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Chapter 1

Some definitions and results
from bifurcation analysis

1.1 Saddle-node and saddle-node bifurcation

We follow [1] to define the concepts of limit point (or saddle-node) and
limit point bifurcation (also known as saddle-node bifurcation, tan-
gent bifurcation, fold bifurcation or turning point) in the context of
bifurcation analysis, and explain their implications for the existence of mul-
tiple steady states in nonlinear ODE systems.

Consider the system of ODEs:
= f(u,p) ueR", B eR (1.1)

where wu is the state vector, 8 is a real parameter, and the function f :

R™ x R — R™ is smooth.
U
T = e R,
(5)

we say that the system (1.1) is at equilibrium if:
F(z) = f(u,p8) =0. (1.2)

The set of points = (u”, )T satisfying Eq. (1.2) constitutes the equilib-
rium manifold in the (u, 5)-space. An equilibrium continuation consists
of computing a solution set M C R™"! of the smooth system (1.2) starting
from a given point xg € M.

Let us define



Let @ be the n x (n + 1) matrix:

ofi  9fi ofi  8f
ou1 Ous " Oun o8
Of2 O0f2  Of2 Of
Q(u,B) = [Duf Dpf]=| o u Gun OB | (1.3)
Ofn  Ofn Ofn  Ofn
ou1 Ous " Oun B8

Next we introduce the concept of regular point.

Definition 1 [1] A point (u*T, 5%)T satisfying (1.2), i.e, f(u*,B*) = 0, is
called regular if rank(Q(u*, 8*)) = n.

As a consequence of the Implicit Function Theorem the following result holds:

Lemma 1 [1] Near any regular point (u*7, )7, Eq. (1.2) defines a solution
curve M that passes through (u*7, 8*)7 and is locally unique and smooth.

The proof of Lemma 1 can be found in [1].

The following result introduces some important properties of the tangent
vector to the solution curve at a regular point:

Lemma 2 [1] A tangent vector v to the solution curve M at a regular point
(T, )T € M satisfies Qu = 0. If (u*T,5*)T is a regular point for (1.2)
then the linear equation Qv = 0 with @ = [D,f Dgf] has a unique (modulo
scaling) solution v € R™"1 i.e. the kernel of Q is one-dimensional.

The proof of Lemma 2 can be found in [1].
Next, we introduce the concept of limit point (or saddle-node).

Definition 2 [1] A regular point (u*?, )T is a limit point for (1.2) with
respect to 8 if v,41 = 0, where v is a normalized tangent vector to M at
(u>|<T7 IB*)T
Definition 3 [3] A point (T, )T is a limit point bifurcation (also
known as saddle-node bifurcation, fold bifurcation, or turning point)
of (1.2) with respect to g if the following conditions hold:

1. (w*T, 87T is a limit point of (1.2) with respect to 3,

2. there exists a parametrization u(s), 5(s) with u(so) = u*, 5(s0) = %,
and d2f(sg)/ds?® # 0.

Condition (2) prevents (u*7, 5*)T from being a hysteresis point [3] and can be
replaced by other equivalent non degeneracy conditions, including conditions
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Figure 1.1: Bifurcation diagrams corresponding to A) a limit point bifurca-
tion and B) a hysteresis point (or degenerate limit point).

2b and 2c introduced next. Let us assume that (u*7, 35)T is a limit point of
(1.2) with respect to § (i.e. condition 1 is fulfilled):

Condition 2b (From [4], Saddle-Node Bifurcation Theorem). Suppose that
the kernel of the linear transformation D, f(u*, 5*) : R" — R" is spanned by
the nonzero vector w € R™. Let D2 f(u*, 8*)(w,w) be the second Fréchet
derivative! of f evaluated at (u*T, 3*)T in the directions given by w and w.
If D2, f(u*, 8*)(w,w) € R™ is non zero and not in the range of D, f(u*, 5*),
the limit point (u*T, %)7 is a limit point bifurcation.

Condition 2c Let v be the tangent vector to the equilibrium curve at
(uT, B)T, if during an equilibrium continuation, the sign of v, 41 (there exists
a parametrization of M that makes v,41 zero) changes as we pass through
(w*T, )T, the limit point (u*”, 8*)7 is also a limit point bifurcation [3].

Fig. 1.1 illustrates the concepts of limit point bifurcation and hysteresis
point.

1.2 Saddle-node bifurcation, multistationarity and
multistability

If the point (u*T, *)7 is a limit point bifurcation for (1.2) with respect to
the parameter § the dynamic system (1.1) has multiple steady states, see
Fig. 1.1.

'Fréchet derivative generalizes the notion of gradient to multivariate matrix functions.
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If the point (u*T, 3*)T with u* being strictly positive is a limit point bifur-
cation for (1.2) with respect to the parameter 3, the dynamic system (1.1)
has multiple positive steady states, i.e. the system is multistationary.

Here it is important to note that situations in which a limit point is not a
limit point bifurcation (turning point) are quite exceptional in practice.

Multiple steady states (although not frequently) might not imply multista-
bility (multiple stable steady states).

Starting a continuation of equilibrium from a limit point (or saddle-node) in
forward and backward directions [5] we elucidate whether the limit point is a
saddle-node bifurcation or a hysteresis point. If the point is a saddle-node bi-
furcation, two branches of equilibria emerge, one stable and one unstable. In
order to check whether a multistationary system is multistable, we continue
the equilibrium curve until we find a second saddle-node bifurcation.

Multistability range

stable

.. N
unstable “e:

LP

stable

p

Figure 1.2: Bifurcation diagram of a multistable system.



Chapter 2

Sufficient condition for a
saddle-node in reaction
networks with mass
conservation

For a reaction network with IV species in M complexes, participating in R
reactions endowed with mass action kinetics, the dynamics are given by a
system of N ODEs of the form:

¢ =Y Av(c) = Su(c, k) (2.1)

where ¢ € RY is the vector of concentrations of the species involved, A is a
M x M matrix containing kinetic constants constructed as indicated in the
main text and ¥(c) € RM is the vector of mass action monomials. Matrices
Y and S are the molecularity and stoichiometric matrices respectively, also
introduced in the main text.

Let us denote by ¢ the number of linkage classes of the graph of complexes,
and by D the deficiency subspace (of dimension ¢) of the network.

In this section we consider reaction networks in presence of mass conservation
fulfilling assumptions in the main text, i.e.:

A.1 Mass action kinetics.
A.2 Capacity for a positive equilibria.
A.3 Uniterminal graph of complexes.
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The locus of equilibria of (2.1) can be expressed by a set of M — ¢ algebraic

equations of the form:
H(e,a, k) =0, (2.2)

where a € R? and k € R” are the deficiency and kinetic parameter vectors,
respectively. See the main text for more details on how H(c, o, k) is com-
puted. Detailed computations are included for all the examples in following
chapters of this S1 Appendix (4.1, 4.2, 5.1 and 7).

