
Appendix

Mean field approximations

Below we provide more information about the mean field approximation used
to estimate both the conditional probabilities of a site (cell) belonging to a par-
ticular cluster given the parameter values as well as the intractable normalizing
constant.

First, at iteration (l), we define the model’s full expectation as:

Q(ψ | ψ(l)) =
∑
z

p(z | y;ψ(l)) log p(y | z; Θ)︸ ︷︷ ︸
Ry(Θ|ψl)

+
∑
z

p(z | y;ψ(l)) log p(z | β)︸ ︷︷ ︸
Rz(β|ψ(l))

Subsequently, if zi denotes the cluster that site i is allocated to, we can
re-write Ry as:

Ry(Θ | ψ(l)) =
∑
i∈S

K∑
zi=1

[log fzi(yi; Θ)] p(Zi = zi | y;ψ(l))

Here, fzi(zi ∈ K, i ∈ S) denotes the emission density associated with cluster zi,
such that:

fzi(yi | zi; Θ) = fzi(yi | zi;θzi)

=
∏

m∈M
θym,i
m,zi × (1− θ1−ym,i

m,zi )

Given this, we can define the intractable probability, t
(l+1)
i h , that a site, i

belongs to cluster h at iteration (l + 1) as:

t
(l+1)
i h = p(Zi = h | y;ψ(l))

The mean field approximation allows us to write the following fixed point
equation:

tl+1
i h ≈

fh(yi;θ
(l)
h ) exp{β(l)

h

∑
j∈N(i) t

(l+1)
j h }∑K

u=1 fu(yi;θ
(l)
u ) exp{β(l)

u
∑

j∈N(i) t
(l+1)
j u }

Similarly, it can be noted that Ry contains an intractable normalizing con-
stant, W (β), which can be factorized using the mean field approximation as:

W (β) =
∑
z′

exp(−H(z′)) ≈
∑
i∈S

∑
zi

exp(−H(zi)) =
∑
i∈S

∑
zi

exp(βzi
∑

j∈N(i)

1[zi = zj ])
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EM algorithm

Below we use pseudo-code to outline the EM Mean-field algorithm used in our
HMRF implementation.

Listing 1: EM Mean-field algorithm in pseudo-code

/∗ r e t r i e v i n g parameters ∗/

/∗ Sta r t i ng i n i t i a l i z a t i o n ∗/
/∗Reading i n i t i a l i z a t i o n f i l e ∗/
i f ( i n i t i a l i z a t i o n provided ) {

Read i n i t i a l i z a t i o n f i l e

Assign c l u s t e r va lue s to z(0)

}
/∗Random i n i t i a l i z a t i o n ∗/
e l s e {

/∗Generating R random i n i t i a l i z a t i o n s ∗/
f o r (R runs ) {

Generate random i n i t i a l i z a t i o n
Compute f i e l d l i k e l i h o o d ( the Rz part o f the f u l l l i k e l i h o o d )

}
S e l e c t i n i t i a l i z a t i o n with h i ghe s t l i k e l i h o o d

Assign c l u s t e r va lue s to z(0)

}

/∗
∗z(0) i s now de f ined
∗Compute the i n i t i a l parameters va lue s
∗/

For every c l u s t e r h , gene m , compute :

θ
(1)
m,h = arg max

Θ
Ry(Θ | ψ(0)) =

Exprm,h

Numh

With Exprm,h the number o f s i t e s exp r e s s i ng m in c l u s t e r h

And Numh the number o f s i t e s in c l u s t e r h in z(0)

Set β(1) to the user de f ined value

/∗ Star t EM procedure ∗/
/∗Alte rnate E step and M step u n t i l convergence i s reached ∗/
whi l e ( C lu s t e r s changed < user de f ined convergence l i m i t ) {

/∗ I t e r a t i o n l∗/
/∗E step ∗/
Compute d e n s i t i e s fzi (yi | zi; Θ(l)) from the emis s ion model

Fixed po int a lgor i thm to compute t
(l)
ih

/∗Create z(l)∗/
Assign each s i t e i to i t s most probable c l u s t e r us ing

t
(l+1)
i h = p(Zi = h | y;ψ(l))

/∗M step ∗/
Compute Θ(l+1) from z(l)

Gradient ascent a lgor i thm to compute β(l+1) us ing the approximate
form o f W (β)

}

/∗Output c l u s t e r i n g r e s u l t s ∗/
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