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Introduction

Over the last decades, effective management of cooperative
structures has been of great interest, due to its application to
various real life situations. Generally, in all kinds of cooperative
structures there is a nonnegative surplus included in the overall
return, which may consist of more than one pie. For instance, in a
supply chain network with multiple production facilities that
produce different products, the manufacturing and distribution
costs as well as the unit profits are dissimilar. Another example is a
water/power/waste management system that commonly includes
the collection and distribution of water/power/waste arising from
different sources. In most cases, these multiple pies should be
shared among a finite set of agents who receive specific payoffs if
they disagree to cooperate, i.e. through the non-cooperative
option. Moreover, since a cooperative venture is formed before the
actual size of each pie is realized, these pies can be assumed as
stochastic variables, i.e. pies with uncertain sizes. In such a
stochastic environment with multiple pies and multiple agents,
main challenge is to ensure fairness, especially when risk-neutral
agents have already reached an agreement for the division of the
overall surplus. The subsequent sections of this paper include the
review of the related literature, the description of the basic
problem, the introduction of a novel computation method and the
discussion of possible applications and future research issues.

Solution Concepts in Cooperative Games

More than 2000 years ago, Aristotle in “Nicomachean Ethics”
has established the main principle of fairness. He indicates that
equals must be treated equally and unequals must be treated
unequally, in proportion to relevant similarities and differences
[1,2]. This is a formal principle, which has been applied to all kind
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of cooperative structures, e.g. equal treatment and proportionality
are two general principles of European Union Law.

Cooperative game theory is applied to a finite set of agents,
namely grand-coalition, while any subset in which this set can be
divided is called coalition [3], and a coalition with just one agent is
called singleton. A cooperative game for a grand-coalition
N={1,2,3,...,n}, is either a pair (N, p) and a characteristic
function p : 2V — N, with p@) =0, which represents the collective
payoft for a set of agents forming a coalition [4], or a pair (JV; ¢) and
a characteristic function ¢ : 2¥ — R, with ¢(@)=0 that describes
the cost for a set of agents who cooperate in accomplishing a
specific task [5]. The solution of the game is a vector x € wy
representing the allocation of the overall profit p(V) or cost ¢(N) to
each agent. In general, a nonnegative surplus can be shared with
fairness following the equal or proportional sharing methods [6].
In the literature, several papers aim to provide axiomatic
characterizations of fair solutions, while a different approach of
fairness results in a different solution concept. These are the
solution of von Neumann—Morgenstern [7], the Shapley value [8],
the core [9], and the Nucleolus [10]. Moreover, alternative axioms
are discussed in [6,11,12,13]. However, the most widely applied
solution for the cooperative bargaining problem with fixed
disagreement payoffs is the Nash-bargaining solution (NBS) [14].
The NBS consists of an axiomatic derivation of the solution for a
bargaining game between two agents, who have perfect informa-
tion [15,16] and examine to cooperate and share a specific surplus.
This solution, which can be easily expanded in more than two
agents [17,18], satisfies a set of axioms: linear invariance and
independence of irrelevant alternatives (the solution is preserved
under the monotone transformation of the agents’ utility functions
or the exclusion of non-selected alternatives from the bargaining
set); Pareto-optimality (any change to a different allocation that
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makes one agent better off will make the other agent worse off);
feasibility (the sum of the agents’ allocations does not exceed the
shared pie) and symmetry (identical agents receive equal utility
allocations). Moreover, the asymmetric NBS is applied to cases
with non-identical agents [19,20].

Surplus Sharing Mechanisms and Bargaining in
Stochastic Environment

In recent papers, the fair division of a surplus among risk-averse
agents is examined in [21] and several authors analyze the profit-
sharing [22], revenue-sharing [23], cost-sharing [24] and cost-
revenue sharing [25,26] mechanisms in cooperative structures.
Other surplus division models are applied to supply network
formation [27], to decentralized supply chains [28,29], and to
river water [30] and groundwater [31] sharing cases. However,
taking into consideration that a surplus sharing mechanism should
use risk as driver [32], there is a strong interaction between the
divisions of a surplus with the risk allocated to agents. For instance,
in [33] is developed an analytic model based on the maximization
of the probability that a firm will achieve some given profit target,
and in [34] is developed a risk-based process that can be used to
compute the range including the win-win funding schemes of
partnerships at a predefined level of probability.

As mentioned in [33], the theoretical literature on bargaining in
stochastic environment is limited. In particular, few papers
examine cases where agents are negotiating over a surplus with
uncertain size, i.e. they receive individual surplus shares (called
dividends) with uncertain sizes. One of the mostly used techniques
for handling uncertainty is the Monte Carlo Simulation (MCS),
which takes into account the impact of a set of stochastic variables
(inputs) and defines the possible range of the output values
graphically expressed as the cumulative probability distribution
function [36,37,38,39].

However, a rational investor would like to minimize the
probability of the expected losses [40], or/and to maximize the
probability of the expected gains. This implies that an allocation
with which the probability of being negative an agent’s dividend is
high and the probabilities of being negative the opponents’
dividends are low, cannot be considered as fair. In other words, a
fair surplus division has to be based not only on the expected
values of the agents’ dividends, but also should take into account
their standard deviations. If agents agree in a specific sharing
scheme of the overall surplus within the NBS, then fairness is
achieved when the mean values and the standard deviations of the
agents’ dividends are proportional to the NBS. Proportionality
mmplies that when the surplus is divided equally, the expected
dividends and their standard deviations should be equal [26].
Specifically, in contrast with [41], which indicates the impossibility
of fair risk allocation, in [26] is developed a basic model for the
equal profit and risk allocation among agents who examine to
cooperate by undertaking parts of the system cost individually and
share the remaining costs and revenues. It is proved that when two
pies with uncertain sizes are allocated to non-identical agents,
there is a finite set of possible solutions that depends on the
number of agents. However, this model is limited in cases with two
stochastic pies. Herein, we consider a stochastic environment, in
which the overall return consists of multiple pies with uncertain
sizes and the surplus is not necessarily divided equally, i.e. when
agents negotiate and agree in a specific NBS, this solution can be
either symmetric with equal payoffs or asymmetric with equal or
unequal payoffs [19,20,42]. The main objective of this paper is to
introduce a novel method that can be used to compute the ratio of
cach pie that should be allocated to each agent, in order to ensure
fairness within a specific NBS. A complete list of the notations used
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Fair Division of Multi-Pies to Multi-Agents

in this paper is presented in Table 1 and the proofs of Theorems
and Propositions are shown in Supporting Information Text SI.

