
Text S3
Cascades involving double phosphorylation

We consider a signaling cascade in which each protein has two phospho-
rylation sites, as illustrated in Fig. S3.1 . We designate this case as “DP
cascade”, to distinguish it from the case where only single phosphorylation
occurs (“SP cascade”). Cascades involving both single and double phospho-
rylation cycles are easily described combining the equations for the SP and
DP cascades (as it is the case for the MAPK cascade, which involves SP for
the first unit and DP for the second and third ones). The three variables in
each cycle in Fig. S3.1 , Yi, Y ∗

i , and Y ∗∗
i , represent the three interconvert-

ible forms of the protein, such as the dephosphorylated, singly and doubly
phosphorylated forms; the activated form Y ∗∗

i acts as a catalyst for the two
activation reactions in the next step. In this cascade, the two deactivation
reactions in each step share the same phosphatase, denoted by E′

i.

Figure S3. 1: Schematic representation of a cascade of covalent modification cy-
cles, involving double phosphorylation. The ith cycle is composed by three states of
the same protein: the inactive, the singly phosphorylated, and the doubly phospho-
rylated states, labeled Yi, Y ∗

i , and Y ∗∗
i , respectively. In each step, the activation

is catalyzed by the activated product of the previous step. The deactivation is
mediated by another enzyme, E′

i.

Following a similar notation as employed before, the inter-conversion of
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the ith protein can be described by the following reactions: :

Yi + Y ∗∗
i−1

ai⇀↽
di

Ci
ki−→ Y ∗

i + Y ∗∗
i−1

Y ∗
i + Y ∗∗

i−1

a∗i⇀↽
d∗i

C∗
i

k∗i−→ Y ∗∗
i + Y ∗∗

i−1

Y ∗∗
i + E′

i

a′i⇀↽
d′i

C ′
i

k′i−→ Y ∗
i + E′

i,

Y ∗
i + E′

i

a′′i⇀↽
d′′i

C ′′
i

k′′i−→ Yi + E′
i, (16)

where Ci, C∗
i , C ′

i, and C ′′
i are intermediate enzyme-substrate complexes.

Next, the kinetic equations describing the cascade are written using the
law of mass action (the resulting system is the DP mechanistic model) and
complemented by the corresponding conservation equations: YiT = [Yi] +
[Y ∗

i ] + [Y ∗∗
i ] + [Ci] + [C∗

i ] + [C ′
i] + [C ′′

i ] + [Ci+1] + [C∗
i+1] and E′

iT = [E′
i] +

[C ′
i] + [C ′′

i ].
Four key dimensionless parameters are defined to facilitate the analysis:

εi =
E′

iT

YiT
, ηi =

Yi−1,T

YiT
, µi =

k∗i
k′i

, νi =
ki

k′′i
. (17)

These parameters are analogous to those developed for the SP case. The
state of each doubly phosphorylated cycle is found to be described by two
variables, yi and xi = y∗∗i + ci+1 + c∗i+1. As usual, the singular perturbation
analysis assumes that the total phosphatase in the cycle is much lower than
the total targeted protein, resulting in εi ¿ 1. The other parameters must
satisfy:

µiηi ∼ εi, νiηi ∼ εi.

The dynamics of the variables xi and yi are described by the differential
equations:

ẋi = Vixi−1
y∗i

K∗
eff,i + y∗i

− V ′
i

xi

K ′
eff,i + xi

, (18)

ẏi = U ′
i

y∗i
K ′′

eff,i + y∗i
− Uixi−1

yi

Keff,i + yi
, (19)

with the following conservation equation from which y∗i has to be extracted:

xi + yi + y∗i + ηixi−1

(
yi

Keff,i + yi
+

y∗i
K∗

eff,i + y∗i

)
+ O(εi) = 1. (20)

In the above equations, the parameters are defined by:

Vi = k′iµiηi, V ′
i = k′iεi, Ui = k′′i νiηi, U ′

i = k′′i εi,
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and the effective coefficients by:

Keff,i = Ki(1 +
y∗i
K∗

i

),

K∗
eff,i = K∗

i (1 +
yi

Ki
),

K ′
eff,i = K ′

i(1 +
y∗i
K ′′

i

)(1 +
yi+1

Ki+1
+

y∗i+1

K∗
i+1

),

K ′′
eff,i = K ′′

i (1 +
xi

K ′
i(1 + yi+1

Ki+1
+

y∗i+1

K∗
i+1

)
).

Let us notice that Eqs. (18)-(20) in which the effective Keff,i’s are re-
placed by the usual Michaelis-Menten constants Ki’s, represent the natu-
ral extension of the GK-like model to a doubly phosphorylated cascade.
This set of extended GK-like equations has been used by several authors
in order to study properties of the MAPK pathway [Kholodenko (2000),
Angeli et al. (2004)].

The new equations (Eqs. (18)-(20)) are obviously more complicated than
the corresponding GK-like equations, or even than the new reduced model
presented in this paper for the SP case. In the current study we analyze
mostly static properties of Eqs. (18)-(20) and compare them to those of a
SP cascade, while a more exhaustive characterization will be presented in a
future article.
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