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A Equations for the epidemic model on weighted networks

We consider an epidemic of a disease that is transmitted with probability 8 per interaction
event and from which infected individuals recover at a rate . Susceptible individuals with
k contacts and [ interaction events per time interval are infected at a rate proportional to
B, | and the probability that a susceptible individual’s contact is made with an infected
individual pgy. This leads to the following equations for the evolution of the number of
susceptible and infected individuals with & (infectious) contacts and [ interaction events

per time

Sw = —BpsilSu (1a)
I = +BpsilSw — VI (1b)
Ry = Iy (1c)

A detailed overview of the model’s notation and parameters is given in Table S1.

Adding up the contributions for all k£ and [ introduces the average number of inter-
action events per time and susceptible individual (I)s = >, lPsp = zll% into the
equations. This average number can also be expressed in terms of probability generating
function Gs(z,y,t) = >4 Pski(t)z*y! of the joint probability distribution to find k contacts
and [ interaction events per time among susceptible individuals Psy;: (I)g = Zk’l l% =
Gg)’l)(l, 1,t). The (0, 1) exponent of Gg indicates the orders of the partial derivatives with
respect to the first and second argument of Gg (see Table S1).

Summation of Sy; and I over k and [ results in equations for the total number of



susceptible and infected hosts:

S = —BpsrSGYN(1,1,1) (2a)
. (0,1)

I = BpSISGS (].,]_,t)—’)/.[ (Qb)
R = ~I (2¢)

To close this set of equations we also need to derive equations for pgy, as well as for
the probability generating function (PGF) Gg(x,y,t).

We begin by deriving the temporal dynamics of the probabilities for a link starting from
a randomly selected susceptible individual to point to a susceptible or infected individual,
pss and pgr, respectively. Following the argument in [1] we write pgg = Mgs/Mg and
psr = Mgr/ Mg to express these probabilities in terms of the total number of links/contacts
that connect susceptible and infected hosts (Mggs, Mgsr) and total number of links/contacts

of susceptible hosts (Mg) in the network. From this, we get:

; — LQSS _ L‘js (3a)
pss Mg Mg'%S

, Mgy Mg

psr Mg MSPS] ( )

for which expressions are derived in the following paragraph. From the definition of Mg,

we can write the following equation:
Vs = Y kSu ()
k1l
Substitution of Sy from equation (1a) results in

Mg = —BPSISG%LI)(L 1,t) (5)
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We then follow the arguments made in an earlier study [1], which rely on the assumption
that the number of contacts from susceptible hosts to susceptible, infected and recovered
hosts is multinomially distributed with probabilities pgr, pss and psg = 1 — pss — psr-
We also assume that the same applies to the number of interaction events/sex acts per
time interval. If a node with k contacts has j contacts with susceptible individuals and
1 contacts with infected individuals its interaction events with susceptible, infected and

recovered individuals ngg, nsr and ngg, respectively, are distributed according to

il ] nss 7 nsr k—]—l NSR 6
nss'nsrinsg! (k) <k‘> < k > )

with averages (ngg) = %,(nsﬁ = Lkl and (nggr) = (kfifi)l. Note that | = ngs +nsr+nsg.

The probability that a susceptible node with [ interaction events and j, ¢ and k —¢ —j
contacts to susceptible, infected and recovered individuals, respectively, is reached from
an infected node, i.e. chosen with a probability proportional to the average number of

interaction events with infected nodes ({(ngr) = %) is then

k! i k—j—i _ (k— 1)' 1, k—
Pkli!j!k—i—ﬂpgspglpszzj nsr)  (mysi=t WP oy Gith—1=G=1)= )upsspzs*f pSR

N (1,1)

(7)

-1
psrGOD(1,1) N G( (1

Note that the denominator can be derived using the observation that

k — 1)' 1, k—j—i
Prlpst PhsPsi PR
Z Z<:k _1_( _1) ])1 SSESI PSR
7]
= Z Pulpst(pss + psr + psr)*™! (8a)
ol
= ps1 Y 1Py =psiGOV(1,1) (8b)
kol



Therefore, the probability distribution for the contacts and potential interaction events

of a node which was chosen proportional to (ngr) = % is generated by

k—j—i

k—1)! i i
Zkl lPklyl Ei,jgk (i_l)!j!(]g_ll_)(i_l)_j)g (rspss)’ (xrps1)' (TrPSR)
pSIG(O’l) (1) ]-)
> w1 Paz iy (zspss + xrpsr + xrpsr)* !
GON(1,1)
_ 1y GOV (zspss + T psr + TRPSR, Y) (9b)
Tspss + Tpsr + TRPSR GO1(1,1)