Let s be the rank of the stoichiometric matrix. For networks with conserva-
tion relationships (N — s > 0) in which each conservation relation represents
conservation of a chemical unit or moiety the (mass) conservation relation-
ships are given by a set of A = N — s algebraic equations of the form:

W(c,o) =0, (2.3)

where W(ec,0) = BTc — 0, 0 = BT¢y and ¢ is a reference concentration
vector. For a given o the reaction polyhedron is defined as the set of ¢ > 0
fulfilling Eq. (2.3).

Each mass conservation relationship in (2.3) describes the conservation of a
particular moiety. The set of conserved moieties of the reaction network is
denoted by

M= {My,...,M,)}.

The set of equations

H(e,a, k) =0
W(e,0) =0 (2.4)

defines the locus of equilibria of the system (2.1) compatible with the reaction
polyhedron fixed by o € R,. Note that (2.4) contains N + § equations [6].

Let us compute the matrix:

Deit Da”) . (2.5)

G(e,a,k) = (DCW DuW

Matrix G is square of dimensions N +¢. Taking into account that D.W = BT
and D,W =0, G reads:

DH DyH
G(e,a,k) = <BTC 0 ) . (2.6)
When we fix the parameters « and k, we can write (2.4) in the form:
f(u,00) =0 (2.7)
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where o0; is the mass conservation constant corresponding to the conserved
moiety M; (the conservation constants corresponding to the remaining moi-
eties in . are also fixed), u is given by:

u= ( 2 > e RNHS, (2.8)

and the function f: RNt x R — RV*? is smooth.

Proposition 1 Let us consider a reaction network fulfilling assumptions A.1,
A.2 and A.3, with dynamics described by (2.1) where moieties My, ..., My
are being conserved.

If there are ¢* € RY;, a* € R and k* € RE such that

H(c*, o k™) =0, (2.9)
D H(c*, ", k™) is of full rank, (2.10)
rank(G(c*,a",k*)) = N+ —1 with G defined by (2.5), (2.11)

then, for ¥ = k* and any ¢ = 1,...,\, Eq. (2.7) has a limit point at

(w*T,0%)T with respect to the parameter o; (where o; is the mass conserva-

tion constant of the moiety M; € .Z).

Proof: Let us take a moiety M; € .#, and express Eq. (2.4) in an equivalent
form according to Eq. (2.7).

Note that (2.7) is of the form of Eq. (1.2) with u defined in Eq. (2.8), 5 =0;
and n =N +9.

Starting from (2.7) we can compute the matrix @ (1.3) as:

Q= [Duf Dai.ﬂ = [G Dai.ﬂ? (2'12)

where @ is of dimensions (N +6) X (N +d+ 1). By (2.11) the rank of G is
equal to N 4+ 6 — 1. We can partition Dy, f as follows:

Do ] (2.13)

Dazf:|:DW

where, as it can be deduced from (2.4), Dy, H = 0 and

oWy
do;

DO'Z‘ W == :
oWy
do;



with OW;/0o; being -1 for j =i and zero otherwise. Vector D,, W has thus
one and only one entry different from zero.

Note that G can be partitioned as:

D.H | DoH
G_[B 0 :|_[Dchaf]

and so the matrix @Q reads:

[ DM |DH| 0O _
Q—[BT 5 DUiW}—[DchafDmf]-

For any ¢ = 1,..., A, the vector Dy, f is linearly independent of the columns
of D f.

Taking into account that by (2.10) D.H is full rank, the vector D, f (for
any ¢ = 1,...,) is also linearly independent of the columns of D.f, and
thus, since rank(G) = N + 6 — 1, we have that rank(Q) = N + 0.

Therefore, according to Lemma 1, for any M; € .#, f(u,0;) = 0 defines a

locally unique and smooth curve passing through (u*7, o).

Let v € RV*9+! be the tangent vector to the curve at (u*”,o¥)” and de-
compose the product Qv into:

Qu=Gw + gUNit5+1, (2.14)

w
v =
UN+5+1

and g = D, f. Computed in (2.13), Dy, f has a strictly negative entry (corre-
sponding to moiety M;). Therefore, guy 541 = 0 if and only if vy1541 = 0.

where

On the other hand, according to Lemma 2, Qv = 0, with v € RN*9+1 heing
unique (modulo scaling).

The rank of G is N +6 — 1 by (2.11), and therefore a vector in its kernel
is also unique (modulo scaling). Then, Qv = 0 implies Gw = 0 where
v = (w! wyis41)T. Consequently, since we also have that guyysy1 = 0
if and only if vyys+1 = 0, we can deduce that vyis+; = 0. Therefore,
according to Definition 2, (u*7,¢¥)” is a limit point for (2.7) with respect
to the parameter o; (for any i = 1,..., ).

Remark 1 For convenience, we have proven (C*T, o¥)T to be a limit point
for (2.7) with respect the mass conservation constant o;, which does not
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preclude (¢*7, 8*)T from being a limit point for (2.7) with respect to other
parameter 8 chosen from the set of kinetic constants.

Remark 2 With a slight abuse of notation, if (¢*7,07)” is a limit point
for (2.7) (with k = k*) with respect the mass conservation constant o; (or
with respect to any other parameter), we say that the system (2.4) (and the

associated reaction network) has a saddle-node at ¢*, k*.
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Chapter 3

Sufficient condition for a
saddle-node 1n semi-diffusive
reaction networks

Let us consider a reaction network fulfilling the following assumptions:
A.1 Mass action kinetics.
A.2 Capacity for a positive equilibria.
A .4 Semi-diffusive network.

The dynamics of such reaction system are given by a set of ODEs of the
form:

c=K+ Stovto(c, k) (31)
as described in the main text, where ¢ € RY is the vector of states, K € RY,

is the constant inflow term, Sy, is the N X Ry, stoichiometric matrix of true

and outflow reactions and vy, : RY) x leff — Rg’go defines the reaction rates

of true and outflow reactions.
Let us denote the set of involved species by
S ={81,...,Sn}.

Let us remind here that we refer by key species to the species that are present
in the inlet. The system (3.1) is at equilibrium if:

0=K+ St(ﬂ)to(c, k) (32)
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The Jacobian of the system is given by:
J(c, k) = Siodiag(veo) Y, diag(c™).

where Y, is the matrix of the source complexes of true and outflow reactions.
Let p € RFt be the vector containing the fluxes of the true and outflow
reactions. We define:

T (1) = Spodiag(p)Y," (3:3)

as in the main text.
Let us define the polynomial function
ple k) = —Siovto(c, k) (3.4)
and its counterpart in terms of the fluxes as:
p(p) = —Stopt. (3.5)
The relationship between fluxes and concentrations is given by:
= v(c, k) (3.6)

where k denotes here the vector of kinetic constants of true and outflow
reactions.

