S Text. Info on the graph energy

From the skeleton-derived graph (branching points=nodes), the adjacency matrix A can be
constructed. It consists in a double array A = [aij], whose entries aij are the number of edges
connecting node i to node j. There are several properties related with enumerating walks and
connectivity for the adjacency matrix that have received an increased attention in the context of
urban transport problems, social networks analysis (i.e. the study of human interactions with graph
theoretical tools) etc. The spectrum of a graph, defined as the set of eigenvalues derived from the
adjacency matrix also shed light about the structure of the graph (subject of Spectral Graph Theory).
The energy of the graph, defined to be the sum of the absolute values of the eigenvalues of the
adjacency matrix of that graph, rose from theoretical chemistry where eigenvalues were associated
with the stability of molecules®. To mention some properties of the eigenvalues of the graph, the
eigenvalues are arranged in a decreasing sequence. The Perron—Frobenius Theorem implies
immediately that if the graph is connected, then the largest eigenvalue has multiplicity 1 and this
eigenvalue is an average degree (i.e. number of incident edges to a node) for the graph®. Non-
connected nodes or components translate in zero entries in the adjacency matrix providing zero-
valued eigenvalues. Due to the non-negative nature of the absolute value function, any added node
will either have any impact on the energy of the graph (i.e. the associated eigenvalue will be zero in
case of isolated nodes) or a magnitude proportional to its degree (i.e. eigenvalue will have a non-
negative contribution to the graph energy being larger if the node is more connected). Therefore, the
larger the graph energy, the more connected is the graph and consequently this quantity expresses
the connectivity between the nodes.
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