Problem Description and Mathematic Formulation

Assumptions. We consider a finite number of agents indexed
by i. Let N={1,2,3,...,n} denote the grand-coalition of all agents.
The following assumptions are used throughout the paper:

* Assumption 1. There is complete information among agents,
who examine the cooperative option having specific disagreement
payofls. This implies that if they do not reach an agreement, then
their payoff vector is : (Cy,C, ...,C,). In this case, the participants’
objectives are partially cooperative, as they aim at reaching an
agreement and partially conflicting, because each agent has its
own utility function regarding the negotiation outcome [43].

* Assumption 2. The different gains and losses that are yielded
through cooperation forming a finite set of pies 7= {1,2,3,...,m}
that is called pie-set. These pies are divisible and should be shared
among agents. However, since the grand-coalition is formed
before the actual size of each pie is realized, all pies are assumed to
be stochastic variables [44]. Specifically, all pies indexed by j
follow normal probability distribution functions with specific mean

values and variances: I (,u/,aj2>, where 6">0 for all pies, w>0

for pies representing gains and W<0 for pies representing losses.

¢ Assumption 3. Agents are rational, i.e. each agent should get
at least as much as it could obtain through the non-cooperative
option. Clearly, the cooperation yields a nonnegative surplus .

m .
That is, the A’s overall return Y IFis equal to the sum of agents’

=1

n ! m X
disagreement payoffs > C; plus the surplus S [6]: > I =
i=1 j=1

n m . n
Y Ci+SeS=>1II-3% G
i=1 j=1 i=1
e Assumption 4. All agents are risk-neutrals, i.e. they are
indifferent between the m pies, since they consider only the overall
expected return when making investment decisions [38]. In
particular, they negotiate over the division of the surplus that is
yielded through cooperation and the bargaining outcome is the
NBS, which is a vector:(Uj,Uy,...,U,) representing the expected
individual surplus shares (dividends) which are allocated to agents.
This is the unique solution that maximizes a function equal to the
product of the agents’ utility net gains from cooperation, measured
relative to the exogenous disagreement outcome [17,18,45].

Axioms. The allocation of the surplus S that is yielded
through cooperation fulfils the following axiom:

o Coalitionally rational [46]: This axiom is satisfied when the
expected return (sum of expected gains minus the relative losses) is
greater than the sum of agents’ disagreement payofls, i.e. the s
mean value, denoted by Wy, should be positive:

py=Y_ W-> C;>0 (1)

j=1 i=1

Since all agents are risk-neutrals, they negotiate over the .§’s mean
value considering their expected dividends (u;). The bargaining
outcome is an allocation, i.e. a vector U € N representing the
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Table 1. List of notations.

Fair Division of Multi-Pies to Multi-Agents

payoff vector is : (C;,Cy, ...,.Cr)

pies representing gains and /<0 for pies representing losses)

Grand-coalition’s overall return
Surplus to be divided

Ratio of pie j which is allocated to agent i

Efficient allocation of all pies
Stochastic individual surplus share (dividend) allocated to agent i
Expected value of the dividend allocated to agent i

Standard deviation of i s dividend

Nash-bargaining solution U € RY

grand-coalition N into two nonempty coalitions for n-1 times.

Ratio of subset of pies {1,.,g}, which are allocated to agent i

Characteristic function

Disagreement payoff of agent i (if agents do not reach an agreement, then their

Stochastic (random) variable j with a normal probability distribution: (where & />0, p />0 for

Description Symbol
Finite set of n agents (grand-coalition) N={1,23,....n}
Finite set of m stochastic variables (pie-set) J={1,23,.....m}

v}

S pi=1,vjel
i=1

m -
;= (p.0%) = _21 (IFp))-C;
<

m

w=(U;)(ny) = j,zl (p/pé)-Cf

G

(Ul,Uz,“.,U,,), 0<U;<l1

Set of coalitions including agent i, which arise through a specific partition set of the T

{1..8} _ {1...¢}
1% = Igt’P»

(Pl (1] )1 [Cilsc1 = S[U,, 1 = [IT1)

nx1

doi:10.1371/journal.pone.0044535.t001

ratio of the py that is divided in agent : € N
K=y (Ui) )

All agents are assumed to be rational and thus the allocation U
c RV fulfils the following axiom:

o Indiidually rational: Agent 1 get at least as much as it could obtain
through the non-cooperative option, according to the following
mequality:

U,‘>0 (3)

o Linear Invariance and Independence of Irrelevant Alternatives: Since the
bargaining outcome is assumed to be the NBS, it has to be linear
mvariance and independent of irrelevant alternatives. Let /'be the
feasible set of allocations. If I ‘is obtained from F'by multiplying all
agents’ utilities by o, then the solution of the new game is obtained
by multiplying each agent’s coordinate in the first solution by .
Moreover, the solution remains the same for each subset of F that
includes the specific solution.

o Feasibility and Pareto-Optimality: In order to fulfill the feasibility and
Pareto-optimality axioms, the allocation should be efficient, i.e. the
sum of expected dividends equals the expected surplus:

zn:m:llzv@zn:Ui:] )

i=1 i=1
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Eq (4) ensures feasibility, as the sum of allocations does not exceed
the overall surplus. Moreover, inequality (3) and Eq (4) ensure
Pareto-optimality, because for any other allocation U’# U, with
which at least one agent ¢ is better off: U/>U;, and from Eq (2):
w;>W,, there will be at least one agent £ worse off: Uy <Uy, and
from Eq (2): u’<p Hence, there are no Pareto improvements
which can be made in U and the negotiation result is Pareto-

Optimal.
Letpldenote the ratio of pie j € 7 which is allocated to agent i € V.
m L.
It is clear that agent’s ¢ expected dividend is: p;= > (u’ pi) -C;,
j=1

m X

while her expected overall return is: Y (}1/ pﬁ) =;+C;. Due to
=1

the fact that an inefficient allocation of at least one pie j will leave

space for renegotiation, we consider the efficient allocation of all pies

JEF
> b=t )

e Symmetry: On one hand, if all agents are identical (equal
disagreement payoffs and symmetric utility functions), then they
will agree in the equal allocation of the overall surplus, according
to Eq (6):
)
U=U=Us=..=U, <y ==3=...=4, (6)

On the other hand, if agents are non-identical, then the bargaining
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outcome will be the asymmetric NBS [19]. In the asymmetric
NBS, the surplus can be divided either equally fulfilling Eq. (6)
[42], or unequally with U; # Uy for at least two agents ¢, £ € N.
In cases where multiple pies
should be shared among multiple agents within a symmetric or
asymmetric NBS, main challenge is to ensure fairness for the
division of the overall surplus [47]. Let //; denote the individual
stochastic surplus share, which is allocated to agent z. This is given
from Eq (7):

The axiom of fair division.