In semi-diffusive networks there is an outflow reaction with rate k,¢; for
each species S; € .7, corresponding to the degradation of species S;.

We can write (3.2) in an equivalent way as:
f(C, koi) = 07 (37)

where k,, is the degradation constant of species §; € .7, the remaining
parameters are fixed, and f : RY x R — R is smooth.

Proposition 2 Let us consider a reaction network fulfilling assumptions 4.1,
A.2 and A.4 with dynamics described by Eq. (3.1) and involving the set of
species .. Let p € Rga" represent the fluxes of true and outflow reactions
and J(u) and p(p) be as defined by (3.3) and (3.5), respectively.

If there is a vector u* € RES’ such that:

rank(J(p*)) =N —1, (3.8)
p;(n*) >0 for i being a key species,
P;(*) =0 for i not being a key species, (3.10)

12



then, there are strictly positive ¢* and k* satisfying p* = v(c*, k%), and a
species S; € . such that (¢*7 k% )T is a limit point for (3.7) (with k = k*)
with respect to the parameter k,, (degradation constant of species S; € .%).

Proof: Taking into account (3.6), for a given u* € ]ng) there are ¢* € RY(,

k* € RE such that p* = vo(c*, k*).

Provided that y* € R fulfills (3.8-3.10), we have that:

rank(J(c*, k")) =N — 1, (3.11)
pi(c*,k*) > 0 for i being a key species, (3.12)
pi(c*,k*) =0 for i not being a key species. (3.13)

Taking K* € Rgo such that K* = p(c*, k*) we have:
K* + Stovto(c*a k*) =0

and therefore ¢* and k* together with K* define an equilibrium point of (3.1).

Let us take a species S; € ., and express Eq. (3.2) in an equivalent form
according to Eq. (3.7).

Note that (3.7) is of the form of Eq. (1.2) with u =¢, 8 =k,, and n = N.

Matrix @ in (1.3) is then computed as:

Q= [Dcf Dkolf] = [J Dkoif:l7 (3'14)

where the rank of J evaluated at the steady state given by ¢* and k* is N —1,
according to (3.11).

We have:
Of1
Dkeo,
Dy, [ = : : (3.15)
OfN
o,

where 0f;/0k,, is strictly negative (equal to —x;) for j = i and zero other-
wise, lLe., the vector Dy, f evaluated at a strictly positive equilibrium has
one and only one entry different from zero (corresponding to species S;).

Let us choose a species S; € .7 such that rank(Q) = N at (¢*T, k,,*)”. Note
that the N vectors Dko,-f for ¢ =1,..., N evaluated at the strictly positive

13



equilibrium given by ¢* and k* span RY and therefore, for semi-diffusive
networks we can always choose a species S; € . such that for 5* = k,;, the
rank of Q@ = [D.f Dy, f] evaluated at ¢ = c¢* and k = k" is equal to N.

2

a locally unique and smooth curve passing through (C*T, k)"

K3

According to Lemma 1, for S; such that rank(Q) = N, f(c, ko,) = 0 defines
T

Let v € RV*+! be the tangent vector to the curve at (¢*7, k:;l)T and decom-
pose the product Qu into:

Qu=Jw + guni1, (3.16)

w
v =
UN+1

and g = Dkoif‘ The vector g, computed in Eq. (3.15), has one and only one
entry which is different from zero (the strictly negative entry corresponding
to species S;). Therefore, guy41 = 0 if and only if vy, = 0.

where

On the other hand, according to Lemma 2, Qu = 0, with v € RV being
unique (modulo scaling).

The rank of J is N — 1 by (3.11), and therefore a vector in its kernel
is also unique (modulo scaling). Then, Qv = 0 implies Jw = 0 where

v=(wl vy

Consequently, and since we also know that gvy41 = 0 if and only if vy41 =
0, we can deduce that vys;; = 0. Therefore, according to Definition 2,
(T, k3 )T is a limit point for (3.7) with respect to the parameter k,,.

Remark 3 For convenience, we have proven (¢*7, k‘;)T to be a limit point
for (3.7) with respect to the degradation constant k,,, which does not pre-
clude (¢*T, )T from being a limit point for (3.7) with respect to any other
parameter  chosen from the set of kinetic constants (including inflow, true
and the remaining outflow reactions).

Remark 4 With a slight abuse of notation, if (¢*7, k%)™ is a limit point for
(3.7) (with & = k*) with respect the degradation constant k,, (or with respect
to any other parameter), we say that the system (3.7) (and the associated
reaction network) has a saddle-node at c¢*, k*.

14



Chapter 4

Interferon-receptor complex
formation

4.1 Closed ternary complex formation network

There are N = 6 species participating in the network with concentrations
c1 = [I], 2 = [R1], c3 = [R2], ca = [R1I], ¢5 = [R2I] and ¢¢ = [R1R2I].
The complexes are labeled such that C; = R1I, Co = R2I, C3 = R1R2I,
Ci=R1+I1,Cs=R2+1,C¢=R2+R1] and C; =R1+ R2] (M =T7).

The molecularity matrix is:

0001100
0001001
0000110
Y= 1000010 ]| (4.1)
0100001
001 000O00QO0

and taking mass action kinetics, the vector of mass action monomials reads:

T
¢(C):(C4, ¢5, Ce, C1C2, C1C3, C3C4, 6205)

The stoichiometric matrix is:

1 -1 1 -1 0 0 0 0
1 -1 0 0 0 0 1 —1
g_| o0 1 -1 11 0 0
-t 1 0 0o 1 -1 o0 o[
0 0 -1 1 0 0 1 -1
o 0 0 0 -1 1 -1
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and has rank(S)=3. Therefore, the dimension of the stoichiometric subspace
is s = 3, and the formula for the deficiency of the network gives:

0=7T—-3-3=1
On the other hand, the dimension of the equilibrium manifold is:
A=6-3=3.

The network is, therefore, under-dimensioned (A > §). There are three
mass conservation laws, defined by W(c, o) = 0, where W(c,0) = BT¢c — 0o,
o = BT¢c, and

1 00111
Bf=[010101
001011
Note that the strictly positive vector ¢ = (1,1, 1,2,2,3) fulfills ¢S = 0, as it

corresponds to a closed network. We build the matrix A in which the entry
(1,7) corresponds to the node C; in the linkage class £;, such that:
{1 if C; € L;

0 otherwise.

and we get:

0 0
0 0
11

Starting from the stoichiometric matrix ¥ and the matrix A we compute a

0
1
0
a
basis for the deficiency subspace using Eq. (8) in the main text, obtaining:

w=(1 -10 -1 1 -1 1)".