Choosing a node proportional to its average number of interaction events per time ((ngr) =
il/k) instead of the actual number of interaction events (ngy) implies the assumption of a
time scale at which [ > k, i.e. a case in which fluctuations around (ngr) can be expected
to be small. Taking all this together, the average degrees of a susceptible node that was

reached from an infected node to susceptible or infected nodes are

0,1
S51(S) = 9 Try GO (wspss + wipsr + TrPSR, U, t)
° O0rs vspss + Tps1 + TRPSR G(Oﬁl)(l 1)
S ’ zs=r=rR=Yy=1
Gl 1,1,
= DPss % -1 (10a)
GS ' (la 17 t)
0,1
Ssi(I) = 9 xrry G(s )(ffspss + x1psr + TRPSR, Y, )
S Ox1 x5pss + TIpsr + TRPSR G(O’l)(l 1)
S ’ rg=rr=xrp=y=1

GU 1,
C;S7 (Llat)

The average number of contacts to susceptible and infected nodes needs to be discounted
by one for the number of contacts with infected nodes to take the contact to the source
of infection into account (directly considering this in the PGF gives the same result), i.e.

the total excess degree of a node that was chosen proportional to its average number of



interaction events with infected individuals (ng;) = il/k is

cilaLy
aPM(1,1,0)

Bookkeeping of the changes in the numbers of links among susceptible and infected

hosts due to the epidemic process results in:

- _ alVaLy
Msr = —S(pss — psi) (Gg),l)(]-,l,t) 1
G(O 1)(1 )
ﬁG(l 0)(1,1,t)
—yMsr
. . ey
_ 1Ly
Mgs = S2pgs <G(0 D 110) 1)

In summary this results in

Changes due to epidemic spread

change in the number of susceptible nodes
S = —BpSISGgO’l)(l,l,t) (cf. equation 2a)
due to the epidemic multiplied by their av-
erage excess contacts to susceptible and in-
fected nodes (cf. equations 10a and 10b)

discount for link along which the infection
spread
link loss due to recovery of infected

change in the number of susceptible nodes
S = —BpSISG(SO’l)(l, 1,t) due to the epi-
demic multiplied by their average excess con-
tacts to infected nodes (bi-directional)

- GOV,
Ms; = 5PSJS< GOV ,1,8) - GS’”(l,l,t)) (psr — pss) — B—= Mg —vMsr
G011,
S Pt
(11a)
Mss = —2BpsspsiS (G( V(1,1,8) - qu,o’l)(lvl,t)) (11b)
which finally leads to
, GUM 1,0 - a0V, 1, O 1,
Psi = Bpsipss—> ( (1())) < )_BPSI(l_pSI)ZO)i_W/pSIuQa)
a1, 1,1) a1, 1,¢)
G, 1,0 — 260,11
Pss = —Bpsipss—> ( ) ( ) (12b)

G401,1,1)



To close the set of equations we also need to derive an equation for the probability gener-
ating function (PGF) Ggs(z,y,t), which corresponds to the probability to find individuals
with k contacts and [ interaction events (e.g. sex acts) per time interval among susceptible

hosts, i.e. Pgy;. From the definitions of the PGF and Pgy; = %, we obtain

: Ski S
Gs(z,yt) = > ( Sk,’l - SPSk:l> ty, (13)

k.l

which results with equations la and 2a in

Gs(@yt) = Bpsr (GEV(L1,0Gs(@,y,0) —yGE (@,,1)) (14)

The probability generating functions Gy(z,y,t) and Gr(z,y,t) can be derived analogously,

though they are not needed to close the system of equations:

) S

Gl(xay>t) = _BPSIT (GA(SE]J)(L ]_,t)G[(LU,y, t) - ng)J)(.T,y,t)) (158‘)
. I
GR(J:ay?t) = ﬁE (G](l’,y,t) —GR(I',y,t)) (15b)

B Conditional probabilities and risk groups

Note that Py = P(k,l) and that for A € {S,I, R} Paj; = P(k,l|A) are the conditional
probabilities to have k contacts and [ transmission events given that you have status A.
This allows for a direct derivation of the average number of contacts (k) 4 and transmission

events (I) 4 given that you have status A.