;=
J

(17'v))-C: (7)

m
-1

Taking into consideration that all pies j € 7 are normally
distributed and the agents’ disagreement payoffs C; are real
numbers, we conclude that the stochastic dividends which are
allocated to agents follow normal probability distribution func-
tions: I1;= (u,»,cs,-z). Moreover, a solution satisfying U consists of
the ratiosp] for all i € N and j € J. In particular, a solution can be
llustrated in a [P],x,, matrix, in which the 1,2,.,n rows denote the
agents and the 1,2,.,m columns denote the pies, ie. each

elementp/represents the ratio of pie j which is allocated to agent 7

pi p; . DI

; Py P3 o DY
Plon=[pl] = 1 ®)

Py Pp e DY

In this case, the characteristic function of the dividends
allocated to all agents within a symmetric or asymmetric NBS
can be expressed in Eq (9):

[HI] [P]n xm [n]} mx 1-[Ci]n x 1 (9)

nx1

However, fairness is achieved when all these dividends are
distributed in proportion to the NBS: (Uy,...,U,), i.e. the expected
values of the dividends which are allocated to agents should satisfy:

m

W= Z (l»‘/p/l> -Ci=py(U)) (10)

j=1

and the dividends’ standard deviations, denoted by &, should be
also proportional to the mean values, according to Eq (11):

W K (11)

(o3 cy O3 On

dividends
11 iz(ui,cyiz) which are allocated to all agents are distributed in
proportion to the NBS, fulfilling Eq (12):

In other words, fairness is achieved when the

B0 Uiy ken (12)
W or Uk
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Results

Even though most papers dealing with cooperative games use a
bottom-up approach examining which coalition of agents can be
formed, or how sub-coalitional gains can be allocated in order to
secure a sustainable agreement, herein we follow a top-down
approach.

Computing Solutions for Fair Surplus Division

A novel approach to compute the ratio of each pie that should
be allocated to each agent, in order to ensure that the surplus is
divided in proportion to the NBS, is presented in Figure 1. As can
be seen, the general method introduced with this paper includes
two basic stages, which are following analyzed:

Stage 1: Partition the pie-set_J into two nonempty subsets:
Ja, Jp, and the grand-coalition N into two nonempty
coalitions Ny Ng. Initially, we consider that we have to use
the above Eqs (1) to (10), in order to estimate the (zXm) unknowns
of a [P],x, matrix that satisfy the axiom of fairness. However,
through the partition of the pie-set 7= {1,2,.,m} into two subsets:
Fa={L,....g}, and Jg = {gtl,...,m}, with 1= g<<m, the character-
istic function is presented in Eq (13):

g
> I

j=1

[pi{l,“,g} p,{ngl’“)m} ]n><2[ m _]ZXI'[Ci]nxl:[Hi]nxl (13)
2
Jj=g+1
Wherepjl""g}denote the ratio of the subset Ja = {1,...,¢} allocated

to agent ¢ andpl{gﬂ’”’m}denote the ratio of the subset

Js={gt+l,...,m} allocated to agent 7. This implies that the ratios
of pie 1, pie 2, ..., and pie g, which are allocated to agent ¢ are

{1,..g}

equal to: p; , and the ratios of pie g+1, pie g+2, ..., and pie m,

ingl,..,m}
; .

Moreover, through the partition of the grand-coalition N into
two coalitions: Ny = {1,..., &}, Ny = {ht+],...,n}, with 1= h<n, we
have 4 unknowns, which are the ratios of each subset:
Ja={l,....g} and jp={gt+l,...,m} allocated to each coalition:
Na={1,..., h} and Ny = {i+1,...,n}:

which are also allocated to agent ¢ are equal to: p

« Partition the pie-set J={1, 2, ... , m} into two
nonempty subsets, Jyand Jg, i.e.
J=JAU JB; JAﬂ JB=0
Stage 1
« Partition the grand-coalition N={1, 2, ..., n}
into two nonempty coalitions, Nyand Ng, i.e.
N=NAU NB; NAﬂ NB=9
A 4
The partitioning of all coalitions of agents is
continued for n-1 times, until eventually all
agents form singletons: Stage 2
{15 {2}, 3} ..., {n}

Figure 1. A general method for fair surplus division.
doi:10.1371/journal.pone.0044535.9001
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{l,...g} {g+1,.m}
Pi.ny Pi.n
[P]ZXZZ[ {lw,g} {g+1wm}}2><2 (14)
p{thl’--ﬂ} p{h+l,4.n}

Specifically, through the partitions of the pie-set and the grand-
coalition into a pair of two nonempty subsets and two nonempty
coalitions, the characteristic function (9) is expressed in Eq (15):

{1,..g} {g+1,.m}

Py Pln Lol j=1 ]
(L.g) {g+lomy 2X20 m o J2x1
P{hﬁ,..ﬂ p{i+l,..n} S
j=g+1
(15)
2 G Vi
= 1,1}
_[ ]2>< 1= [17 ]2><1
Ci {h+1,..n}

i=h+1

Further, we derive the following Theorem 1.

Theorem 1.  For each pair of two coalitions and two subsets that can
arise_from the partition of the grand-coalition N = {1,.,n} into: Na = {1,.,-
hiand Np-{h+l,,n}, (N» U Ng=N; Ny N Npy=0) and the
partition of the pie-set ] = {1,.,m} into: Ja={1,.,g} and Jp= {g+1,.,m},
Ja U Js=J; Ja N Js=0), there s a umque [P] oxo matrix:

p{lq--qg} p{g+1,--m}
[ {l{lg?} };’;‘f’}”m}]zxz, which ensures fairness within the NBS
p{/1+1...n} p{/1+1,“n}

satispying Eq (12):

Mo ny _ _S{i.m
Wh+1,.0y Ofn+1,..n}

h
> Ui
i=1
~ .
> Ui
i=h+1
Stage 2: Continuous partitions of the agents’ coalitions

for n-1 times. From Theorem 1, it is clear that through the
partition of the coalition N = {1,.,4} into two nonempty coalitions

{1,., f} and {f*1,...,h}, 1= f<h, Eq (15) gives:

Lt} S )
{1,...g} {g+1,.m} Ph“ﬁ Z g
[ Pi.sy Pl [ j= |
(1...g} (g+1,..m) 2x2 ” m ) 2x1
Piyrrimy Piyreim p?l“}j} } S Ir
j=g+1 16
‘Zf: . (16)
= 1y py
- i }2x1:[n laxi
E Cz {f+1...h}
i=f 1
p{l,u,g} p{g+l,“m}
which has a unique [P] gxo matrix: | {l{lg{} g’;’{}"m} ]2X2
Piyritny Pyrin
) {Log | {l..gl  __{g+1.m}
satisfying Eq (12) and P A TPy =Py T
{g+1,.m} _ 1
Py =1
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Similarly, through the partition of the coalition Ng = {/+1,.,n} in
another pair of nonempty coalitions {/+1,., £} and {k+1,...,n},
ht1= k<n, Eq (15) gives:

... AR
{l...g} {g+1,.m} p}h_*_(]g’}:',”} Z w
Pistky Plt.x) j=1 |
{l,...g} {g+1,.m} 2x2 m m ) 2x1
P Pt piﬁi}:::n}} S IP
Jj=g+1
17
i (17)
C
[i:h+1 I} _ g,k
-, 2=l 2x1
Z G {k+1,..,n}
i=k+1
p{l,..,g} p{g+l,..m}
which also has a unique [P] o matrix: | {{i{+;}k} }zillnl;{ ]2X2
{k+1,.n} {k+1,.n}
PN 1,.., 1,.., 1,.m
satisfying  Eq (12 and  py et =Pl +
{g+1,.m} -1
(k+1,m) = L

In particular, the partitioning of coalitions into two nonempty
coalitions is continued, until eventually all agents form singletons: {1},
{2}, {3},..., {n}, 1.e. for n-1 times. Through this process, if we compute
the unique [P] 9«0 matrix for each coalition, we can compute the ratio
of each subset {1,.,g} and {g+1,.,m} which is allocated to each agent.

Let m; denote the set of coalitions including agent ¢, which arise from
a specific set of partitions of the grand-coalition JV into two nonempty
coalitions for #-1 times. For instance, through the continuous partitions
of the N={1,2,3,4,5} within a specific partition set, into: {1} and
{2,3,4,5}, and the further partition into {3} and {2,4,5}, and the
further partition into {2} and {4,5} and the further partition into {4}
and {5}, the sets of coalitions m;including agents are:

m={{1}}
m={{23.4,5}.{2.4.5}.{2}}

3 ={{2,3.4.5}.(3}}

s ={{2,3.4,5},{2.4,5},{4.5}.{4}}
s ={{2,3.4,5},{2.4,5}.{4.5}.{5}}

That is, the ratio of each subset of pies ({1,.,¢} and {g+1,.,m}),
which is allocated to agent 7, equals the product of ratios of the
coalitions, in which ¢ is included, e.g. for agent 5:

{L..g} _ {L..g} _ (o {L-g} {Lgh (L8 g {18}
Ps _/QSP’“ —(p{2,3,4,5})(p{2,4,5})(p{4,5} )(p{5} )

1,...m 1,...m 1,..m
p§g+ [ pl{cé”r }:(p{g+ })

kens {2.3.4.5)

1,...m s+ 1,..,m 1,..,m
EERT PR D

However, the ratio for agent 7 in each subset of pies {1,...,¢} and
{g+1,...;m}, equals her ratios in all pies of the specific subset:

pfl’“’g} =p! =p?=...=pfand p;.{gH""'"} =p§'+l =p;5'+2 =..=p"

In other words, through the partition of the pie-set 7 into two
nonempty subsets, and the continuous partitions of all coalitions into a
pair of nonempty coalitions for n-1 times (until all agents form
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singletons), we can compute the ratios p; of all pies j = 1,2,.,m which are
allocated to all agents :=1,2,.,n. That is, we can compute a specific

matrix [P] ., which ensures that the agents’ dividends I7; = (i;,6;%)
. [of} U:
are distributed in proportion to the NBS: b_Si_ 4 ,Vi,keN
e or Uy

Basic Features

In this section, we present some basic features of the proposed
method.

Number of possible partitions of the pie-set. Let g(m)
denote the possible combinations for the partition of the pie-set 7
into two nonempty subsets. We derive the following Proposition 1.

Proposition 1.  The number of possible partitions of a pie-set J into
lwo nonemply subsets is given from the precewise Eq (18):

m—1

m! m!
gm=c ot ,; > "=0dd
- (18)
m’
g(m): +Z e l)'l' ( ')22 m=even

Finite possible [P]
However, in each partition of the grand-coalition N
into two nonempty coalitions according to the first stage of the
proposed method, or any other partition of the agents’ coalitions
into two nonempty coalitions according to the second stage, there
is no coalition that can be profitably blocked. This implies that
there is no constraint considered and any agent can be placed
either in the first or the second coalition of each partition, in which
the order of agents does not matter. Let f{n) denote the possible
combinations for the continuous partitions of coalitions for n-1
times (until all agents form singletons: {1},...,{n}. Taking into
consideration that for each partition into two nonempty coalitions
there is a unique [P] 549 matrix, we derive Theorem 2.
Theorem 2. The number of possible [P] \xm matrices that ensure
Jairness for the surplus division within a NBS, is finite and equals the product
of the possible partitions of the pie-sel into two subsels with the possible
partitions of all coalitions of agents into trwo nonempty coalitions for n-1 times:

nxm matrices for fair surplus
division.

possible [P],y,, =/ (n)g(m) (19)
where:
S0= G 1), 1)+ D )'k'f(n k)f (k), n=odd
%7 nl (19.1)
J= 1), Z k),k,f(n k)f(k)+(n)2

2

n 21
N o=
f(z.) 2,11 even
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m 1
g(m) + Z o l)'l" m=odd
y (19.2)
—1 "
g(m) + Z e l)'l' ( ')22 m=even

Possible [P] ,,.,,, matrices for 2= n, m =10. 'The precise
number of possible [P] ,,, matrices for 2= m, n =10, is illustrated
in Table 2. As can be seen, this Table presents the numbers of
possible matrices for all combinations of: m, n=2,3,4,., 10. For
instance, when there are 7 stochastic pies to be allocated to 5
agents, there are 6615 matrices [P] 5.7 satisfying Eq (12), and
when there are 5 stochastic pies to be allocated to 7 agents, there
are 155925 matrices [P] ;.5 satisfying Eq (12).

Computation Algorithm

In this section we introduce an algorithm, which can be used to
compute a [P] ,«,, matrix that ensures fairness for the division of
the overall surplus. This algorithm consists of seven basic steps,
which are presented below:

(1) Step 1: Randomly partition the pie-set f into two subsets:
{1,...,¢} and {g+1,...,m} with 1= g<m.

(2) Step 2: Randomly partition the grand-coalition N into two
coalitions: {1,...,2} and {/+1,...,n} with 1= A<n.