Therefore we can write Ay as in Eq. (9) in the main text, obtaining a set
of M — ¢ linearly independent equations of the form:
—k1at1 + ks = o
—kastha + ks2vps = —an
kses — kese = —an
ks7bs — kr3ipr = aa.
After substituting the elements of vector ¢ by the corresponding monomials
we obtain the following expression for the locus of equilibria:
cica — (kia/kar)es — ar/kar =0
c1cg — (kas/ks2)cs + a1 /ks2 = 0
cgca — (kse/kes)ce — a1 /kez = 0
cacs — (kg7 /kq3)cs + a1/kez = 0.
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Starting from these equations we obtain:

cy = crca/(k1a/kar) + a1 /kan
c3 = — (caa1 /kas + a1ksr/(kr3kse) + o /kr3) / (c1caksa/kas — cakesksr/(kr3kse))
ce = c3ca/(k3e/ke3) — a1 /k3e
cs = c1c3/ (kas/ks2) + a1 /kas.

From Eq. (13) in the main text we get the following matrix G:

Co (1 0 0 —k‘14/k‘41 0 —1/k41

C3 0 C1 —k‘25//€52 0 0 1//€52

0 0 C4 0 C3 —k36/k63 _1/k63
G=1 0 ¢ 0 2 0 —k3r/krs  1/kzz |,

1 0 O 1 1 1 0

0 1 O 0 1 0 0

0 0 1 1 0 1 0

of dimensions 7 x 7, (N + ¢ = 7). We formulate an optimization problem to
find parameter vectors causing the determinant of G to vanish. The objective
function is Fjer = det(G)? and we use the following decision vector:

x = (ka1, kia, kos, ks2, kes, kse, k37, kvs, oq,c1,¢2).

We solve the optimization problem (Eq. 14 in the main text) subject to posi-
tive concentration vectors (and the equilibrium manifold equations) using the
global scatter search algorithm by Egea et al. [7]. We use the implementation
of the enhanced scatter search solver (eSS) in the MEIGO toolbox [8], which
is freely available at http://www.iim.csic.es/ gingproc/meigo.html.

No parameter vector was found for which the objective function becomes
zero. The Matlab codeis provided in S1 file (Matlab_code/IFN_receptor/Variantl).

4.2 Ternary complex formation network with IFN
in excess

There are N = 5 species participating in the network with concentrations
c1 = [Rl], ca = [R2], ¢3 = [R1R2I], ¢4 = [R1I] and ¢5 = [R2I]. The
complexes are labeled such that C; = R1, Co = R2, C3 = R1R2I, Cy = R11,
Cs = R2I, C¢ = R2 + R1I and C7 = R1 + R2I, (M = 7). The molecularity
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matrix is:

1000001
0100010
Yy=|0010000], (4.2)
0001010
000010 1

and the vector of mass action monomials:

T
Ple)= (e, ca, €3, ca, ¢5, Caca, C1C5)

The stoichiometric matrix is:

-1 10 0 0 O 1 -1
0 0 -1 1 1 -1
S = 0 0 0 0 -1 1 -1 1
1 -1 0 O 1 -1 0
o o0 1 -1 0 O 1 -1

The rank of the matrix S (and, therefore, the dimension of the stoichiometric
subspace) is s = 3. We compute the deficiency according to the formula given
in the main text as:

0=7-3-3=1.
The dimension of the equilibrium manifold is:
A=5-3=2

The network is, as in the previous case, under-dimensioned. There are two
mass conservation laws, with matrix B given by:

r (10110
B_<01101'

The matrix A associated to the linkage classes reads:

1001000
AT=1 0100100
0010011
Starting from the stoichiometric matrix ¥ and the matrix A we compute a

basis for the deficiency subspace as:

w=(1-10 -1 11 —1)",

and, therefore, we can express A as:

—k1a1 + ks = an
—kas2 + ksohs = —an
kses — ke3e = a1

k373 — kr3r = —aq.

18



Substituting the elements of vector ¢ by the concentration monomials we
obtain the equations defining the locus of equilibria:

cy — k1a/kycr —ai/ky =0
cs — kas/ksaca + a1 /ks2 = 0
—cacy + k3e/kezcz — oy /kes = 0
—cics + k3r/krses + a1 /kr3 = 0.

Then we can express the concentrations as:

c1 = (karcq — o) /kan

ca = —a1 (1 + k3r/kse + kr3/ksac1)/ (ksrkes/kasca — kr3/ksakascr)
c3 = (kezcaca + 1)/ k3e

cs = (kasca — a1) /ksa.

From Eq. (12) in the main text we get the matrix G:

—kya /by 0 0 1 0 —1/kg
0 —kss/ksy O 0 1 1/ks
G — 0 —C4 ]{336/]{263 —C2 0 *1/]4363
—C5 0 ksr/kez 0 —c1 1/kr3
1 0 1 1 0 0
0 1 1 0 1 0

We formulate an optimization problem to find parameter vectors for which
the determinant of G vanishes. The objective function is Fyer = det(G)>
and we use the following decision vector:

x = (ka1, k1a, kos, ks2, kes, kse, k37, kv3, a1,ca).

We solve the optimization problem (Eq. 14 in the main text) subject to pos-
itive concentration vectors (and the equilibrium manifold equations) using
the global scatter search solver by Egea et al. [7|. No parameter vector was
found for which the objective function becomes zero. The Matlab code is
provided in S1 file (Matlab_code/IFN_receptor/Variant2).

4.3 Semi-diffusive network with constant IFN in-
flow

The system in Fig. 3B, taking into account all the complexes and fluxes,
including the inflow and outflow fluxes indicated by dashed arrows, is a semi-
diffusive network. The molecularity matrix ¥ containing the molecularity of
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each species in each complex is given by Eq. (4.1). The matrix containing
the molecularities of the species in the source complexes for true and outflow
reactions of the semi-diffusive network is:

000110O0O01O00O0

00010O01O0O010

Y, = 000011000O0O0T1
° 100001O0O0O0O0O0O]’

01 000O0O1O0O0O0OOQO

001 0O0O0OO0OO0OO0OTO OO

and the corresponding stoichiometric matrix can be computed starting from
the stoichiometric matrix of the true reaction subnetwork (closed system in
Section 1.1) as:

Sto = [S| —Texs) -

There are in total 14 fluxes corresponding to true and outflow reactions (we
denote the flux vector by p). From Eq. (17) in the main text we have that:

p(C, k) = _StOvtO(C) k)7

and in terms of the fluxes:

p(p) = —Stop. (4.3)

The vector containing the basal formation rates of the key species (I, R1
and R2) is:
T
K= (vis vig vir 0 0 0),
where v15 = k5, vig = k16 and vi7 = kj7 are the (constant) reaction rates
of the reactions r15, r16 and 717.

Let us build a matrix Y, with columns corresponding to the source complexes
for the true and outlet reactions, such as:

V,=[Vi i Y2 Y5 Y5 Y3 Y3 Y7|Isxe).

