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Supporting Information

Appendix S1

Convolution theorem

If F (q) ; G (q) and H (q) are the Laplace transforms of the functions
f (�) ; g (�) ; h (�) respectively, and H (q) = F (q)G (q) ; then

h (�) = (f � g) (�) =
�Z
0

f (s) g (� � s) ds =
�Z
0

f (� � s) g (s) ds (A1)

where the symbol " � " denotes the convolution product of the two function.

Inversion formula for compound functions

if f (�) = L�1 fF (q)g and g (u; �) = L�1
�
e�uw(q)

	
; then the inverse

Laplace transform of the compound function F [w (q)] is

L�1 fF [w (q)]g =
1Z
0

f (u) g (u; �) du: (A2)

If F (q) is the Laplace transform of the function f (�) and the Dirac delta func-
tion � (�) is the unit element for the convolution product, i.e.

(� � f) (�) = (f � �) (�) = f (�) ; for each function f (�) : (A3)
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L�1 fexp (apq)g = a

2�
p
��
exp

�
�a

2

4�

�
; Re

�
a2
�
> 0: (A6)

L�1
�
exp

�
�u

q + �

�
� 1
�
=

r
�u

�
exp (���) I1

�
2
p
�u�

�
: (A7)Z 1

0

exp

�
�a2z2 � b2

z2

�
dz =

p
� exp (�ab)

2a
; Re

�
a2
�
> 0; Re

�
b2
�
� 0; Re (ab) > 0:

(A8)Z 1

0

Z 1

0

exp (��s) cos (! (t� s))
u
p
s

exp

�
� y2

4�u
� u

�
I1

�
2
p
�us

�
dsdu

= �2
p
��

y
p
�
exp

�
� yp

�

�
cos (!t) +

2�

y

r
�

�
exp (�my) cos (!t� ny) (A9)

Z 1

0

Z 1

0

exp (��s) sin (! (t� s))
u
p
s

exp

�
� y2

4�u
� u

�
I1

�
2
p
�us

�
dsdu

= �2
p
��

y
p
�
exp

�
� yp

�

�
sin (!t) +

2�

y

r
�

�
exp (�my) sin (!t� ny) (A10)