(3) Step 3: Develop a MCS model, in which the C;, IT7 are inputs
and the [Ty, Il the outputs, according to the
following Eqs (20) and (21):

M. =ply" h}ZHurp}g“ m Z - Zc (20)

j=g+1 i=

n

1,.m
i1y =Py n}znjﬂ’{iil W Z -y C (21
j=g+1 i=h+1

(4) Step 4: Select a specific value of pH gi = l-pgljr"f,}_,n}, and
estimate the p%’t};}:"m} = l-pg’: 1’} T}}, in order to fulfill:

/,}—uNZU =p}] Zu“r
p?lzﬂLil .m} Z lll ZC

=g+1 i=1

(22)
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Table 2. Number of possible [P] , ., matrices for fair surplus division.
Number of pies
m=2 m=3 m=4 m=5 m=6 m=7 m=8 m=9 m=10
Number n=2 1 3 7 15 31 63 127 255 511
of Agents
n=3 3 9 21 45 93 189 381 765 1533
n=4 15 45 105 225 465 945 1905 3825 7665
n=5 105 315 735 1575 3255 6615 13335 26775 53655
n=6 945 2835 6615 14175 29295 59535 120015 240975 482895
n=7 10395 31185 72765 155925 322245 654885 1320165 2650725 5311845
n=8 135135 405405 945945 2027025 4189185 8513505 17162145 34459425 69053985
n=9 2027025 6081075 14189175 30405375 62837775 127702575 257432175 516891375 1035809775
n=10 34429425 103378275 241215975 516891375 1068242175 2170943775 4376346975 8787153375 17608766175
doi:10.1371/journal.pone.0044535.t002
[G] .x1 matrices are inputs, and the [/ ;] ,x 1s the output
n according to Eq (9):
_ {g+1,.m}
Wity =Hy Z {h+l ) Z“ TP 1) Z W
i=h+1 Jj=g+1
(23)
n
- Z Ci [P]nxm[nl]mxl_[ci]nxl Z[Hi]nxl (9)
i=h+1
Run  the  simulation and  estimate: MR, Hs,0e 1,
o) . - . andoc(,02,03,...,0,, In order to verify that the dividends are
1,..g g+1,..m g+1,..m
For the s R s that fulfils Egs . . ;o U
(p{l -h} p{/’+1 PPy Pty “ allocated to all agents with fairness: E_S ,Vi,keN
(22), (23) run the MCS and estimate c{]mh}, Gy I the W oor UC

following Eq (24) is fulfilled then go the next Step, otherwise
{1
(1.
decreasing its initial value) until you ﬁnd the unique elements of a
gt JAl..g} fe+1.

examine alternative values of p ”g} (simply by increasing/

m 1,...m .
[l 9x2 matrix: (p{l AP P !, 511 }), which
fulfils Eq (24):
>
U;
Kt ny B O B | (24)
“{/7+1,..n} Oih+1,.n} U;
i=h+1
o L., 1,...m 1,..m
(5) Step 5: Use the (p{l i},pglﬁf} n},pﬁ+ },p}ﬁl })> and
return to Step 2, i.e. randomly partition both the {1,.. /z} and

{h+1,...,n} coalitions into two pairs of nonempty coalitions:

{1,...f}, {f+1,.. i} and {At+1,.. k} {k+1,...,n}, respectively,

and compute the unique ratios: (p{l’ ?{ ,pg’ +"1g} h},pﬁ"Jr;’} <}
{g+1,..m} {1, Jm}

g} .8} {g+1,..m} f{g+1,.
Py, h}) and (p{h+1g A}’p{ij n}>p{i+1 K} ’p{§+l n})

Specifically, the 2 to 5 Steps should be followed for -1 times.
Step 6: Calculate the ratio of each subset {I,...,¢} and
{g+1,...,m} allocated to each agent, through the product of
the ratios of the agent-coalitions in which the agent is
included. Moreover, due to the fact that each agent’s ratios
are equal in all pies of each subset, illustrate the [P] ..,
matrix.

Step 7: In order to verify the results, develop another MCS
model, in which the computed [P] , ., the [[T7] ,,x1, and the
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Discussion

Numerical Example

In this section we present a numerical example with the
application of the proposed computation algorithm. We consider 4
risk-neutral agents forming a grand-coalition N={1, 2, 3, 4}. All
agents are rational and agree to cooperate having different
disagreement payofls, i.e. through the non-cooperative option they
receive: C;=2x10°% Cy=5x10% C3=3x10°% and C,=2x10°
We examine a general case with non-identical agents and the
asymmetric NBS, considering that the symmetric NBS can be
included as a special case where agents’ utility functions are
symmetric and the disagreement payoffs are equal:
C,=Cy=C3=Cy4. There are 5 different pies representing the
N’s gains through cooperation, i.e. the pie-set is: 7= {1, 2, 3, 4, 5}.
Since the grand-coalition is formed before these gains are realized,
each pie indexed by j follows a normal probability distribution
function with specific mean value (1”) and standard deviation (G7),
as presented in Table 3. All agents are risk-neutrals implying that
they are indifferent between the m pies, as they consider only their
expected dividends. Specifically, they negotiate over the expected
value of the surplus (1y), which is yielded through cooperation.
This value is computed with Eq (1):

5 4
py= Y W->_ C;i=(145-12)x10°=133x10° >0
j=1 i=1

(1)

The bargaining outcome is a vector U € RY representing the
ratio of the py that is allocated to agent . The subsequent sections
examine two cases within the asymmetric NBS, which is the payoff
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Table 3. Normal probability distributions of pies
(values x10°).

Pies Jj=1 j=2 j=3 j=4 Jj=5
Mean values: i/ 15.0 20.0 50.0 10.0 50.0
Standard deviations: /4.0 2.5 2.0 4.0 2.0

doi:10.1371/journal.pone.0044535.t003

that maximizes a weighted product of players’ gains over their
disagreement payoff.

Asymmetric NBS with unequal divisions. The first case is
the asymmetric NBS where the surplus is divided unequally
among agents. We assume that this solution is: U =(U;, Uy, Us,
U, =(0.12, 0.25, 0.30, 0.33). Since all pies included in Table 3
should be allocated to all agents with fairness, we want to compute
the ratio of each pie that should be allocated to each agent, in
order to ensure that the agents’ dividends [I1;] 4« are distributed
in proportion to the NBS, i.e. to compute a [P] 4«5 matrix, which

e U
satisfies Bq (12): 5— = O 2 i k=1234
k

- O Uk

We use the computation algorithm presented in the previous
section, 1.e. the random partition of the pie-set into two subsets and
the continuous random partitions of the agent-coalitions for n-1

times, as illustrated in Figure 2.

(1) Step 1: Randomly partition of the pie-set 7 into two subsets:
{1}, and {2, 3, 4, 5}.

(2) Step 2: Randomly partition of the grand-coalition N into two
coalitions: {1}, and {2, 3, 4}.