Now, we are ready to define the objective function Fj,; = Siodiag(p)Y,I to
minimize, searching values of the decision vector of fluxes p that make it
vanish. The search is subject, on the one hand, to the following inequality
constraints (corresponding to the key species I, R1, R2):

H1— p2 — p3 + pa + pg >0
H1 — p2 — pr + pg + pio > 0
—p3 + pg + ps — pe + p11 > 0,
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where the expressions at the left hand side of the inequalities are given by
p(1), p(2) and p(3) in (4.3) and, on the other hand, to the following equality
constraints (corresponding to the remaining species):

—p1 + p2 + ps — pe + piz =0
+p3 — pa — p7 + pg + paz =0
—ps + pe + pr — pg + paa =0,

where the expressions at the left hand side are given by p(4), p(5) and p(6)
in (4.3). We solve the optimization problem! (Eq. 18 in the main text) using
the global scatter search solver by Egea et al. 7], and no positive vector of
fluxes was found for which the objective function becomes zero. The Matlab
code is provided in S1 file (Matlab_code/IFN_receptor/Variant3).

4.4 Semi-diffusive network with IFN in excess

The network in Fig. 3C, taking into account all the complexes and fluxes
(including the inflow and outflow fluxes indicated by dashed arrows) is a
semi-diffusive network. The molecularity matrix Y containing the molecu-
larity of each species in each complex is given by Eq. (4.2). The matrix
containing the molecularities of the species in the source complexes for true
and outflow reactions of the semi-diffusive network is:

1000 0O0T1O0
01 00O0T1TO0O0
YYo= 0 0 1 0 0 0 0 0 |,
00010100
000O01O0T10

and the stoichiometric matrix can be computed starting from the molecular-
ity matrix of its true-reaction network counterpart (closed network in Section
1.2):

Sto =[S | =Isxs] -

There are in total 13 fluxes corresponding to true and outflow reactions
(contained in the vector p). From Eq. (17) in the main text we have that:

p(C, k) = _StOvtO(c7 k)7
and in terms of the fluxes:

p(p) = —Siop. (4.4)

!Note that the equality constraints can be used to express some fluxes in terms others
and reduce the number of decision variables.
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The vector of basal formation rates of the key species, R1 and R2, is:
K = (’U14 V15 0 0 O)T,

where vi4 = k14 and vis = k5 are the (constant) reaction rates of the
reactions r14 and 715. We build a matrix Y, with columns corresponding to
the source complexes of the true and outlet reactions:

V,=[Ya i Yo Y5 Y5 Y3 Y3 Y7|Isxs).

We define now the objective function Fj,; = Siodiag(p)Y,I and search for
values of the decision vector of fluxes p that make it vanish. The search
is subject, on the one hand, to the following inequality constraints (corre-
sponding to the key species R1 and R2):

—p1+ pr2 — pr + pg + pg >0
p3 — pg + ps — pe + p1o > 0

where the expressions at the left hand side are given by p(1) and p(2) in
(4.4) and, on the other hand, to the following equality constraints:

—p5 + pe + pr — pg + pir =0
p1— p2 + ps — pe + piz =0
—p3 + pa — pr + pg + piz =0

where the expressions at the left hand side are given by p(3), p(4) and p(5)
n (4.4). We solve the optimization problem? (Eq. 18 in the main text) using
the global scatter search solver by Egea et al. |7]. No positive vector of fluxes
was found for which the objective function becomes zero. The Matlab code
is provided in S1 file (Matlab_code/IFN_receptor/Variant4).

2Note that the equality constraints can be used to express some fluxes in terms others
and reduce the number of decision variables.
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Chapter 5

Early STAT signaling upon
interferon stimulation

5.1 Closed network

There are N = 9 species participating in the network with concentrations
c1 = [R*] (activated receptor complex), ca = [S1], c3 = [S2], ¢4 = [S17], c5 =
[S2%], c¢ = [R*S2*], c; = [R*S2*S1*], cg = [S1*S1*] and ¢g = [S1*52*]. The
complexes are labeled such that C; = R*S2*, Co = R*S2*S1*, C3 = S1*51%,
Cqy = S51%52% C5 = S1* + 52%, C¢ = S1+ S1, C; = R* + 52, Cg = R* + 52*,
Co = R*S2* + S1*, C19 = R*S2* + S1, C11 = S1* + S1* and C1o = S1 4+ 52,
(M =12).

The molecularity matrix is:

000000110000
000002000101
0000O00T1000GO01
00001000T10?20
Y=|000010010000 (5.1)
100000001100
01000000O0O0GO0DO
00100000O0O0GO0DO
00010000000 0O0

and taking mass action kinetics, the vector of mass action monomials reads:

= 2 2 T
¢(C) - ( Cg, C7, Cg8, Cg9, C4C5, Cy, C1C3, Ci1C5, C4Cq, C2Cp, Cy, C2C3 )
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The stoichiometric matrix is:

-1 1 1 0o 0 o 0 0 o0

o o0 o0-1 o0 o0 2 0 1

-1 1 o0 0 o0 0 0 0 1

o o0 o0 o 1 -2 0 -1 0

S = o o0 1 o0 O O 0 -1 0
1 -1 -1 -1 10 0 0 O

o o0 o0 1 -1 0 0 0 O

o o0 o0 o o 1 -1 0 O

o o0 o0 o o o o0 1 -1

The rank of the matrix S (and, therefore, the dimension of the stoichiometric
subspace) is s = 6. The deficiency of the network is:

0=12—-4-6=2,
and the dimension of the equilibrium manifold:
A=9—-6=3.

The network is under-dimensioned (A > J). There are three mass conser-

vation laws defined by W(c,o) = 0, where W(c,0) = BTc — 0, 0 = BT,
and

1 00 0 1 00

"=l 010100121

0 01 1 1 01

_ = O =

0
1
0
Note that the strictly positive vector ¢ = (1,1,1,1,1,2, 3,2, 2) fulfills 95 = 0,

as it corresponds to a closed network. The matrix A associated to the linkage
classes reads:

10 000O011O0O0O00O0
AT — 01000O0O0OO0OT1TT1TO0F®O0
001 0O01O0O0O0OO0OTIT® O
000110O0O0O0O0GO0T1

Starting from the stoichiometric matrix ¥ and the matrix A we compute a
basis for the deficiency subspace as:
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and, therefore, we can express A as:

—k545 = —a

kseps = —an

k171 — k717 = —an
k181 = g

ka9t = =201 + a2
—k102v10 = 201 —
—ki13n = o

ki1294 = ao.

Substituting the elements of vector ¢ by the concentration monomials we
obtain the equations defining the locus of equilibria:

cacs — ap/ks4 =0

cs+a1/ksg =0

ki7/k71c6 —cicz +az/ks1 =0
ce —az/kig =0

cr + 201 /kag — ag/k2g =0
—cace — 201 /k1o2 + az/k1g2 =0
A4y k113 =0

cg — ag/ki1a = 0.

