statistically significant in any of the three countries.
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Estimating these models (200 parallel estimations) took approximately 244, 74, and 47 min-

utes, for Croatia, Hungary, and Romania, respectively (on the same system as the jazz model,

and with the same upper bounds on memory usage). We also attempted to estimate the same

models using the stochastic approximation algorithm, however for the Croatia and Hungary

networks these estimations did not complete within a 48 hour elapsed time limit. The estima-

tion for the Romania network took approximately 30 hours (and less than 200 MB of mem-

ory), and the resulting parameter estimates are shown in S2 Table. These estimates are

consistent with those estimated by the EE algorithm: the same three parameters are found to

be statistically significant with the same sign, and all the other parameters are not statistically

significant.

Conclusion

ALAAMEE is open-source Python software for the estimation, simulation, and goodness-of-

fit testing of the ALAAM social contagion model. It currently supports ALAAMs on undi-

rected and directed one-mode networks, and undirected two-mode (bipartite) networks. It

also supports estimation from snowball sampled network data.

Models can be estimated using either stochastic approximation with the Robbins–Monro

algorithm, or, for large networks, by the EE algorithm. For networks small enough that it is

practical—on the order of thousands of nodes, but also depending on the model parameters

and data—we recommend using stochastic approximation, a well-known and widely used

method, which is implemented in ALAAMEE just as it is in MPNet for ALAAM parameter

estimation. However for larger networks, stochastic approximation is likely to be too slow to

be practical, and so the EE algorithm can be used instead. In this work we demonstrated its use

on networks on networks of approximately 50 000 nodes, for which stochastic approximation

was feasible in some, but not all, cases. The use of the EE algorithm implemented in ALAA-

MEE to estimate ALAAM parameters for a much larger network, with approximately 1.6 mil-

lion nodes, for which estimation by stochastic approximation is certainly not feasible, is

Table 5. ALAAM models for the Deezer networks, with liking “alternative” music as the outcome variable.

Effect Croatia Hungary Romania

Density −3.277

(−3.364,−3.191)

−3.020

(−3.111,−2.929)

−3.156

(−3.262,−3.050)

GWActivity [α = 2.0] −0.346

(−2.755,2.064)

0.088

(−1.777,1.954)

−0.381

(−2.039,1.276)

Contagion −0.010

(−0.053,0.032)

0.158

(0.095,0.221)

0.109

(0.028,0.190)

TriangleT1 −0.001

(−0.007,0.005)

−0.006

(−0.022,0.009)

−0.018

(−0.054,0.017)

TriangleT2 0.003

(−0.012,0.017)

0.000

(−0.032,0.032)

−0.005

(−0.072,0.062)

TriangleT3 −0.008

(−0.046,0.030)

0.028

(−0.057,0.112)

0.044

(−0.107,0.195)

num. genres 0.448

(0.438,0.458)

0.419

(0.408,0.430)

0.405

(0.393,0.417)

partner num. genres 0.001

(−0.002,0.003)

−0.010

(−0.014,−0.006)

−0.002

(−0.007,0.003)

Parameter estimates are shown with 95% confidence interval. Estimates that are statistically significant at the nominal p< 0.05 level are shown in bold. Results are from

200 converged runs (of a total 200).

https://doi.org/10.1371/journal.pcsy.0000021.t005
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described in Stivala [26]. This demonstrates that ALAAMEE allows estimation and goodness-

of-fit testing of ALAAM models for networks that are too large for prior software implementa-

tions to estimate.

When using the EE algorithm, the results from the simulation experiments section indicate

that it is always advantageous, and does not result in a significantly increased false positive rate

(at least up to the maximum of 500 tested in this work), to use as many runs as practical, and

200 is probably more than sufficient in most cases. Because these runs are entirely indepen-

dent, elapsed time can be minimized by running them in parallel using as many compute

cores and nodes as may be available.

The EE algorithm is fast, scalable to far larger networks, and able to take advantage of multi-

core and large-scale parallel computing. The simplified EE algorithm [42] used in ALAAMEE

has recently been shown, in the context of ERGMs, to be guaranteed to converge to the MLE,

if it exists, when the learning rate (a parameter of the EE algorithm) is sufficiently small [65].

The proof uses the uncertain energies framework of Ceperley & Dewing [101], as originally

suggested in Borisenko et al. [42].