(3) Step 3: A MCS model is developed, in which the C;, IT7 are

inputs and the I1;y3, I15 3 4; are the outputs, according to the
following Eqs (25), (26):

2,345
H{l}fp}l} }1} }an C1 (25)

1 2 3,4,5
34 =P§2,}3,4}H1 +p{234} ' an ZC (26)

(4) Step 4: Initially, we select a specific value: p {1} =0.12. For this
value, the: ply} ) =1-0.12=0.88, while from Eqs (22), (23),

we compute: piy; ! =0.12431 and the p{335 =1-0.12431

=0.87569:

5 .
oy =1y Uy =15.96x(100) =pl '+ pfi*) W ()
b=

fg2.3.4y = iy (Uz + Uz + Uy) = 117.04x(10°)

5
=Pl i +D34 D #—(CotCy+Ca)

For the scenario (p{l} 0. 12,p{2 34 —0.88,p3}3 43} —0.12431,

P33 =0.87569), we run the MCS and we get: o1, = 6232764,
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Gy2,34; = 873019. It is clear that this scenario does not satisfy Eq
(24) because:

opy 623734, U 012 pgy o 15.96x10°
o34 873019 24: U S 088 pps4y  117.04x10°
i=2

Further, » we examine alternative scenarios arising from different
values of p np and we compute the unique ratios that satisfy Eq

(24):

(p}}{ =0.109.p1,) 4, =0.891p 14 =0.1256,p (335 =0. 8744)

(5) Step 5: We return to Step 2 and use the ratios: (pg}% 4
=0.891,p{333;” =0.8744) in the random parition of the {2, 3,
4} coalition into two coalitions: {2,3} and {4}. According to this

partition, we compute the unique ratios: (pg}s}=0.59

iy} =041p3 =0.64451,p (5! =0.35549).

we return to Step 2 and we use the ratios (pg}”

=0.59.p133"" =0.64451) in the pastition of the coalition {2,

3} into {2} and {3}, in order to calculate the unique ratios:
<p L= 0.40.p {3} = 0.60.p 3% = 047903, p 7 =
0.52097)

(6) Step 6: We estimate for each agent the ratios in each subsets of
pies: {1}, and {2, 3, 4, 5}, through the product of the ratios of
the agent-coalitions in which the agent is included:

Further,

1 2,345 2,3,4,5
o p! p},}0109 nd p{*H43 = p%,} }

~0.12557
~ (o0 Y (p ) (p) = _
o ph=(rBhy) (Ph)) (Pa]) = (0:891)(0.59)(0.40) =
0.210276
2,34,5 2,34,5 2,34,5 2,345
PP = (PB357) (B3 (o)
— (0.87442)(0.64451)(0.47903) = 0.269968

o 1l = (pgg”)(pgg})(pm) (0.891)(0.59)(0.60) =
0.315414-

{2 34,5} (pg 2,2,}5}) (17};:;,}4,5}) (pg,}zA,S})

— (0.87442)(0.64451)(0.52097) = 0.293605
o =Pty (Pli]) =(0:891)(041)=0.36531
{2%45} 123451 ({2345}
(p{m} <”{4} )
= (0.87442)(0.35549) = 0.310847

Moreover, due to the fact that each agent’s ratios are

equal in all pies of each subset, we estimate:
2,34

o pl—pi=pi=p]=p!***=0.12557

2=p3=pt=p3=p{*** =0.269968

e D =pP3=p3=p3=D,
2,3.,4,

o DPi=pl=pi=pi=p!**=0.293605
2,3.4,

o Pi=pi=pi=pi=p{"*"=0310849

and we illustrate the [P] 4.5 matrix:
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pie-set

J={1,2,3,4,5)}
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grand-coalition
N={1,2, 3,4}

( a )—@, 3.4, SD

Cin @)

G~

Ca (@)

Figure 2. First set of partitions.
doi:10.1371/journal.pone.0044535.9002

0.109000
0.210276
0.315414
0.365310

0.125577
0.269968
0.293605
0.310849

0.125577
0.269968
0.293605
0.310849

0.125577
0.269968
0.293605
0.310849

0.125577
0.269968
0.293605
0.310849

[ }4)(5 (29)

(7) Step 7: In order to verify the results, we develop another MCS
model, where the estimated [P] 45, the [T1] 541, and the [C ] 4%
matrices are inputs, while the [IT ;] 44, is the output according to
Eq (9):

[P]4><5[Hi]5><1-[ci]4><1:[Hi]4><1 9)

We run the simulation that gives the following results:

py = 15960000, p, = 33250000, 13 = 39900000, =43890000a-
and 61 =2809490,5, =1691896,53 =2029945,64 = 2227604.
These results verify that the overall surplus is divided with fairness,
as the dividends allocated to all agents are distributed in
proportion to the NBS:

ﬂ U] 0.12 1251 ()] U]

0.12

%_oz_ﬁz_o.zs’ufanT‘O&O’
m_a U 012
w o4 Ug 033
&_62_U2_0.25 o o Uy 025

py o3 Us 030" p, o4 Uy 033
,113_0'3_U3_0.30

u,  os Uz 033

(30)

Other solutions for asymmetric NBS with unequal
divisions. As can be seen in Table 2, in the specific case
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(where five pies: m =5 are allocated to four agents: n = 4), there are
225 different [P] 4«5 matrices that ensure fairness within the NBS.
For instance, if we follow a different partition set, as illustrated in
Figure 3, i.e. the same partitions of the agent-coalitions into a pair
for n-1=3 times, and a different partition of the pie-set
J=1{1,2,3,4,5} into two other subsets: {2,3} and {1,4,5}, then

we calculate another [P] 4.5 matrix:

0.116733
0.239665
0.301665
0.341937

0.131500
0.289645
0.289645
0.289211

0.131500
0.289645
0.289645
0.289211

0.116733
0.239665
0.301665
0.341937

0.116733
0.239665
0.301665 Jaxs
0.341937

(1)

However, if we use this matrix along with the [/ J] 5x15[C ] 4x1
as inputs and the [IT}] 4% as output in another MCS model, then
the  simulation  gives:  p; =15960000,n, =33250000,1; =
39900000,p =43890000 and o©1=807509,0,=1690426,63=
2010668,64 =2226370, verifying that Eq (12) is also fulfilled with
this [P] 45 matrix.

Eq (12) can be also satisfied with the set of partitions presented
in Figure 4. Specifically, through the partition of 7= {1,2,3,4,5}
mto {1}, {2,3,4,5} subsets and the partition of N={1,2,3,4} mto
{3,4}, {1,2}, and the further partitions into {4}, {3} and {1}, {2},
respectively, we get the following[P] 4.5 matrix:

0.108765
0.206325
0.321950
0.363050

0.125614
0.270424
0.292852
0.311110

0.125614
0.270424
0.292852
0.311110

0.125614
0.270424
0.292852
0.311110

0.125614
0.270424
0.292852]4"’5
0.311110

(32)

with which the MCS gives:
py = 15960000, 1, = 33250000, 13 = 39900000, 1, =43890000,
and oy =812940,6, =1694398,03 =2053277,64 =2234464.
Conclusively, it can be seen from Eqs (29), (31) and (32) that these
[P] 45 matrices are different, however provide equal results since the
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pie-set
J={1,2,3, 4,5}

grand-coalition
N={1,2, 3,4}

( 2 3} )—({1, 2 5})

Cin @)

G~

Ca (@)

Figure 3. Second set of partitions.
doi:10.1371/journal.pone.0044535.9003

dividends allocated to all agents are distributed in proportion to the
bargaining outcome U that is the asymmetric NBS with unequal
divisions.