We can express the concentrations as:

c6 = az/kisg

cr = —2aq /kag + ag/kag

cg = —a1/kse

co = a/ky2

c2 = (—2a1/ki02 + a2 /ki02)/c6
cy = (—a1/kii3)'?

c5 = aacy/ksa

c3 = (aa/kr1 + ki7ce/kr1)/ca.

The matrix G, from Eq. (13) in the main text, reads:
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R¥S2*S1*

Figure 5.1: Bifurcation diagram for the STAT network. A continuation
of equilibria is started from the optimal point found by our algorithm (in
forward and backward directions). Tangent bifurcation points are indicated
in red.

0 0 0 Cs C4 0 0 0 0 0 —1/]€54
0 0 0 0 0 0 0 1 0 1/kss 0
—C3 0 —C1 0 0 k‘17/k'71 0 0 0 0 1/k71
0 0 0 0 0 1 0 00 0 —1/k1g
0O 0 0 0 0 0 1 0 0 2/kyg —1/kog
G = 0 —Cgq 0 0 0 —C9 0 0O —2/k‘102 1/k102
0 0 0 2¢4 O 0 0 0 0 1/kn1s 0
0 0 0 0 O 0 0 01 0 —1/kyq12
1 0 0 0 0 1 1 00 0 0
0 1 0 1 0 0 1 21 0 0
0 0 1 0 1 1 1 01 0 0

We have that N + § = 11, which gives us the dimensions of the matrix G
(11x11). We formulate the optimization problem defined by Eq. (14) in the
main text, to find parameter vectors for which the determinant of matrix G
becomes zero. We minimize the objective function Fyer = det(G)? using as
decision vector:

x = (kn, k17, kis, kio2, k2o, k113, k36, ksa, ka12, 01, 0,c1).

We solve the optimization problem subject to positive concentration vectors
(and the equilibrium manifold equations) using the global scatter search
solver by Egea et al. [7]. We found a decision vector for which the objec-
tive function vanishes (see Table 5.1). At this point, the system undergoes
a saddle-node bifurcation. We start a bifurcation analysis from this steady
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state, confirming that in fact the network has capacity for bistability (see Fig
5.1). The Matlab code is provided in S1 file (Matlab_code/STATS _early/Variant1l).

Table 5.1: A set of parameters leading to bistability for the (closed) network
in Fig. 5A

ko kv ks ko2 ka9 k113 kse ksa ki1 oq 1oy c1

94.510 0.100 55.1276 99.168 100 74.626 99.999 15.225 1.457 -10.077 21.984 0.103

5.2 Semi-diffusive network

We consider the network in Fig. 5A taking into account all the fluxes (in-
cluding the inflow and outflow fluxes represented by dashed arrows). The
molecularity matrix is given by Eq. (5.1). We build the stoichiometric ma-
trix of the true and outflow reactions starting from matrix S for the true
reaction subnetwork (closed network in section 2.1) as:

Sto =[S | —Ioxo] -

There are in total 18 fluxes corresponding to true and outflow reactions
(contained in the vector pu).

From Eq. (17) in the main text we have that:
p(C, k) - _Stovto(ca k))
and in terms of the fluxes:

p(p) = —Stopt. (5.2)

The vector of basal formation rates of the key species (R*, S1 and 52) is:
KZ(Ulg V20 V21 0 00 0O O)T,

where vig = kig, v20 = k2o and ve; = ko1 are the (constant) reaction rates of
the reactions r1g9 to ro;. We build a matrix Y, with columns corresponding
to the source complexes of the true and outlet reactions:

Y,=[Yr i Y1 Yo Yo Yii Y3 Y5 Yi|lgx).

We can now define the objective function Fj,; = Sidiag(p)Y,!, and search

T
for values of the decision vector of fluxes p that make it vanish. The search
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is subject, on the one hand, to the following inequality constraints (corre-
sponding to the key species):

p1 — p2 — p3 + pio >0
pa — 2p7 — pg + p11 >0
p1 — p2 — pg + p12 >0

where the expressions at the left hand side are given by p(1), p(2) and p(3)
in Eq. (5.2) and, on the other hand, to the following equality constraints:

—ps + 26 + pg + 13 =0

—H3 + g+ pr14 = 0

—p + p2 4 pg + pra — ps + s =0
—pa + ps + pie =0

—pe + p7 4 pr7 =0

—pg + po + 18 =0

where the expressions at the left hand side are given by p(4) to p(6) in Eq.
(5.2). We solve the optimization problem® (Eq. 18 in the main text) using
the global scatter search solver by Egea et al. [7]. We found a decision
vector for which the objective function vanishes? (see Table 5.2). We now
compute a steady state concentration vector and a set of kinetic parameters
compatible with these fluxes. We fix the values of the concentrations such
that ¢ = 1, and the kinetic rate constants remain equal to the fluxes, i.e.,
ki = p; for ¢ = 1,...,18. Starting a continuation of equilibria from this
point, we confirm that the system undergoes a saddle-node bifurcation, and
that it has capacity for bistability (see Fig 5.2). The Matlab code is provided
in S1 file (Matlab_code/STATS_early/Variant?2).

Table 5.2: A set of fluxes leading to bistability for the (open) network in Fig.

5A
M1 M2 M3 K4 H5 He M7 U8 H9
99.995 0.022 39.899 99.943 39.919 0.010 0.010 39.899 0.010
H10 H11 12 H13 H14 H15 16 17 18

99.951 0.011 0.924 0.0001 4.41 x1=> 0.05 60.0234 6.32x1~¢ 39.8894

!Note that the equality constraints can be used to express some fluxes in terms of
others reducing the number of decision variables.

2For numerical reasons, a small determinant close to zero might not result in a zero
eigenvalue of the Jacobian. We check whether the Jacobian has a zero eigenvalue leading
to a saddle-node bifurcation by performing a bifurcation analysis.
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Figure 5.2: Bifurcation diagram for the early STAT open network. A contin-
uation of equilibria is started from the optimal point found by our algorithm
(in forward and backward directions). Tangent bifurcation points are indi-
cated in red.
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Chapter 6