However, as shown in this work, using this algorithm with an insufficient number of esti-

mation runs can result in very low statistical power on some parameters, due to larger esti-

mated standard errors than the stochastic approximation method on the same data. This has

also been observed in using the EE algorithm to estimate parameters for the “citation ERGM”

(cERGM) ERGM variant [102], compared with using the default statnet MCMLE algorithm

[45].

Because ALAAMEE is written in Python using only the NumPy package, it can easily be

run on any system on which Python and NumPy are available. This also facilitates its use in

Table 6. Comparison of MPNet and ALAAMEE software for ALAAM estimation.

Feature MPNet ALAAMEE

Download location http://www.melnet.org.au/pnet https://github.com/stivalaa/ALAAMEE

Estimation algorithms Stochastic approximation (SA) SA and equilibrium expectation (EE)

Max. network size (nodes) Thousands Tens of thousands (SA, EE); >1.5 million (EE only)

Platform Microsoft Windows Cross-platform (anywhere Python and R are available)

Implementation language C# Python and R

User interface Windows GUI Python functions

Open source No Yes

User-extensible No Yes

Can use parallel computing No Yes (EE algorithm only)

First release year 2014 2020

Most recent release year 2022 2024

Snowball sampled networks No Yes

Network types supported Undirected Yes Yes

Directed Yes Yes

Two-mode Yes Yes (currently undirected only)

Multilevel Yes No

Handles missing data Nodal attributes No Simplistic (NA values ignored in statistic computation)

Outcome variable No No (NA values mark outcome inapplicable in mode)

Network ties No No

Note: MPNet supports both ERGM and ALAAM, while ALAAMEE is only for ALAAM. MPNet features listed are those applicable to ALAAM.

https://doi.org/10.1371/journal.pcsy.0000021.t006
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automated scripts, for example for large-scale computational experiments such as those

described in this paper and in Stivala et al. [14], which is not practical with a Windows applica-

tion like MPNet. A comparison of MPNet and ALAAMEE is shown in Table 6.

The relative ease of Python programming, along with the simple and internally documented

implementations, with unit tests, of a variety of ALAAM change statistics already included in

the open-source ALAAMEE software, should facilitate the creation of change statistics for any

new configurations required by users of the software.

A demonstration implementation of the EE algorithm for ERGM parameter estimation was

written in Python in the same style as ALAAMEE, that is, using NumPy for linear algebra and

Python dictionaries for graph data structures. However this was found to be too slow for prac-

tical use, and the software [103] was completely re-written in C [44]. For ALAAM, however,

where the MCMC process involves flipping binary variables in a vector rather than edges in a

graph, we found that the Python implementation ALAAMEE was sufficiently fast for practical

use not only with the EE algorithm, but also with the Robbins–Monro algorithm.

In theory, ALAAMEE could be made considerably faster with little effort by using a Python

“just-in-time” (JIT) compiler, such as Numba [104] or PyPy [105]. However to date we have

been unable to accelerate ALAAMEE this way, finding that either the code is not supported, or

the “accelerated” version is actually slower than the original.

In Parker et al. [25], three limitations of ALAAMs are identified. First, the outcome variable

is restricted to binary; second, the inherent assumption that the underlying social contagion

process is at equilibrium; and third, their inadequacy for very large networks. We suggest that

this work, in addition to the use of ALAAM estimation from network snowball samples [14]

effectively addresses the third limitation. The second limitation can be mitigated as suggested

in Parker et al. [25], by applying ALAAM models to data in which the social network is

observed at an appropriate time before the outcome behavioural variable is. If longitudinal

(panel) data is available, in which the social network ties and actor attributes of a population

are observed at multiple time points, the stochastic actor attribute model (SAOM) is a more

appropriate choice of model, enabling the estimation of parameters corresponding to the co-

evolution of the social network and actor attributes [96]. This leaves the first limitation, that

the outcome variable must be binary, to be addressed in future work. We have identified an

additional limitation of ALAAMs in this work and in Stivala [26], namely that, like ERGMs,

ALAAMs can suffer from problems of “near-degeneracy” when only simple statistics (such as

Activity) are used, particularly on larger networks. The use of the GWActivity parameter can

help overcome these problems, but as illustrated by the examples in the “Results and discus-

sion” section, it still may not always be possible to fit a model with all the desired parameters.

Some avenues for further work on this problem are suggested in Stivala [26].