Asymmetric NBS with equal divisions. In the second case,
the bargaining outcome is the asymmetric NBS where the surplus
1s divided equally according to Eq (6): U; = Uy =Us=U,=0.25. If
we follow the same set of partitions presented in Figure 2, i.c.
partition of J into two subsets: {1}, {2, 3, 4, 5} and partition of ;'
into {1}, {2, 3, 4}, and the further partition into {4}, {2, 3}, and
the further partition into {2}, {3}, then we compute the following
[P] 4x5 matrix:

0.269000
0.207008
0.253522
0.270470

0.240115
0.270345
0.249594
0.239946

0.240115
0.270345
0.249594
0.239946

0.240115
0.270345
0.249594
0.239946

0.240115
0.270345
0.249594
0.239946

[ ]4x5 (33)

pie-set
J={1, 2, 3,4,5}

grand-coalition
N={1,2, 3,64}

Moreover, if we develop another MCS model, where the estimated
[P] 4xs, the [17]] 551 and the [C ] 4; matrices are inputs and the [7 ]
4x1 1s the output in Eq (9), then the simulation gives:
My =My =H3=py =33250000, and ©|=072=03=04=1691000.
Clearly, this matrix ensures fairness within the asymmetric NBS with
equal divisions, as it fulfils Eq (12):

m_or_U_wm_o_U_w_o_U _
b oy Uy p3 o3 Us w oy Uy
w_o U _wm_o U _w_ o U 025

K3 03_U3 Hyq 04_U4 H4_G4_U4_m_

Applications
In the previous numerical example, a generalized case of a
cooperative venture was considered, in which agents with different

( o )—Gz, 34, SD

(oo )—azn)

Ca o )(m

@)

Figure 4. Third set of partitions.
doi:10.1371/journal.pone.0044535.9004

PLOS ONE | www.plosone.org 10

September 2012 | Volume 7 | Issue 9 | e44535



disagreement payoffs agreed in a specific allocation of the overall
surplus. However, there are various real life situations, to which
the computation algorithm presented here can be applied.
Specifically, it can be applied to all situations that can be
formulated within Eq (9):

[P]nxm [Hj]n1xl-[ci]nx1:[ni]n><l (9)

Indicatively, we present the following cases:

 Let’s consider a water allocation problem, in which » authorities
(agents) with fixed disagreement payoffs of water (C,,...,C,),
negotiate over the division of the water collected from different
sources (pies), e.g. from rivers, rainwater tanks, wastewater
treatment plants, etc. If these pies follow normal probability
distributions and all agents are risk-neutrals and agree in a specific
NBS (either symmetric or asymmetric), then the method presented
here can be effectively applied. In particular, agents can compute a
[P] . x» matrix, which represents the ratio of the water from each
source that should be distributed in each area, in order to ensure
fairness within the NBS.

¢ Another example is a solid waste management problem, where
the managers (agents) of n waste incineration plants, who have
fixed disagreement payoffs of waste (C;,...,C,), negotiate over the
division of the volume of solid waste (pies) arising from different
areas. Specifically, if these pies follow normal probability
distributions and the risk-neutral agents (who want to maximize
the volume of waste treated in their plants, in order to maximize
their profits) agree in a specific NBS, then the proposed algorithm
can be applied for computation to the volume of waste that should
be distributed in each plant from each area.

* Additionally, the computation algorithm can be applied to
supply chain networks where 7 risk-neutral agents (manufacturers
or/and suppliers or/and retailers), having fixed disagreement
monetary payofls (Cy,...,C,), negotiate over the division of the
revenues and costs that are yielded through cooperation. In this
case, the pies represent the operation revenues, e.g. from different
products’ selling, and the respective costs, e.g. infrastructure,
advertising, distribution and storage costs, etc. Specifically, since
the demand is not realized when the network is formed, these pies
can be assumed as stochastic variables that follow normal
probability distributions. If agents negotiate and agree in a specific
NBS (either symmetric or asymmetric) for the division of the
overall profits (surplus) of the network, then the proposed
algorithm can be applied for computation to the ratio of each
pie that should be allocated to each agent.
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Methods

We compute the possible [P] ,x,, matrices that are presented in
Table 2 by using the Wolfram Research Mathematica Version 7.0
software. For the development of MCS models within the
computation algorithm, we suggest using specialized software, in
order to get accurate results.

Conclusions

Over the last decades, one of the most widely examined
problems is the fair division of a surplus among agents. Herein, we
focus on cases where multiple stochastic pies should be shared
among agents with fixed disagreement payofls, according to a
specific NBS for the division of the overall surplus. Particularly, we
consider that fairness is achieved when the stochastic dividends
which are allocated to agents are distributed in proportion to the
NBS. We introduce a novel method that can be applied to various
situations, in order to compute the ratio of each pie that should be
allocated to each agent. It is proved that there are finite possible
solutions depending on the partitions of the pie-set into two subsets
and the continuous partitions of the grand-coalition into two
coalitions, until eventually all agents form singletons. We have
assumed in this paper that all agents are risk-neutrals and the
stochastic pies are divisible and follow normal probability
distribution functions. Without making these assumptions, the
development of respective algorithms in cases where agents with
different risk preferences (risk-averse/neutral/seeking) are not
indifferent between the m pies, or the stochastic pies are indivisible
or follow asymmetric probability distributions, e.g. lognormal, can
be subjects for future research. Future papers can also focus on the
application of other solution concepts, such as the Shapley value,
the core, and the Nucleolus to stochastic environments, where the
size of the pie over which agents are negotiating may vary
stochastically. Conclusively, the computation algorithm intro-
duced with this paper can be a useful tool for decision-making
under uncertainty, as it helps agents to estimate solutions that
ensure fairness within a symmetric or asymmetric NBS.

Supporting Information

Text S1 Proofs of Theorems and Propositions.

(DOC)

Acknowledgments

The authors deeply appreciate the Editors and two anonymous reviewers
for their insightful comments and suggestions.

Author Contributions

Conceived and designed the experiments: ACK KA. Performed the
experiments: ACK IPT. Analyzed the data: ACK KA IPT. Contributed
reagents/materials/analysis tools: ACK AS. Wrote the paper: ACK.

7. von Neumann J, Morgenstern O (1944) Theory of Games and Economic
Behavior. Princeton NJ: Princeton University Press.

8. Shapley LS (1953) A Value for n-person Games. In: Kuhn HW, Tucker AW,
editors. Contributions to the Theory of Games II, Annals of Mathematical
Studies vol 28, Princeton University Press. 307-317.