STAT signaling and feedback
via STAT1 expression

We consider the network in Fig. 5B, taking into account all the reactions
(including the inflow and outflow reactions represented by dashed lines).
The network is semi-diffusive. There are twelve species participating in the
network with concentrations ¢; = [R*] (activated receptor complex), co =
[S1], 3 = [S2], ca = [S1¥], c5 = [S27], c6 = [R*S2*], ¢7 = [R*S2*S1*], cg =
[S1*S1*], ¢g = [S1*S2*], c19p = [[RF'1], c11 = [CBP], c12 = [[RF1CBPI].
The complexes are labelled such that C; = R*S2*, Co = R*S2*S1*, C3 =
S1%S1*, C4 = S1*52*, Cs = IRF1CBP, C¢ = S1+ S1, C; = R* 4+ 52,
Cs = R* 4+ 52%, Cg = R*S2* 4+ S1*, C19p = R*S2* + S1, C;; = S1* + S1%,
Cioa = S1+ 52, Ci3 = S1*S1* + IRF1, Ciy = S1* 4+ 52*, C15 = IRF1 +
CBP, Ci¢ = IRF1CBP + S1, C17 = 0, C18 = R*, C19 = S1, Cy = S2,
Co1 = S1%, Coa = 5§2%, Co3 = IRF'1, Coy = CBP. The molecularity matrix
corresponding to the true reaction subnetwork (without inflow and outflow
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reactions) is:

[=leloloNoNol el el
DO DD DODO R OO oo
OO OO OO O oo oo
O OO OO oo oo
_H O O OO OO OO o oo
O O O OO OO O oo NNNOo
= el aolalBeoBoBoBeoNeol =N
OO OO OO oo+ OO O
OO OO OO RO, OOoOOo
[N el eoNeNoNol el ol i)
O O OO OO OO NO OO
(= el aolalBeoBeoNeoBeoReol ke
OO O OOoOOoOOoOo oo
OO O oo oo R+, O OO
O R P OO oo o oo
— O O OO OO oo oo

and the stoichiometric matrix:

S = [ Yi—Y7, Y7 —Y1,Yg = Y1,Y2 — Yio, Yo — Y2,Y¥3 — Y11,Y6 — Y3, Ys — Y14, Y12 — Y4, Y5 — Yi5, Y16 — Y5, Yi3 — Ys] .
The stoichiometric matrix of the true and outflow reactions is:
Sto =[S | —T2x12]

There are in total 24 fluxes corresponding to true and outflow reactions
(contained in the vector pu).

From Eq. (17) in the main text we have that:
p(e, k) = =Swovio(c, k),
and in terms of the fluxes:
B(1) = —Sropt (6.1)

The vector of basal formation rates of the key species, R*, S1, S2, IRF'1
and CBP is:

K:(’U25 Vo6 V27 V28 V29 00 0 0 0O O)T

where vo5 = kos, vog = kog, Vo7 = ko7, Vog = kog and wog = kog are the
(constant) reaction rates of the reactions ras to reg. We build a matrix Y,
with columns corresponding to the source complexes of the true and outlet
reactions:

Y=Y Y1 Y1 Yio Yo Y1 Y3 Yiu Yy Yi5 Y5 Y3| I2x12).

We can define now the objective function Fj,; = Siodiag(p)Y,r, and search

T
for values of the decision vector of fluxes p that make it vanish. The search
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is subject, on the one hand, to the following inequality constraints (corre-
sponding to the key species):

p1— p2 — p3 + piz >0

pa — 247 — prg — p11 + p14 > 0
p1 — p2 — pg + pis >0

Hio — p12 + o2 > 0

p1o + p2g >0

where the expressions at the left hand side are obtained from p(1), p(2), p(3),
p(10) and p(11) and, on the other hand, to the equality constraints:

—ps + 26 + pg + 16 = 0

—H3 + pg + pru7 =0

—p1 + po + ps A+ pa — ps + pig =0
—Ha + pis + pr19 = 0

—He + p7 4 p20 = 0

—ps + po + p21 =0
—p10 + p2a =0

where the expressions at the left hand side are obtained from p(4), p(5),
p(6), p(7), p(8), p(9) and p(12). We solve the optimization problem! (Eq.
18 in the main text) using the global scatter search solver by Egea et al.
[7]. We found a decision vector for which the objective function vanishes
(see Table 6.1). We now compute a steady state concentration vector and
a set of kinetic parameters compatible with these fluxes. We fix the values
of the concentrations such that ¢ = 1, and the kinetic rate constants remain
equal to the fluxes, i.e., k; = p; for ¢ = 1,...,24. Starting a continuation of
equilibria from this point, we confirm that the system undergoes a saddle-
node bifurcation, and that it has capacity for bistability (see Fig 6.1).

The Matlab code is provided in S1 file (Matlab_code/STATS_feedback).

!Note that the equality constraints can be used to express some fluxes in terms others
and reduce the number of decision variables.
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Table 6.1: Optimum set of fluxes for the (open) network in Fig. 5B.
M1 M2 M3 M4 M5 He Hr Mg
4.9524 0.0283 4.8871 4.5933 4.5831 0.0259 0.0141 4.2792

H9 H10  H11 H12 H13 H14 H15  H16
2.1459 0.0101 4.9812 0.01828 9.6457 43.9942 3.7295 0.2521

Hi7 18 K19 120 H21 22 123 24
0.6079 0.0268 0.0101 0.0118 2.1332 0.0100 2.7615 0.0101

k1713
Figure 6.1: Bifurcation diagram for the STAT signaling network with feed-
back via STAT1 expression. A continuation of equilibria is started from a
steady state compatible with the optimal point found by our algorithm (in
forward and backward directions). Tangent bifurcation points are indicated
in red.
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Chapter 7

Receptor complex formation
and STAT signaling

There are 13 species participating in the network with concentrations ¢; =
[R1], ca = [R2], c3 = [R*] (denoting activated receptor complex), c4 = [R11],
cs = [R2I], c¢ = [S1], ¢z = [S2], cg = [S1¥], cog = [S2*], c10 = [R*S52],
c11 = [R*S2*S1*], c1a = [S1*S1¥], c13 = [S1*S52*] . The complexes are
labelled such that C; = R1, Co = R2,C3 = R*, C4 = R*S2*, Cs = R*S2*51*,
Cg = S17S1*, C; = S1*52*, Cg = R1I, Cg = R2I, C19p = R2+ R11, C1; =
R14+R2I,Cio = R*+52,C13 = R*+52*,C1y = R*S2*+ 51, C15 = R*S2*51*,
Cig = S1* + S1*, C17 = S1 4+ 51, C1g = S1* 4+ 52* and C19 = S1 + S2.

The molecularity matrix is:

_ O O OO0 OO oo o oo

)~<
I
DO OO OO O OO OO O
DO O DD DD DODOD OO OO H+-HO
sl eleleoBoeolololeolechel S =N
DO O R OO OO OO oo
DO R OO OO OOoOOoO o oo
O R OO OO o oo
s eleoleoBoNoNeoReRel S ==l
(=l eleloBoNoNeNell S = =l
DO OO DO OO OO OO
SO OO OO OO OO O
SO DD DD OO OO O OO
DO OO R OO OO o+ OOo
DO O R OO O OO O OO
DO O RO, OO oo Oo
SO O DODONO OO OO OO
OO OO DODDODONN O OO OO
DO OO HFEF OODOOOoO oo
DO DO DO OO HEFEFOOOOOO
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and taking mass action kinetics, the vector of mass action monomials reads:

2 2 T
¢(C) = (Clv627631010701176127013;04565702647016570367703697066107080107087667686976667) .