One further limitation of ALAAM estimation as implemented in ALAAMEE is the han-

dling of missing data. Missing nodal attributes can be specified as “NA” values, in which case

they are handled in a simplistic way by simply not being counted towards the relevant change

statistics. For more than very small amounts of missing data, however, it would be better to

use some form of imputation. Missing values of the outcome binary attribute may also be spec-

ified by “NA” values, however in this case they act as “structural zeroes”, which fix the outcome

variable at the NA value. This is appropriate in the case of two-mode networks where the out-

come variable is only defined for one mode, and so it is set to NA for all nodes in the other

mode. To handle missing values of the outcome binary variable, the Bayesian estimation

method described by Koskinen & Daraganova [16] is more appropriate. Missing tie variables

are not handled at all, although it is possible to use network snowball samples [14], which is

also possible with the Bayesian ALAAM estimation method [16].
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An additional avenue of further work on ALAAM modeling was suggested in the Introduc-

tion: the conception of an ALAAM as a bipartite ERGM could be a way of implementing a

multivariate ALAAM, that is, an ALAAM with more than one outcome variable.

Supporting information

S1 Fig. Parameter estimates and estimated standard errors from the stochastic approxima-

tion algorithm. The stochastic approximation algorithm was used to estimate the known

ALAAM parameters for the Project 90 network with simulated attributes. This is the baseline

result for the Project 90 example in a study of the effect of network sampling on ALAAM esti-

mation [14]. The error bars show the nominal 95% confidence interval. The horizontal line

shows the true value of the parameter, and each plot is annotated with the mean bias, root

mean square error (RMSE), the percentage of samples for which the true value is inside the

confidence interval (coverage rate), and the Type II error rate (False Negative Rate, FNR). A

converged estimate was found for 99 of the total 100 samples.

(PDF)

S2 Fig. Type I error rate as the number of runs used for each sample is varied.

(PDF)

S3 Fig. Degeneracy check for the Deezer Croatia network with liking jazz as the outcome

variable. Trace plots and histograms show statistics of 100 networks simulated from the

model. The blue dashed lines on histograms show mean and blue dotted lines on histograms

and shaded areas on trace plots show 95% confidence interval, and red lines show the observed

values.

(PDF)

S4 Fig. Degeneracy check for the Deezer Hungary network with liking jazz as the outcome

variable. Trace plots and histograms show statistics of 100 networks simulated from the

model. The blue dashed lines on histograms show mean and blue dotted lines on histograms

and shaded areas on trace plots show 95% confidence interval, and red lines show the observed

values.

(PDF)

S5 Fig. Degeneracy check for the Deezer Romania network with liking jazz as the outcome

variable. Trace plots and histograms show statistics of 100 networks simulated from the

model. The blue dashed lines on histograms show mean and blue dotted lines on histograms

and shaded areas on trace plots show 95% confidence interval, and red lines show the observed

values.

(PDF)

S6 Fig. Degeneracy check for the Deezer Croatia network with liking “alternative” music

as the outcome variable. Trace plots and histograms show statistics of 100 networks simulated

from the model. The blue dashed lines on histograms show mean and blue dotted lines on his-

tograms and shaded areas on trace plots show 95% confidence interval, and red lines show the

observed values.

(PDF)

S7 Fig. Degeneracy check for the Deezer Hungary network with liking “alternative” music

as the outcome variable. Trace plots and histograms show statistics of 100 networks simulated

from the model. The blue dashed lines on histograms show mean and blue dotted lines on his-

tograms and shaded areas on trace plots show 95% confidence interval, and red lines show the
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observed values.

(PDF)

S8 Fig. Degeneracy check for the Deezer Romania network with liking “alternative” music

as the outcome variable. Trace plots and histograms show statistics of 100 networks simulated

from the model. The blue dashed lines on histograms show mean and blue dotted lines on his-

tograms and shaded areas on trace plots show 95% confidence interval, and red lines show the

observed values.

(PDF)

S1 Table. Models estimated using with the stochastic approximation algorithm, with liking

jazz as the outcome variable. Parameter estimates are shown with their estimated standard

errors. Parameter estimates that are statistically significant at the nominal p< 0.05 level are

shown in bold.

(PDF)

S2 Table. Model estimated using with the stochastic approximation algorithm, liking

“alternative” music as the outcome variable. Asterisks indicate statistical significance at the

nominal p< 0.05 level. Only the results for Romania are shown, as estimation for the other

two networks (Croatia and Hungary) did not complete within the 48 hour elapsed time limit.

(PDF)
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