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Appendix S1 Properties of the investor demand function

Here, we formalize and prove properties of the investors’ demand function that were mentioned in the
text. Lemma S1 shows that the investor demand is single-valued, under the following mild assumptions
on the investors’ utility function and on the random variable representing beliefs about the bonds’ value.
Next, Lemma S2 achieves stronger results for the particular utility function with constant relative risk
aversion (CRRA).

Lemma S1-S2 make the following assumptions. (All four assumptions except for Assumption S2 and

the second part of Assumption S3 were mentioned in the main text.)

Assumption S1. The investors’ utility function u : (0,00) — R is strictly increasing and strictly concave.

Assumption S2. The investors’ utility function u(-) is twice continuously differentiable.

Assumption S3. Vi is an absolutely continuous random variable, and its density function fi41 is a

continuous function on [0, 1].

Assumption S4. The investors have some bonds (z; > 0), some deposits (y; > 0), and some currency

(Ct > 0)

Some elementary results in convex optimization imply that the investors’ demand is single-valued and
that they want to sell all their bonds if and only if the price equals or exceeds the expected value of

bonds.
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Lemma S1 (Investor demand is single-valued and equals —z; iff price 7 > EViy1). Under Assump-
tions S1-S4, the investor demand function is single-valued. Furthermore, D;(w) = —z; if and only if

s Z E‘/t_;’_l.

Proof. Let z¢, ys, c¢ > 0 (by Assumption S4), and let the currency fraction p € [0,1) and the hypothetical

price 7 € (0,1). Recall that the investors’ demand, Eq. (1) of the main text, is defined to be

Di(m;ce, Yty 2¢) = arg max E (u[Vig1(ze +d) +ye + ¢ — nd]). (S1)
—zt <d <y /[m(1—p)]

For convenience, let g(d; z¢, yt, ¢t, ™) denote the objective function of D,(r), i.e.,

9(d; ze, ye, 0, m) =B (w[Vigr (2 + d) + yo + ¢ — wd))

1
= / ulv(ze +d) +yr + ¢ — wd] fig1(v)do,
0

The domain of g is the interval [—z;, y:/(7w(1 — w))], which is convex.
The continuity of u and v’ (by Assumption S2) and of fi11 (by Assumption S3) enable us to use the
Leibniz integration rule twice to move the derivative inside the integral sign to compute the first two

derivatives

1
% - / u' oz +d) +ye + ¢ — wd) (v = 7) frya (v)do, (52)
0
2 1
% B / u" [o(z +d) + y + ¢ — wd] (v — ) fipa (v)d. (S2b)
0

Because u is strictly concave (by Assumption S1) and twice differentiable (by Assumption S2), and
because its domain (0,00) is convex, we know that u” < 0 [1, Sec. 3.1.4, page 71]. Also, we know that

(v —m)? > 0 with equality if and only if v = . Combining these two conclusions with Eq. (S2b) gives

2

9%y Yt
@ <0 forallde |:—Zt, M] . (83)

Because 0%g/0d? < 0 and because the domain of g is convex, we know that g(d) is strictly concave [1, Sec.

3.1.3, page 69]. Thus, any solution d* to the first-order (necessary) condition for the maximization in
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Eq. (S1),

0
(@2t e ™) =0, (54)

is a unique, global maximum [1, Sec. 3.1.3, page 69]. If no solution d* to Eq. (S4) exists, then dg/0d is
either positive for all d, in which case g(d) has a unique maximum at —z;, or dg/dd is negative for all d,
in which case ¢g(d) has a unique maximum at y;/[7(1 — u)]. Thus, the investor demand function (S1) is
single-valued.

Furthermore, the first derivative of the objective function evaluated at the lower constraint d = —z;
is

0
a*g(—zt;zt,yt,cuﬂ) = (EVigr — m)u'(ye + ¢ + 721).

Because v/ > 0 (by Assumptions S1-S2), we know that

0
a—g(—zt;zt,yt,ct,ﬂ) <0 ifandonlyif 7>EV (S5)

Equations (S5) and (S3) imply that D;(7) = —z; if and only if 7 > E V;41, which completes the proof. O

The next lemma achieves stronger results for the particular utility function wu(-) that exhibits constant
relative risk aversion. Specifically, the lemma establishes the price at which the investors first begin to

buy less than the maximum that they can afford.

Lemma S2 (Investor demand less than they can afford iff m > 7;11). Suppose that the investors have
CRRA utility with parameter A and that the belief follows a Beta distribution with parameters oy, B;. Then
under Assumptions S1-S4, we know that m < Tyyq implies Di(w) =y /[7(1 — p)], and 711 < 7 <E Vi

implies —zy < Dy(m) < ye/[m(1 — p)].