The stoichiometric matrix is:

1 -1 0o o0 O OO0 1 -1 0 O O o0 o0 0 0 O
0 0 —1 1 -1 i1 0o o0 O o0 o0 O o0 0o 0 O
o 0 o 0 1 -1 -1 1 -1 1 1 0 0 0 0 O
-1 1 0 0 -1 i1 o o0 O O O O o o0 0 O
o o0 1 -1 0 0 1 -1 0O O O O O 0o 0 O
o o0 o0 o o O o o o0 o0 o0-1 o0 o0 2 O
S = o o0 o o0 o o0 o o0-1 1 0 o0 0 0 0 O
o o0 o o o O o o o0 o0 o0 o0 1 -2 0 -1
o o o o0 o o0 o o0 o o 1 o o0 0 0 -1
o o o o o0 o0 o0 OO0 1-1 -1 -1 1 0 0 O
o o o o0 o0 o0 o o0 o o o0 1 -1 0 0 O
o o o o o o0 o o o0 o0 o0 o0 o 1 -1 0
o o0 o0 o o O o o o0 o0 o0 o0 o o0 o0 1

The rank of the matrix S (and therefore the dimension of the stoichiometric
subspace) is s = 9. The deficiency of the network is:

0=19-7-9=3,
and the dimension of the equilibrium manifold:
A=13-9=4.

The network is under-dimensioned (A > §). There are four mass conservation
laws, defined by W (c, o) = 0, where W(c,0) = BTc— 0, 0 = B¢, and

101 10000O011O00

BT _ 0601 10100O0O01T1O0O0

000O0O0O1O0O1O0O01Z21

0000O0OO0O1O0111O0T1

The matrix A associated to the linkage classes reads:

10000O0OO0O1O0OO0OO0OO0OO0OOOOO0OSO0OO
0601 000O0OO0OO0O1O0O0OO0OOO0OO0OO0O®O0O0OOQO
001000O0OO0OO0O11O0O0O0O0O0OO0ODO0OF®
AT=1000100000001100000°0
00001O0O0OO0OO0OO0OO0OO0OO0OT1TT1TO0TGO0O0OQO
0O000O0O0O1O0OO0OO0OO0OODOOOOTI1IT1TO0OQO0
0000O0OO0O1TO0OO0OO0OO0OO0OO0OO0OO0O®O0OO0OT1I1

_ O OO OO EFEFOOOOO




Starting from the stoichiometric matrix ¥ and the matrix A we compute a

basis for the deficiency subspace as:

-11 00 0O0O0O1 -1 -1 1 O
w= 00000000 0 00 o0
00 00 O0O0O0OTO 0 0 0 -1
and therefore we can express At as:
ki1sy1 — kg1¢s = aq
kagtha — kgotbg = —ay
k31093 — k103910 = —a1
k311¢3 — k113911 = a1
ki124 — k124912 = —a3
ka13¢4 = a3
—k1a5¢14 = =202 — a3

k5155 = 200 + a3

—ki66116 = —a2
ke 17906 = 2
—kig7P1s = —ag
k719¢7 = as.

_— o O

= N O

=N O

o = O

S = O

— o O

Substituting the elements of the vector ) by the concentration monomials

we obtain the equations defining the locus of equilibria:

kiger — kg1ca —ap =0
kogco — kgocs + a1 =0
k310c3 — k1o3caca + a1 =0
k3113 — k113cics —ap =0
ki12c10 — k124c307 + a3 =0
ky13c10 —a3 =0
—kiasc6ci0 + 202 + a3 =0
ks15c11 — 202 —az =0
—leGCg + g = 0

ke17c12 —as =0
—kig7cgcg + a3 = 0
kr19c13 — a3 = 0.
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We can express the concentrations as:

c12 = az/kg17

cs = (aa/kige) "/

c13 = az/kr19

cg = agcs/kisgt

c11 = 2az/ks15 + a3/ks 15

cio = a3/kq13

c6 = (202 + a3)/(cr0k145)

c4 = (k1ger — 1) /ks1
(—ks1okiiser/(kooks11) — 1 — ksio/ks11)aa/(ks1oki1skaoct /(ko2ks1) — kios(kiscr — a1)/ks1
(a1 + kagca) /Koo

(k11sci(oq + kageg) /kg2) + o) /k3 11
cr = (a3 + ky12¢10)/(k124C3)

Cy =
Cy =
C3 =

The matrix G in Eq. (13) in the main text reads (next page):
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We formulate the optimization problem defined by Eq. (15) in the main text,
to find parameter vectors for which the determinant of matrix G becomes
zero. We minimize the objective function Fy.r = det(G)? using as decision
vector:

x =(ks1, koo, k103, k113, k124, ka12, ka13, Kias, k515, kice, Ke17, .-

kig7, k719, a1, oo, as, c1).

In order to incorporate current knowledge about kinetic relations in the
pathway we considered fixed k18 = 1, kg2 = 0.01, k310 = 0.4 and k317 = 0.1.
We found a decision vector for which the objective function vanishes (see
Table 7.1). At this point, we start a continuation of equilibrium and confirm
that the system undergoes a saddle-node bifurcation. In fact, the network
has capacity for bistability (see Figs 7.1 and 7.2).
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Figure 7.1: Bifurcation diagram for the receptor complex formation and
STAT signaling network. A continuation of equilibria is started from the
optimal point found by our algorithm (here we vary the total concentra-
tion of receptor subunit R2¢ in forward and backward directions). Tangent
bifurcation points are indicated in red.

The Matlab code is provided in S1 file (Matlab_code/IFN_merged).

39



5151
©
T

4 1 1 1 1 1 1 1 1
126 126.2 126.4 126.6 126.8 127 127.2 127.4 127.6 127.8 128

STO

Figure 7.2: Bifurcation diagram for the receptor complex formation and
STAT signaling network. A continuation of equilibria is started from the
optimal point found by our algorithm (here we vary the total concentration
of STAT1 S1p in forward and backward directions). Tangent bifurcation
points are indicated in red.
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Chapter 8

STAT activation dynamics
upon IFN stimulation
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Figure 8.1: STATs dynamics after IFN stimulation in WISH cells treated
with 500 pM (saturated doses) of IFNay. (A) Measured time series of phos-
phorylated IFNAR2, (B) fit of the model to the measured time series of
phosphorylated STAT1 and (C) fit of the model to the measured time series
of phosphorylated STAT2.

The IFN-STAT signaling network model which we use for the analysis is
compatible with the STAT activation dynamics observed upon IFN stimu-
lation, as it can be deduced from the fit of the model to experimental data
(Fig. 8.1). Experimental data were provided by Ignacio Moraga and Sandra
Pellegrini from the IFNaction Consortium.
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