9. Gillies D (1959) Solutions to General Nonzero Sum Games. Ann Math Stu 40:

47-85.
. Schmeidler D (1969) The Nucleolus of a Characteristic Function Game.
SIAM J Appl Math 17: 1163-1170.
11. Kalai E, Samet D (1985) Monotonic solutions to general cooperative games.
Econometrica 53: 307-327.
12. Young HP (1985) Monotonic Solutions of Cooperative Games. Int J Game
Theory 14: 65-72.

September 2012 | Volume 7 | Issue 9 | e44535



14.

15.

28.

29.

30.

31.

. Chun Y (1988) The proportional solution for rights problems. Math Soc Sci 15:

231-246.

Nash J 1950 The bargaining problem. Econometrica 18, 155-162.

Wong KKL (2010) A Geometrical Perspective for the Bargaining Problem.
PLoS ONE 5(4): €10331. doi:10.1371/journal.pone.0010331.

. Madani K (2011) Hydropower Licensing and Climate Change: Insights from

Cooperative Game Theory. Adv Water Res 34: 174-183.

. Harsanyi JC (1959) A bargaining model for the cooperative n-person game. In:

Tucker AW, Luce DR, editors. Contributions to the Theory of Games.
Princeton, NJ: Princeton University Press. 324-356.

. Harsanyi JC (1963) A simplified bargaining model for the n-person game. Int

Econ Rev 4: 194-220.

. Kalai E (1977) Nonsymmetric Nash solutions and replications of 2-person

bargaining. Int J Game Theory 6: 129-133.

. Roth AE (1979) Axiomatic Models of Bargaining. Lecture Notes in Economics

and Mathematical Systems: 170, Springer Verlag. 19-20.

. Barbanel JB, Brams S] (2004) Cake division with minimal cuts: envy-free

procedures for three persons, four persons, and beyond. Math Soc Sci 48: 251~

269.

. Bughin J (1999) Oligopoly profit-sharing contracts and the firm’s systematic risk.

Eur Econ Rev 43: 549-558.

. Linh CT, Hong Y (2009) Channel coordination through a revenue sharing

contract in a two-period newsboy problem. Eur J Oper Res 198: 822-829.

. Hoefer M (2012) Strategic cooperation in cost sharing games. Int J Game

Theory (In press), DOI 10.1007/500182-011-0312-8.

. Kunter M (2012) Coordination via cost and revenue sharing in manufacturer-

retailer channels. Eur J Oper Res 216: 477-486.

. Karmperis AC, Aravossis K, Sotirchos A, Tatsiopoulos I (2012) Cooordination of

multi-agents with a revenue-cost-sharing mechanism: A cooperative game theory
approach. Int J Math Mod Meth Appl Sci 6: 209-221.

. Hennet J-C, Mahjoub S (2010) Toward the fair sharing of profit in a supply

network formation. Int J Prod Econ 127: 112-120.

Li S, Zhu Z, Huang L (2009) Supply chain coordination and decision making
under consignment contract with revenue sharing. Int J Prod Econ 120: 88-99.
Ding H, Guo B, Liu Z (2011) Information sharing and profit allotment based on
supply chain cooperation. Int J Prod Econ 133: 70-79.

van den Brink R, van der Laan G, Moes N (2011) Fair agreements for sharing
international rivers with multiple springs and externalities. J Environ Econ
Manage 63: 388-403.

Saleh Y, Giirler U, Berk E (2011) Centralized and decentralized management of
groundwater with multiple users. Eur J] Oper Res 215: 244-256.

PLOS ONE | www.plosone.org

12

32.

33.

34.

36.

37.

40.

41.

42.

46.

47.

. Helbing D, Johansson A (2010)

Fair Division of Multi-Pies to Multi-Agents

Lo Nigro G, Abbate L (2011) Risk assessment and profit sharing in business
networks. Int J Prod Econ 131: 234-241.

Shi CV, Zhao X, Xia Y (2010) The setting of profit targets for target oriented
divisions. Eur J Oper Res 206: 86-92.

Karmperis AC, Sotirchos A, Aravossis K, Tatsiopoulos I (2012) Risk based
process for funding scheme evaluation of Public Private Partnerships. In: Kambe
T, Bulucea CA, Arapatsakos C, editors. Recent Researches in Applied
Mathematics and Economics, Proceedings of the 6™ International Conference
on Applied Mathematics, Simulation, Modeling (ASM’12). 20-25.

. Carraro C, Marchiori C, Sgobbi A (2005) Advances in negotiation theory:

Bargaining, coalitions and fairness. World Bank Policy Research, Working Paper
3642, 20-21.

Mitropoulou ChCh, Lagaros ND, Papadrakakis M (2011) Life-cycle cost
assessment of optimally designed reinforced concrete buildings under seismic
actions. Reliab Eng Syst Safe 96: 1311-1331.

Kepaptsoglou K, Karlaftis MG, Li Z (2010) Optimizing Pricing Policies in Park-
and-Ride Facilities: A Model and Decision Support System with Application.
J Transport Syst Eng Inform Techn 10: 53-65.

. Karmperis AC, Sotirchos A, Aravossis K, Tatsiopoulos I (2012) Waste

management project’s alternatives: A risk-based multi-criteria assessment
(RBMCA) approach. Waste Manage 32: 194-212.

. Tziralis G, Kirytopoulos K, Rentizelas A, Tatsiopoulos I (2009) Holistic

Investment Assessment: Optimization, Risk Appraisal and Decision Making.
Manage Dec Econ 30: 393-403.

Wu DD, Olson D (2010) Enterprise risk management: a DEA VaR approach in
vendor selection. Int J Prod Res 48: 4919-4932.

Csoka P, Pintér M (2011) On the Impossibility of Fair Risk Allocation. Accessed:
http://econpapers.repec.org/paper/hasdiscpr/1117.htm 2011.

Binmore K, Shaked A, Sutton J (1989) An outside option experiment. Q J Econ
104: 753-770.

“ooperation, Norms, and Revolutions: A
Unified Game-Theoretical Approach. PLoS ONE 5(10): €12530. doi:10.1371/
journal.pone.0012530.

Supatgiat C, Zhang RO, Birge JR (2001) Equilibrium values in a competitive
power exchange market. Comp Econ 17: 93-121.

. Rausser GC (2000) Collective choice in water resources system. In: Dinar A,

editor. The Political Economy of Water Pricing Reforms. Oxford University
Press. 52-53.

Csoka P, Herings PJ-J, Koczy LA (2009) Stable allocations of risk. Games Econ
Behav 67: 266-276.

Baek SK, Choi J-K, Kim BJ (2012) Dworkin’s Paradox. PLoS ONE 7(6):
€38529. doi:10.1371/journal.pone.0038529.

September 2012 | Volume 7 | Issue 9 | e44535



