Text S5

Here we show that the Wellek and Ziegler inspired case-only statistic can be viewed equivalently as a
score test with respect to the interaction parameter § in the model given in the second table on page 5

of Text S3. We repeat the table from page 5 of Text S3 here for completeness:

Paternal Maternal haplotype

haplotype Gi-H, G1-Hy Go-Hy G2-Ho
G1-H; Q26427428 o284+ LatB427+6 jatB+y+S
G1-Hy e +28+y+6 ea+28 o8ty ot
Go-H,y e TA+2y+6 eatB+y eot+2v co
Go-Hy et B+y+d eats ety oo

This model can be viewed as the model for estimating the LD parameter that is used in the Wu et al.

case-only statistic with re-parameterization Py, = eSt0t7+e/2 p, — evte/2 p) = fta/2 Py, — /2,

The resulting penetrance table corresponding to the observable genotypes is given as follows:

Locus H
Locus G | H H; H.H, HyHoy
GG, 20+28+2v+a 9o0+28+y+a e2f+a
G1Gy 2e0 A2k geBtrta(ed 1) 2efta
GGy e2rta 2eYta e

Using the notation in Table 1 of the main manuscript, the log-likelihood function assuming the model

in the above table is written as

257’1,22 -+ (57121 + 57112 + 10g(66 + 1)7111 + no + C,

where C' denotes a constant independent of § and n is the total number of observed genotypes. The
parameter « plays a role as the normalizing factor for standardization of the genotype frequencies. That

is, the summation of all genotype frequencies in the above table has to be unity:

1= ea{625+25+27 + 265+25+’Y + 625 + 2e5+5+27 + 265"!‘7(65 + 1) + 266 + 62’)’ + 2e7 + 1}

= e (TP pef v +1)2



Taking the logarithm and rearranging leads to
o= —2log(e P 4 ef 17 4 1)

By noting that « is a function of ((,,d) and differentiating the log-likelihood function with respect to

0, we have the score function with respect to the parameter §:

ed eI B+ ed
2n n n n —2n =2n n n n
22 +n21 +n12 + | I R B 22 +N21 +N12 + U5

_ 2n65+ﬁ+w+a/2’
(where we use the relationship e=®/2 = e9+/+7 4 ¢f 4 ¢7 +1). If § = 0 (the null hypothesis for the

case-only test) the score function reduces to

1
Zng2 + 21 +naz + onu - 2neltrter?

a/2

Furthermore, since erte/2 = p, = P, ebto/2 — p,, = qu and e Py = qu, we have €7 = Pjo/Psy =

p/q. Therefore, eftr+a/2 = %qu = pu and the score function at 6 = 0 reduces to

E(4@+2@+2E+E—4pu) (1)
2 n n n n

Let X and Y denote, as in [1], random variables corresponding to Wellek and Ziegler’s genotype coding

(2,1,0) for locus G and H. The empirical means for X and Y are then expressed as

1 n
—Z{2I(Xi 4 I(Xi = 1)) = 27122 + 121 + Nog n n12 + N11 +n107
n n n
1 n
il Z{QI(K )+ I(Y, = 1)} = g2z T M2 + Nog 4 Mt +no1,
n n n

i=1

if (X;,Y;) represents the realization of (X,Y) for ith individual. The first and second quantities equal 2p
and 2u, in which p and @ are MLEs of the allele frequencies p and u. Hence, 4pt is the product of the
sample means of X and Y.

Similarly, the fact that nj, = > i, I(X; = 4,Y; = k) for j,k = 1,2 implies that the term (4nos +
2n21 4 2n12 + n11)/n is also interpreted as the sample expectation E(XY). With this notation, the

score function at § = 0 substituting the MLE in Equation (1) can be viewed as the sample covariance



cov(X,Y) = E(XY) — E(X)E(Y) multiplied by n/2, under the Wellek and Ziegler coding. Because
the hypothesis that the covariance equals zero is equivalent to the hypothesis that the correlation equals
zero (if variances are nonzero), the Wellek and Ziegler inspired test that corresponds to the test for the

correlation coefficient being zero is equivalent to the score test for § in the model described above.
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