(ka = 647018 (16a)
Ha = GYY,1,0). (16b)



Bayes’ theorem together with equations 14-15b allows to derive the conditional probabilites

for individuals with a certain number of contacts k and interaction events [ to be susceptible,

infected recovered, i.e. to identify

risk groups:

k+1
P(Alk1) = Jf((fl;)P(k I|4) = P((kAl))];“ 8ikaych(:p,y,t)|wo (17a)
k
PAR) = ];(( ))P(k|A) ]]z((zl))];;GA(a:,y,t)xzo’yzl (17b)
!
Pl = P = T L Gate . o (170

C The basic reproductive ratio R

The basic reproductive ratio Ry of a SIR epidemic with transmission rate 8 and recovery

rate v on a classical (unweighted)

Ry

network can be derived as [2]

oD [T (1= ) e a (150)
B ((k?
7o () e

where g is the probability generating function of the network’s degree distribution. It is

the product of the average excess degree of a node which was reached according to its

degree and the transmissibility, i.e. the probability that an infection is spread along a link

before recovery (here /(8 + 7)).

These terms do not factorize in the case where there

are | interaction events per node defined through the joint probability distribution Py;. To

derive Ry for this case we first derive the excess degree distribution Qy; of a node that was

reached with probability proportional to its activity [ and that has k excess contacts and



[ interaction events per time interval

_ Py
le - m: (19)

and get, for [ interaction events multinomially distributed among the k + 1 contacts (with

probabilities p; = ... = pg41 = k%_l, my + ...+ myy1 =1),
o0 Il s O
flo- = / ye Y e ) (1= e ) Qudt (200)
k1 0 = L AL R i—1
5 [ERE) +1 J
k
{! m; 3
— Z 7'1)?1 Mpy1 J Qi (ZOb)

D] —
mal..mpi + = m;f 4y

The SI model is trivially included in the SIR network models in the limit v — 0 for which

Ry can be derived from equation (20b):

! m m
B =2 2, P Pt R (21a)
kL mi,..miy1 1eeee M1
Pry14
= 2 Meana (21b)
0,1
Y GO.1(1,1)
G, = GOD(1,1) .
B C;(Orl)(];7 1) ( C)

- 1)

{0) {0

As long as infected individuals stay indefinitely infected, Ry is not affected by the trans-
mission rate and it measures whether there is a giant connected component in classical
random networks. The effect of weighting the contact network using the number of inter-
action events [ is here also noticeable: there are not only contacts required for an infection

to spread beyond an individual but also sufficient interaction events.

10



The basic reproductive ration Ry for a SIR model on a weighted network can be ap-

proximated by

I m . t
Ro = > > T pkffl/o e ”Z eI Qudt  (22a)

k,l mi,....,mMp41

{! M1 vt —(LHyst [Py
Z Z il |p1 Pry1 /0 ve T'k(1 —e 'k )76'(071)(1,1)6#

kg mi,...,mpy1 Mk+1
P oo
= Z fl i ’“*” / ve (1 — e~ (BBt

_ <;>ﬁ G(l’l)(1,1)_G(0,1)(171)
(DBt GO (1,1) ' (22b)

&

Note that for the linear case with Py, = 0y, we obain G(z,y) = Zk,l 2hyl Ppdy =

S p(xy) Py = G(zy) and Ry = Tiv giig;, which is consistent with earlier findings.

D The recovery of the classical equations in the linear case

Py = Py

The set of equations for the weighted networks (equations 2a-2c,12a-12b,14) includes the
case of classical network epidemic models, i.e. the linear case where £k = [ or Py =
Pidy;. Focusing on the degree distribution among susceptible hosts Pg; with probability

generating function gg(x), the PGF of Pgy; is given by Gs(x,y) = gs(zy). Substitution of

11



Gs(z,y) by gs(zy) results in

GUO1,) = g1, (23a)
GOV, 1) = gs(1,0) (23b)
(1,1) . " /

GV L) = gh(Lt) +gs(L,t) (23¢)

and for the time evolution of Gs(x,y):

gs(zy,t) = Bpsr (gs(1)gs(zy, t) — zygs(zy,t)) . (24)

Together, this leads to the set of equations for SIR dynamics on a classical configuration

type network defined by the degree distribution Py [1,3]

S = —BpsiSgs(l,t) (25a)
I = BpsrSgs(l,t) 71 (25b)
R = ~I (25¢)
o1 = Bpsipss Sy ~ Bsi (1= psi) — s (254)
pss = ~Bwsivss (57 1) (25¢)
gs(z.t) = Bpsi(95(L,)gs(z,t) — gs(,1)). (25f)

12



E Network segregation and the limiting case Py = Piigy

(constant case)

The analytical approximation assumes that an individual distributes his/her interaction
events | multinomially among his/her k contacts and is infected at a rate proportional to
his/her average number of potential transmission events with i infected contacts. This
averaging implies the choice of a time scale such that (I) > (k). This leads to an unrealistic
network segregation in some artificial networks, specifically for (I) > (k), as the weights of
an individual’s contacts level at about [/k which enforces contacts only between individuals
with (almost) identical I/k. This network segregation affects epidemiological dynamics. As
the analytical approach is node-centric it does not consider the constraints on half-contacts
to match half-contacts of similar weight. In consequence, the change in epidemic dynamics
due to networks segregation cannot be seen in the analytical approach.