Proof. We will show that the first derivative with respect to d of the objective function g(d; z¢, ys, ct, 7)
of the maximization in D;(m) evaluated at the upper constraint d = y;/[7(1 — u)] is negative for m < Ty41
and positive for 7 > 7Ty1. By Lemma S1, we know that 92g(d; z¢, ys, ce, m)/0d?> < 0 for all —z; < d <

ye/[m(1 — p)]. Because of this negative second derivative, we know that

e 0g/0d <0 at d=y,/[n(1— p)] implies D;(7) = y;/[m(1 — p)], and that



o 9g/dd>0atd=y,/[r(l—p)] implies D,(r) < y;/[r(1 — ).

so which proves the claim.
Using u/(w) = w™ in Eq. (S2a) and evaluating at d = y;/[7(1 — u)] gives
0

%g(d, 2ty ytvctvﬂ-)

_ ! ’ Yt >:| _
dmyfr ()] /0 ! {v (Zt M) W =mfealw)dv

) {Zt ! %W] A /o1 (V' =m0 fia (v)dv

“A
o, ow 1N B (Vi)
_ [m u)] (E [(Vis)' ] = 7E [(Vie) ™)),

which is positive if and only if

-~ _E [(Vt+1)17)‘] Qi1 — A
m™> Ti41 = Y =
E (Vi)™ g1 + Brgr — A
st because z; + y1/[m(1 — )] > 0 by Assumption S4. This equivalence proves the claim. O

= Appendix S2 Derivation of the bank demand function

Here we derive the bank demand function for positive shocks [Eq. (7a)] and for negative shocks [Eq. (7b)]
from the original definition [Eq. (4)]. By rearranging the insolvency constraint, Eq. (5), we find that the

three constraints (3) are equivalent to

U, X Tt — T
_$t<d<min{t+1t+t%,t} 7> v (S6a)
T — V41 K
v X Ty — r
max{mt,wtyt} <d< -t if T < v (S6b)
e s

53
To evaluate the arg max in Eq. (4), note that the marginal change in the banks’ expected equity due

to a infinitesimal increase in demand d is

0 0
8—dE €ri1 = a—dE Vigi(ze +d) + 71— (yr + 7d)] = EVipq — 7.

Thus, the expected equity Ee;y; is linear in d with slope EV;;1 — 7, subject to the constraint (S6).
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The sign of EV;11 — 7w therefore determines whether the bank demand is the lower or upper constraint
in (S6), and the sign of m — vy11 determines whether to use constraint (S6a) or (S6b). Note that if
EViy1 < 7 < vpy1, then the banks’ demand is the lower constraint in (S6b), which simplifies to —x;

under the assumption that 7z; + r; — y; > 0. In summary, the banks’ demand function can be written

more explicitly as Dy(7) = —xy if 7y + 7 —yr < 0 or if 7 > E V41, and otherwise
It if m< (]
T
{vtﬂwt +re—yr T }
nqg————> — & else
T — Vg1 um

Finally, considering whether the banks comply with their insolvency constraint (5) immediately after the

shock leads to Eq. (7).

Appendix S3 Effect of a capital requirement on the region of
beliefs giving rise to three equilibria

Here we explain why, after implementing a capital requirement, the region of beliefs giving rise to three
equilibria is reduced from above (and not from below), as illustrated in Fig. 10. Recall that the banks
are insolvent if and only if the bond price m < (y; — r¢)/a+. Also recall [from the banks’ demand in the
event of a negative shock, illustrated in Fig. 2(B)] that below the price (y; — 7¢)/z; the banks are forced
to sell all their bonds; by contrast, above the price (y; — r¢)/x: and below EV;;1, the banks’ demand
increases with the price. That is, the kink in the bank demand occurs at the price (y; — 7¢)/x¢.
Implementing a capital requirement does not affect the location of this kink because the capital
constraint Ceap. req.(7) [defined in Eq. (10)] satisfies Ceap. veq.[(yr — 71)/2¢] = —x¢. If deposits y; exceed
reserves 1, (as typically occurs in practice), then Ceap. req. () is increasing in the price = for m > (y; —
r+)/x4, so a kink still occurs at the price (y; — r¢)/2:. On the other hand, if reserves r; exceed deposits
y¢ (which rarely occurs in practice), then Ceap. req.(m) > 0 for all prices 7, so the capital requirement
does not bind for any price because the bank’s demand is negative for a negative shock, and so the
bank demand still has a kink at the price (y; — r¢)/x¢. In summary, the position of the first saddle-node
bifurcation (at which two new equilibrium prices appear) is (y; —r¢)/x; for any minimum capital-to-assets

ratio 7/}7; that is, the lower boundary of the region of three equilibria [such as in Fig. 4(E) and in Fig. 10]
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is independent of the capital requirement.

Although a capital requirement does not move the location of the kink in the bank demand, a capital
requirement can bind (and hence reduce the banks’ demand) for prices just above that price where the
kink occurs, (y; — r¢)/x¢, as illustrated in Fig. 9(A). Consequently, the left-hand side of the “hump” in
the total demand function [depicted in Fig. 4(A)—(C)] is truncated; for an illustration, see Fig. 9(A).
Thus, a less severe negative shock causes the two larger equilibrium prices to disappear, as illustrated in
Fig. 9(B). In summary, the reduction in the banks’ demand just above the price (y; —r¢)/z; explains why
the region of three equilibria is truncated from above in Fig. 10 and hence why the capital requirement

can force a decline in the bond price and bank insolvency.
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