The effect is particularly pronounced if we have a network with a heterogeneous degree
distribution (which corresponds to a case where many individuals have only one contact)
combined with a constant number of interaction events per individual. Degree one nodes
have only one contact to assign their interaction events to, which leaves their contacts on
average already with twice the weight seen in individuals with two contacts (i.e. (I) for
k=1 vs. <i2> for k = 2). This weight separation leads to a situation that almost only
allows contacts among individuals with a single contact, i.e. monogamous couples (contact

or degree assortativity). Therefore, individuals with one contact can only be infected if

13



their partner is initially infected but not later on through the epidemic process because they
are not connected to the giant component of the network. In the case of a constant number
of interaction events per individual (I), the analytical approach breaks into independent
equations for all k classes with (I)s = () in which epidemic prevalence grows at the same

rate:

Sy = —Bpsi{l)Sky (26a)
Iy = +Bpst{l)Sewy — vkay (26b)
Regy = v (26¢)

Due to the network segregation, epidemic prevalence is reduced in these networks at least
by a factor proportional to the fraction of nodes with a single contact as compared to the
standard result of the analytical approach. Again, this is because in these type of networks

the single-contact nodes do not participate in the epidemic process.

F Agreement between approximations and simulations

We evaluate the agreement between simulations and approximations based on the evolution
of infected from time ¢ = 0 to time ¢ = 1500 expressed in arbitrary units (see main text for
parameter values and details). For each network type, we compare analytical approxima-
tions (denoted Yraw(t), Yrem(t) and Yemp(t)) to the mean of 2000 simulation replicates at
each point of time ¢ (denoted z(t)). Yraw(t), Yrem(t) and yemp(t) correspond respectively

to raw approximations, approximations when nodes with one partner are removed and

14



approximations based on the empirical distributions.
The level of agreement between simulations and approximations is assessed with cross-

correlation analysis and linear regression:

e (ross correlation analysis. We calculate 7% = mTaXC(:L‘,y,T) and C* = C(x,y, "),
where C(x,y,7) is the sample cross correlation coefficient between time series x (set
as the reference) and y for a time lag set to 7 (function ccf in R). 7 takes values
in [—1500, 1500] since time has set in [0, 1500]. 7* is the value of 7 that maximizes
the value of C(z,y,7), denoted C*. In other words, 7* quantifies the point in time
where times series x and y are optimally correlated. A perfect agreement between

simulations and data implies 7* =0 and C* =1

e Linear regression. We fit of the model y(t) = az(t) (function Im in R). The match

between simulations and approximations is optimal when a = 1, p-value< 0.001 and

R? =1.
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G Captions of the Supplementary Figures

Figure S1: Epidemic SIR dynamics on the network as presented in Fig. 3 of the main
manuscript. Transmission probability per sex act is also 8 = 0.01 but recovery can occur
at a rate v = 0.004 per 4 weeks, i.e. parameters corresponding to Fig. 2 of the main
manuscript. Different from the SI dynamics shown in Fig.3 of the main manuscript hosts

may recover and do not spread infection indefinitely.

Figure S2: Epidemic incidence or rate of infection ,BpSISG(SO’l)(l, 1,t) = BpsiS{l)s (cf.
equation 2b) for SI dynamics (grey line) and SIR dynamics (dark grey line) on the network

as presented in Fig. 3 of the main manuscript.

Figure S3: Relationship between a person’s total number of sex acts and number of partners
derived from the NATSAL data. In Panel A, we plot the self-reported number of sex acts
over the last 4 weeks vs. the self-reported number of sexual partners over the last 4
years. In Panel B, we plot the self-reported number of sex acts over the last 4 weeks wvs.
the self-reported number of sexual partners over the last 3 months. In Panel C, we plot
the self-reported number of sex acts over the last 7 days vs. the self-reported number
of sexual partners over the last 3 months. In all three cases, the data do not support
a linear relationship (the number of sex acts per partner decreases with the number of

partners/contacts).
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H Captions of the Supplementary Tables

Table S1: Model notations

Table S2: Agreement between approximations and simulations

17



References

[1] Volz E (2008) SIR dynamics in random networks with heterogeneous connectivity. J

Math Biol 56: 293-310.
[2] Durrett R (2007) Random graph dynamics. Cambridge University Press.

[3] Kamp C (2010) Untangling the interplay between epidemic spread and transmission

network dynamics. PLoS Comput Biol 6: e1000984.

18



